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xiii

As in the first revision, the authors have tried to retain the flavor and format of the original text. The 
text contains many of the field examples that made the original text and the second edition so popular.

The third edition features an introduction to key terms in reservoir engineering. This intro-
duction has been designed to aid those without prior exposure to petroleum engineering to quickly 
become familiar with the concepts and vocabulary used throughout the book and in industry. In ad-
dition, a more extensive glossary and index has been included. The text has been updated to reflect 
modern industrial practice, with major revisions occurring in the sections regarding gas condensate 
reservoirs, waterflooding, and enhanced oil recovery. The history matching examples throughout 
the text and culminating in the final chapter have been revised, using Microsoft Excel with VBA as 
the primary computational tool.

The purpose of this book has been, and continues to be, to prepare engineering students and 
practitioners to understand and work in petroleum reservoir engineering. The book begins with an 
introduction to key terms and an introduction to the history of reservoir engineering. The material 
balance approach to reservoir engineering is covered in detail and is applied in turn to each of four 
types of reservoirs. The latter half of the book covers the principles of fluid flow, water influx, and 
advanced recovery techniques. The last chapter of the book brings together the key topics in a 
history matching exercise that requires matching the production of wells and predicting the future 
production from those wells.

In short, the book has been updated to reflect current practices and technology and is more 
reader friendly, with introductions to vocabulary and concepts as well as examples using Microsoft 
Excel with VBA as the computational tool.

—Ronald E. Terry and J. Brandon Rogers

Preface
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Shortly after undertaking the project of revising the text Applied Petroleum Reservoir Engineering 
by Ben Craft and Murray Hawkins, several colleagues expressed the wish that the revision retain 
the flavor and format of the original text. I am happy to say that I have attempted to do just that. 
The text contains many of the field examples that made the original text so popular and still more 
have been added. The revision includes a reorganization of the material as well as updated material 
in several chapters.

The chapters were reorganized to follow a sequence used in a typical undergraduate course in 
reservoir engineering. The first chapters contain an introduction to reservoir engineering, a review 
of fluid properties, and a derivation of the general material balance equation. The next chapters 
present information on applying the material balance equation to different reservoir types. The 
remaining chapters contain information on fluid flow in reservoirs and methods to predict hydro-
carbon recoveries as a function of time.

There were some problems in the original text with units. I have attempted to eliminate these 
problems by using a consistent definition of terms. For example, formation volume factor is ex-
pressed in reservoir volume/surface condition volume. A consistent set of units is used throughout 
the text. The units used are ones standardized by the Society of Petroleum Engineers.

I would like to express my sincere appreciation to all those who have in some part contrib-
uted to the text. For their encouragement and helpful suggestions, I give special thanks to the fol-
lowing colleagues: John Lee at Texas A&M; James Smith, formerly of Texas Tech; Don Green and 
Floyd Preston of the University of Kansas; and David Whitman and Jack Evers of the University 
of Wyoming.

—Ronald E. Terry

Preface to the Second Edition
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Normal symbol Definition Units
A areal extent of reservoir or well acres or ft2

Ac cross-sectional area perpendicular to 
fluid flow

ft2

B′ water influx constant bbl/psia

Bgi initial gas formation volume factor ft3/SCF or bbl/SCF

Bga gas formation volume factor at 
abandonment pressure

ft3/SCF or bbl/SCF

BIg formation volume factor of injected gas ft3/SCF or bbl/SCF

Bo oil formation volume factor bbl/STB or ft3/STB

Bofb oil formation volume factor at bubble 
point from separator test

bbl/STB or ft3/STB

Boi oil formation volume factor at initial 
reservoir pressure

bbl/STB or ft3/STB

Bob oil formation volume factor at bubble 
point pressure

bbl/STB or ft3/STB

Bodb oil formation volume factor at bubble 
point from differential test

bbl/STB or ft3/STB

Bt two phase oil formation volume factor bbl/STB or ft3/STB

Bw water formation volume factor bbl/STB or ft3/STB

c isothermal compressibility psi– 1

CA reservoir shape factor unitless

cf formation isothermal compressibility psi– 1

cg gas isothermal compressibility psi– 1

co oil isothermal compressibility psi– 1

cr reduced isothermal compressibility fraction, unitless

ct total compressibility psi– 1

Nomenclature
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Normal symbol Definition Units
cti total compressibility at initial reservoir 

pressure
psi– 1

cw water isothermal compressibility psi– 1

E overall recovery efficiency fraction, unitless

Ed microscopic displacement efficiency fraction, unitless

Ei vertical displacement efficiency fraction, unitless

Eo expansion of oil (Havlena and Odeh 
method)

bbl/STB

Ef,w expansion of formation and water 
(Havlena and Odeh method)

bbl/STB

Eg expansion of gas (Havlena and Odeh 
method)

bbl/STB

Es areal displacement efficiency fraction, unitless

Ev macroscopic or volumetric displacement 
efficiency

fraction, unitless

fg gas cut of reservoir fluid flow fraction, unitless

fw watercut of reservoir fluid flow fraction, unitless

F net production from reservoir (Havlena 
and Odeh method)

bbl

Fk ratio of vertical to horizontal 
permeability

unitless

G initial reservoir gas volume SCF

Ga remaining gas volume at abandonment 
pressure

SCF

Gf volume of free gas in reservoir SCF

G1 volume of injected gas SCF

Gps gas from primary separator SCF

Gss gas from secondary separator SCF

Gst gas from stock tank SCF

GE gas equivalent of one STB of condensate 
liquid

SCF

GEw gas equivalent of one STB of produced 
water

SCF

GOR gas- oil ratio SCF/STB

h formation thickness ft
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Normal symbol Definition Units
I injectivity index STB/day- psi

J productivity index STB/day- psi

J
s

specific productivity index STB/day- psi- ft

J
sw

productivity index for a standard well STB/day- psi

k permeability md

k′ water influx constant bbl/day- psia

k
avg

average permeability md

k
g

permeability to gas phase md

k
o

permeability to oil phase md

k
w

permeability to water phase md

k
rg

relative permeability to gas phase fraction, unitless

k
ro

relative permeability to oil phase fraction, unitless

k
rw

relative permeability to water phase fraction, unitless

L length of linear flow region ft

m ratio of initial reservoir free gas volume 
to initial reservoir oil volume

ratio, unitless

m(p) real gas pseudopressure psia2/cp

m(p
i
) real gas pseudopressure at initial 

reservoir pressure
psia2/cp

m(p
wf

) real gas pseudopressure, flowing well psia2/cp

M mobility ratio ratio, unitless

M
w

molecular weight lb/lb- mol

M
wo

molecular weight of oil lb/lb- mol

n moles mol

N initial volume of oil in reservoir STB

N
p

cumulative produced oil STB

N
vc

capillary number ratio, unitless

p pressure psia

p
b

pressure at bubble point psia

p
c

pressure at critical point psia

P
c

capillary pressure psia
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Normal symbol Definition Units
p

D
dimensionless pressure ratio, unitless

p
e

pressure at outer boundary psia

p
i

pressure at initial reservoir pressure psia

p
1hr

pressure at 1 hour from transient time 
period on semilog plot

psia

p
pc

pseudocritical pressure psia

p
pr

reduced pressure ratio, unitless

p
R

pressure at a reference point psia

p
sc

pressure at standard conditions psia

p
w

pressure at wellbore radius psia

p
wf

pressure at wellbore for flowing well psia

 
pwf t( )Δ =0

pressure of flowing well just prior to 
shut in for a pressure build up test

psia

p
ws

shut in pressure at wellbore psia

 p volumetric average reservoir pressure psia

 Δp change in volumetric average reservoir 
pressure

psia

q flow rate in standard conditions units bbl/day

q′
t

total flow rate in reservoir in reservoir 
volume units

bbl/day

r distance from center of well (radial 
dimension)

ft

r
D

dimensionless radius ratio, unitless

r
e

distance from center of well to outer 
boundary

ft

r
R

distance from center of well to oil 
reservoir

ft

r
w

distance from center of wellbore ft

R instantaneous produced gas- oil ratio SCF/STB

R′ universal gas constant

R
p

cumulative produced gas- oil ratio SCF/STB

R
so

solution gas- oil ratio SCF/STB
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Normal symbol Definition Units
R

sob
solution gas- oil ratio at bubble point 
pressure

SCF/STB

R
sod

solution gas-oil ratio from differential 
liberation test

SCF/STB

R
sodb

solution gas-oil ratio, sum of operator 
gas, and stock-tank gas from separator 
test

SCF/STB

R
sofb

solution gas-oil ratio, sum of separator 
gas, and stock-tank gas from separator 
test

SCF/STB

R
soi

solution gas- oil ratio at initial reservoir 
pressure

SCF/STB

R
sw

solution gas- water ratio for brine SCF/STB

R
swp

solution gas- water ratio for deionized 
water

SCF/STB

R
1

solution gas- oil ratio for liquid stream 
out of separator

SCF/STB

R
3

solution gas- oil ratio for liquid stream 
out of stock tank

SCF/STB

RF recovery factor fraction, unitless

R.V. relative volume from a flash liberation 
test

ratio, unitless

S fluid saturation fraction, unitless

S
g

gas saturation fraction, unitless

S
gr

residual gas saturation fraction, unitless

S
L

total liquid saturation fraction, unitless

S
o

oil saturation fraction, unitless

S
w

water saturation fraction, unitless

S
wi

water saturation at initial reservoir 
conditions

fraction, unitless

t time hour

Δt time of transient test hour

t
o

dimensionless time ratio, unitless

t
p

time of constant rate production prior to 
well shut- in

hour
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Normal symbol Definition Units
t
pss

time to reach pseudosteady state flow 
region

hour

T temperature °F or °R

T
c

temperature at critical point °F or °R

T
pc

pseudocritical temperature °F or °R

T
pr

reduced temperature fraction, unitless

T
ppr

pseudoreduced temperature fraction, unitless

T
sc

temperature at standard conditions °F or °R

V volume ft3

V
b

bulk volume of reservoir ft3 or acre- ft

V
p

pore volume of reservoir ft3

V
r

relative oil volume ft3

V
R

gas volume at some reference point ft3

W width of fracture ft

W
p

water influx bbl

W
eD

dimensionless water influx ratio, unitless

W
ei

encroachable water in place at initial 
reservoir conditions

bbl

W
I

volume of injected water STB

W
p

cumulative produced water STB

z gas deviation factor or gas 
compressibility factor

ratio, unitless

z
i

gas deviation factor at initial reservoir 
pressure

ratio, unitless

Greek symbol Definition Units
α dip angle degrees

φ porosity fraction, unitless

γ specific gravity ratio, unitless

γ
g

gas specific gravity ratio, unitless

γ
o

oil specific gravity ratio, unitless

γ
w

well fluid specific gravity ratio, unitless
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Greek symbol Definition Units
γ ′ fluid specific gravity (always relative to 

water)
ratio, unitless

γ
1

specific gravity of gas coming from 
separator

ratio, unitless

γ
3

specific gravity of gas coming from 
stock tank

ratio, unitless

η formation diffusivity ratio, unitless

λ mobility (ratio of permeability to 
viscosity)

md/cp

λ
g

mobility of gas phase md/cp

λ
o

mobility of oil phase md/cp

λ
w

mobility of water phase md/cp

μ viscosity cp

μ
g

gas viscosity cp

μ
i

viscosity at initial reservoir pressure cp

μ
o

oil viscosity cp

μ
ob

oil viscosity at bubble point cp

μ
od

dead oil viscosity cp

μ
w

water viscosity cp

μ
w1

water viscosity at 14.7 psia and reservoir 
temperature

cp

μ
1

viscosity at 14.7 psia and reservoir 
temperature

cp

ν apparent fluid velocity in reservoir bbl/day- ft2

ν
g

apparent gas velocity in reservoir bbl/day- ft2

ν
t

apparent total velocity in reservoir bbl/day- ft2

θ contact angle degrees

ρ density lb/ft3

ρ
g

gas density lb/ft3

ρ
r

reduced density ratio, unitless

ρ
o,API

oil density °API

σ
wo

oil- brine interfacial tension dynes/cm
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1

Introduction to Petroleum Reservoirs 
and Reservoir Engineering

While the modern petroleum industry is commonly said to have started in 1859 with Col. Edwin 
A. Drake’s find in Titusville, Pennsylvania, recorded history indicates that the oil industry began 
at least 6000 years ago. The first oil products were used medicinally, as sealants, as mortar, as lu-
bricants, and for illumination. Drake’s find represented the beginning of the modern era; it was the 
first recorded commercial agreement to drill for the exclusive purpose of finding petroleum. While 
the well he drilled was not commercially successful, it did begin the petroleum era by leading to an 
intense interest in the commercial production of petroleum. The petroleum era had begun, and with 
it came the rise of petroleum geology and reservoir engineering.

1.1 Introduction to Petroleum Reservoirs
Oil and gas accumulations occur in underground traps formed by structural and/or stratigraphic fea-
tures.1* Figure 1.1 is a schematic representation of a stratigraphic trap. Fortunately, the hydrocarbon 
accumulations usually occur in the more porous and permeable portion of beds, which are mainly 
sands, sandstones, limestones, and dolomites; in the intergranular openings; or in pore spaces caused 
by joints, fractures, and solution activity. A reservoir is that portion of the trapped formation that con-
tains oil and/or gas as a single hydraulically connected system. In some cases the entire trap is filled 
with oil or gas, and in these instances the trap and the reservoir are the same. Often the hydrocarbon 
reservoir is hydraulically connected to a volume of water-bearing rock called an aquifer. Many res-
ervoirs are located in large sedimentary basins and share a common aquifer. When this occurs, the 
production of fluid from one reservoir will cause the pressure to decline in other reservoirs by fluid 
communication through the aquifer.

Hydrocarbon fluids are mixtures of molecules containing carbon and hydrogen. Under ini-
tial reservoir conditions, the hydrocarbon fluids are in either a single-phase or a two-phase state. 

* References throughout the text are given at the end of each chapter.

C h a p t e r  1



2	 Chapter	1	 •	 Introduction	to	Petroleum	Reservoirs	and	Reservoir	Engineering

A single-phase reservoir fluid may be in a liquid phase (oil) or a gas phase (natural gas). In either 
case, when produced to the surface, most hydrocarbon fluids will separate into gas and liquid 
phases. Gas produced at the surface from a fluid that is liquid in the reservoir is called dissolved 
gas. Therefore, a volume of reservoir oil will produce both oil and the associated dissolved gas at 
the surface, and both dissolved natural gas and crude oil volumes must be estimated. On the other 
hand, liquid produced at the surface from a fluid that is gas in the reservoir is called gas conden-
sate because the liquid condenses from the gas phase. An older name for gas condensate is gas 
distillate. In this case, a volume of reservoir gas will produce both natural gas and condensate at 
the surface, and both gas and condensate volumes must be estimated. Where the hydrocarbon accu-
mulation is in a two-phase state, the overlying vapor phase is called the gas cap and the underlying 
liquid phase is called the oil zone. There will be four types of hydrocarbon volumes to be estimated 
when this occurs: the free gas or associated gas, the dissolved gas, the oil in the oil zone, and the 
recoverable natural gas liquid (condensate) from the gas cap.

Although the hydrocarbons in place are fixed quantities, which are referred to as the re-
source, the reserves depend on the mechanisms by which the reservoir is produced. In the mid-
1930s, the American Petroleum Institute (API) created a definition for reserves. Over the next 
several decades, other institutions, including the American Gas Association (AGA), the Securities 
and Exchange Commissions (SEC), the Society of Petroleum Engineers (SPE), the World Petro-
leum Congress (now Council; WPC), and the Society of Petroleum Evaluation Engineers (SPEE), 
have all been part of creating formal definitions of reserves and other related terms. Recently, the 
SPE collaborated with the WPC, the American Association of Petroleum Geologists (AAPG), and 
the SPEE to publish the Petroleum Resources Management System (PRMS).2 Some of the defini-
tions used in the PRMS publication are presented in Table 1.1. The amounts of oil and gas in these 
definitions are calculated from available engineering and geologic data. The estimates are updated 
over the producing life of the reservoir as more data become available. The PRMS definitions are 
obviously fairly complicated and include many other factors that are not discussed in this text. For 
more detailed information regarding these definitions, the reader is encouraged to obtain a copy of 
the reference.

Gas

Oil

Water

Porous channel sandstone

Impermeable
shale

Figure 1.1 Schematic representation of a hydrocarbon deposit in a stratigraphic trap.



1.1 Introduction to Petroleum Reservoirs  3

Table 1.1 Definitions of Petroleum Terms from the Petroleum Resources Management System2

Petroleum is defined as a naturally occurring mixture consisting of hydrocarbons in the gaseous, liquid, or 
solid phase. Petroleum may also contain nonhydrocarbons, common examples of which are carbon dioxide, 
nitrogen, hydrogen sulfide, and sulfur. In rare cases, nonhydrocarbon content could be greater than 50%.

The term resources as used herein is intended to encompass all quantities of petroleum naturally oc-
curring on or within the Earth’s crust, discovered and undiscovered (recoverable and unrecoverable), plus 
those quantities already produced. Further, it includes all types of petroleum, whether currently considered  
“conventional” or “unconventional.”

Total petroleum initially-in-place is that quantity of petroleum that is estimated to exist original-
ly in naturally occurring accumulations. It includes that quantity of petroleum that is estimat-
ed, as of a given date, to be contained in known accumulations prior to production, plus those 
estimated quantities in accumulations yet to be discovered (equivalent to “total resources”).

Discovered petroleum initially-in-place is that quantity of petroleum that is estimated, as of a 
given date, to be contained in known accumulations prior to production.

Production is the cumulative quantity of petroleum that has been recovered at a given date. 
While all recoverable resources are estimated and production is measured in terms of the sales 
product specifications, raw production (sales plus nonsales) quantities are also measured and 
required to support engineering analyses based on reservoir voidage. Multiple development 
projects may be applied to each known accumulation, and each project will recover an esti-
mated portion of the initially-in-place quantities. The projects are subdivided into commercial 
and subcommercial, with the estimated recoverable quantities being classified as reserves and 
contingent resources, respectively, which are defined as follows.

Reserves are those quantities of petroleum anticipated to be commercially recoverable by ap-
plication of development projects to known accumulations from a given date forward under 
defined conditions. Reserves must further satisfy four criteria: they must be discovered, re-
coverable, commercial, and remaining (as of the evaluation date), based on the development 
project(s) applied. Reserves are further categorized in accordance with the level of certainty 
associated with the estimates and may be subclassified based on project maturity and/or char-
acterized by development and production status.

Contingent resources are those quantities of petroleum estimated, as of a given date, to be poten-
tially recoverable from known accumulations, but the applied project(s) are not yet considered 
mature enough for commercial development due to one or more contingencies. Contingent 
resources may include, for example, projects for which there are currently no viable markets, 
where commercial recovery is dependent on technology under development or where evalua-
tion of the accumulation is insufficient to clearly assess commerciality. Contingent resources 
are further categorized in accordance with the level of certainty associated with the estimates 
and may be subclassified based on project maturity and/or characterized by their economic 
status.

Undiscovered petroleum initially-in-place is that quantity of petroleum estimated, as of a given 
date, to be contained within accumulations yet to be discovered.

Prospective resources are those quantities of petroleum estimated, as of a given date, to be po-
tentially recoverable from undiscovered accumulations by application of future development 
projects. Prospective resources have both an associated chance of discovery and a chance of 
development. Prospective resources are further subdivided in accordance with the level of 
certainty associated with recoverable estimates, assuming their discovery and development 
and may be subclassified based on project maturity.

(continued)
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1.2 History of Reservoir Engineering
Crude oil, natural gas, and water are the substances that are of chief concern to petroleum engi-
neers. Although these substances can occur as solids or semisolids such as paraffin, asphaltine, 
or gas-hydrate, usually at lower temperatures and pressures, in the reservoir and in the wells, 
they occur mainly as fluids, either in the vapor (gaseous) or in the liquid phase or, quite common-
ly, both. Even where solid materials are used, as in drilling, cementing, and fracturing, they are 
handled as fluids or slurries. The separation of well or reservoir fluid into liquid and gas (vapor) 
phases depends mainly on temperature, pressure, and the fluid composition. The state or phase 
of a fluid in the reservoir usually changes with decreasing pressure as the reservoir fluid is being 
produced. The temperature in the reservoir stays relatively constant during the production. In 
many cases, the state or phase in the reservoir is quite unrelated to the state of the fluid when it 
is produced at the surface, due to changes in both pressure and temperature as the fluid rises to 
the surface. The precise knowledge of the behavior of crude oil, natural gas, and water, singly or 
in combination, under static conditions or in motion in the reservoir rock and in pipes and under 
changing temperature and pressure, is the main concern of reservoir engineers.

As early as 1928, reservoir engineers were giving serious consideration to gas-energy rela-
tionships and recognized the need for more precise information concerning physical conditions 
in wells and underground reservoirs. Early progress in oil recovery methods made it obvious that 
computations made from wellhead or surface data were generally misleading. Sclater and Ste-
phenson described the first recording bottom-hole pressure gauge and a mechanism for sampling 
fluids under pressure in wells.3 It is interesting that this reference defines bottom-hole data as 

Unrecoverable refers to the portion of discovered or undiscovered petroleum initially-in-place 
quantities that is estimated, as of a given date, not to be recoverable by future development 
projects. A portion of these quantities may become recoverable in the future as commercial 
circumstances change or technological developments occur; the remaining portion may never 
be recovered due to physical/chemical constraints represented by subsurface interaction of 
fluids and reservoir rocks.

Further, estimated ultimate recovery (EUR) is not a resources category but a term that may be applied to 
any accumulation or group of accumulations (discovered or undiscovered) to define those quantities of pe-
troleum estimated, as of a given date, to be potentially recoverable under defined technical and commercial 
conditions plus those quantities already produced (total of recoverable resources).

In specialized areas, such as basin potential studies, alternative terminology has been used; the total re-
sources may be referred to as total resource base or hydrocarbon endowment. Total recoverable or EUR may 
be termed basin potential. The sum of reserves, contingent resources, and prospective resources may be re-
ferred to as remaining recoverable resources. When such terms are used, it is important that each classification 
component of the summation also be provided. Moreover, these quantities should not be aggregated without 
due consideration of the varying degrees of technical and commercial risk involved with their classification.

Table 1.1  Definitions of Petroleum Terms from the Petroleum Resources Management System2 
(continued)
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measurements of pressure, temperature, gas-oil ratio, and the physical and chemical natures of the 
fluids. The need for accurate bottom-hole pressures was further emphasized when Millikan and 
Sidwell described the first precision pressure gauge and pointed out the fundamental importance of  
bottom-hole pressures to reservoir engineers in determining the most efficient oil recovery methods 
and lifting procedures.4 With this contribution, the engineer was able to measure the most import-
ant basic data for reservoir performance calculations: reservoir pressure.

The study of the properties of rocks and their relationship to the fluids they contain in both 
the static and flowing states is called petrophysics. Porosity, permeability, fluid saturations and 
distributions, electrical conductivity of both the rock and the fluids, pore structure, and radioactiv-
ity are some of the more important petrophysical properties of rocks. Fancher, Lewis, and Barnes 
made one of the earliest petrophysical studies of reservoir rocks in 1933, and in 1934, Wycoff, 
Botset, Muskat, and Reed developed a method for measuring the permeability of reservoir rock 
samples based on the fluid flow equation discovered by Darcy in 1856.5,6 Wycoff and Botset made 
a significant advance in their studies of the simultaneous flow of oil and water and of gas and water 
in unconsolidated sands.7 This work was later extended to consolidated sands and other rocks, and 
in 1940 Leverett and Lewis reported research on the three-phase flow of oil, gas, and water.8

It was recognized by the pioneers in reservoir engineering that before reservoir volumes of oil 
and gas in place could be calculated, the change in the physical properties of bottom-hole samples of 
the reservoir fluids with pressure would be required. Accordingly, in 1935, Schilthuis described a bot-
tom-hole sampler and a method of measuring the physical properties of the samples obtained.9 These 
measurements included the pressure-volume-temperature relations, the saturation or bubble-point 
pressure, the total quantity of gas dissolved in the oil, the quantities of gas liberated under various 
conditions of temperature and pressure, and the shrinkage of the oil resulting from the release of its 
dissolved gas from solution. These data enabled the development of certain useful equations, and they 
also provided an essential correction to the volumetric equation for calculating oil in place.

The next significant development was the recognition and measurement of connate water 
saturation, which was considered indigenous to the formation and remained to occupy a part of the 
pore space after oil or gas accumulation.10,11 This development further explained the poor oil and 
gas recoveries in low permeability sands with high connate water saturation and introduced the 
concept of water, oil, and gas saturations as percentages of the total pore space. The measurement 
of water saturation provided another important correction to the volumetric equation by consider-
ing the hydrocarbon pore space as a fraction of the total pore volume.

Although temperature and geothermal gradients had been of interest to geologists for many 
years, engineers could not make use of these important data until a precision subsurface record-
ing thermometer was developed. Millikan pointed out the significance of temperature data in 
applications to reservoir and well studies.12 From these basic data, Schilthuis was able to derive 
a useful equation, commonly called the Schilthuis material balance equation.13 A modification 
of an earlier equation presented by Coleman, Wilde, and Moore, the Schilthuis equation is one 
of the most important tools of reservoir engineers.14 It is a statement of the conservation of mat-
ter and is a method of accounting for the volumes and quantities of fluids initially present in, 
produced from, injected into, and remaining in a reservoir at any stage of depletion. Odeh and 
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Havlena have shown how the material balance equation can be arranged into a form of a straight 
line and solved.15

When production of oil or gas underlain by a much larger aquifer volume causes the 
water in the aquifer to rise or encroach into the hydrocarbon reservoir, the reservoir is said to 
be under water drive. In reservoirs under water drive, the volume of water encroaching into 
the reservoir is also included mathematically in the material balance on the fluids. Although 
Schilthuis proposed a method of calculating water encroachment using the material-balance 
equation, it remained for Hurst and, later, van Everdingen and Hurst to develop methods for 
calculating water encroachment independent of the material balance equation, which apply to 
aquifers of either limited or infinite extent, in either steady-state or unsteady-state flow.13,16,17 
The calculations of van Everdingen and Hurst have been simplified by Fetkovich.18 Following 
these developments for calculating the quantities of oil and gas initially in place or at any stage 
of depletion, Tarner and Buckley and Leverett laid the basis for calculating the oil recovery 
to be expected for particular rock and fluid characteristics.19,20 Tarner and, later, Muskat21 pre-
sented methods for calculating recovery by the internal or solution gas drive mechanism, and 
Buckley and Leverett20 presented methods for calculating the displacement of oil by external 
gas cap drive and water drive. These methods not only provided means for estimating recov-
eries for economic studies; they also explained the cause for disappointingly low recoveries in 
many fields. This discovery in turn pointed the way to improved recoveries by taking advan-
tage of the natural forces and energies, by supplying supplemental energy by gas and water 
injection, and by unitizing reservoirs to offset the losses that may be caused by competitive 
operations.

During the 1960s, the terms reservoir simulation and reservoir mathematical modeling be-
came popular.22–24 These terms are synonymous and refer to the ability to use mathematical for-
mulas to predict the performance of an oil or gas reservoir. Reservoir simulation was aided by the 
development of large-scale, high-speed digital computers. Sophisticated numerical methods were 
also developed to allow the solution of a large number of equations by finite-difference or finite- 
element techniques.

With the development of these techniques, concepts, and equations, reservoir engineering 
became a powerful and well-defined branch of petroleum engineering. Reservoir engineering may 
be defined as the application of scientific principles to the drainage problems arising during the 
development and production of oil and gas reservoirs. It has also been defined as “the art of devel-
oping and producing oil and gas fluids in such a manner as to obtain a high economic recovery.”25 
The working tools of the reservoir engineer are subsurface geology, applied mathematics, and the 
basic laws of physics and chemistry governing the behavior of liquid and vapor phases of crude 
oil, natural gas, and water in reservoir rocks. Because reservoir engineering is the science of pro-
ducing oil and gas, it includes a study of all the factors affecting their recovery. Clark and Wessely 
urged a joint application of geological and engineering data to arrive at sound field development 
programs.26 Ultimately, reservoir engineering concerns all petroleum engineers, from the drilling 
engineer who is planning the mud program, to the corrosion engineer who must design the tubing 
string for the producing life of the well.
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1.3 Introduction to Terminology
The purpose of this section is to provide an explanation to the reader of the terminology that will be 
used throughout the book by providing context for the terms and explaining the interaction of the 
terms. Before defining these terms, note Fig. 1.2, which illustrates a cross section of a producing 
petroleum reservoir.

A reservoir is not an open underground cavern full of oil and gas. Rather, it is section of 
porous rock (beneath an impervious layer of rock) that has collected high concentrations of oil and 
gas in the minute void spaces that weave through the rock. That oil and gas, along with some water, 
are trapped beneath the impervious rock. The term porosity (φ) is a measure, expressed in percent, 
of the void space in the rock that is filled with the reservoir fluid.

Reservoir fluids are segregated into phases according to the density of the fluid. Oil specific 
gravity (γo) is the ratio of the density of oil to the density of water, and gas specific gravity (γg) is 
the ratio of the density of natural gas to the density of air. As the density of gas is less than that 
of oil and both are less than water, gas rests at the top of the reservoir, followed by oil and finally 
water. Usually the interface between two reservoir fluid phases is horizontal and is called a contact. 
Between gas and oil is a gas-oil contact, between oil and water is an oil-water contact, and between 
gas and water is a gas-water contact if no oil phase is present. A small volume of water called con-
nate (or interstitial) water remains in the oil and gas zones of the reservoir.

Natural gasDrilling rig

Earth’s
crust

Shale

Impervious
rock

Impervious
rock

Petroleum

Water

Figure 1.2 Diagram to show the occurrence of petroleum under the Earth’s surface.
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The initial amount of fluid in a reservoir is extremely important. In practice, the symbol N 
(coming from the Greek word naptha) represents the initial volume of oil in the reservoir expressed 
as a standard surface volume, such as the stock-tank barrel (STB). G and W are initial reservoir 
gas and water, respectively. As these fluids are produced, the subscript p is added to indicate the 
cumulative oil (Np), gas (Gp), or water (Wp) produced.

The total reservoir volume is fixed and dependent on the rock formations of the area. As reser-
voir fluid is produced and the reservoir pressure drops, both the rock and the fluid remaining in the 
reservoir expand. If 10% of the fluid is produced, the remaining 90% in the reservoir must expand 
to fill the entire reservoir void space. When the hydrocarbon reservoir is in contact with an aquifer, 
both the hydrocarbon fluids and the water in the aquifer expand as hydrocarbons are produced, and 
water entering the hydrocarbon space can replace the volume of produced hydrocarbons.

To account for all the reservoir fluid as pressure changes, a volume factor (B) is used. The 
volume factor is a ratio of the volume of the fluid at reservoir conditions to its volume at atmospher-
ic conditions (usually 60°F and 14.7 psi). Oil volume at these atmospheric conditions is measured 
in STBs (one barrel is equal to 42 gallons). Produced gases are measured in standard cubic feet 
(SCF). An M (1000) or MM (1 million) or MMM (1 billion) is frequently placed before the units 
SCF. As long as only liquid phases are in the reservoir, the oil and water volume factors (Bo and 
Bw) will begin at the initial oil volume factors (Boi and Bwi) and then steadily increase very slightly 
(by 1%–5%). Once the saturation pressure is reached and gas starts evolving from solution, the oil 
volume factor will decrease. Gas (Bg) volume factors will increase considerably (10-fold or more) 
as the reservoir pressure drops. The change in volume factor for a measured change in the reservoir 
pressure allows for simple estimation of the initial gas or oil volume.

When the well fluid reaches the surface, it is separated into gas and oil. Figure 1.3 shows a 
two-stage separation system with a primary separator and a stock tank. The well fluid is introduced 
into the primary separator where most of the produced gas is obtained. The liquid from the primary 
separator is then flashed into the stock tank. The liquid accumulated in the stock tank is Np , and any 
gas from the stock tank is added to the primary gas to arrive at the total produced surface gas, Gp. 
At this point, the produced amounts of oil and gas are measured, samples are taken, and these data 
are used to evaluate and forecast the performance of the well.

Primary
separator

Well
fluid

G
ps Gst

Gp

Np

Stock
tank

Figure 1.3 Schematic representation of produced well fluid and a surface separator system.
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1.4	 Reservoir	Types	Defined	with	Reference	to	Phase	Diagrams
From a technical point of view, the various types of reservoirs can be defined by the location of the 
initial reservoir temperature and pressure with respect to the two-phase (gas and liquid) envelope as 
commonly shown on pressure-temperature (PT) phase diagrams. Figure 1.4 is the PT phase diagram 
for a particular reservoir fluid. The area enclosed by the bubble-point and dew-point curves represents 
pressure and temperature combinations for which both gas and liquid phases exist. The curves within 
the two-phase envelope show the percentage of the total hydrocarbon volume that is liquid for any 
temperature and pressure. At pressure and temperature points located above the bubble-point curve, 
the hydrocarbon mixture will be a liquid phase. At pressure and temperature points located above or 
to the right of the dew-point curve, the hydrocarbon mixture will be a gas phase. The critical point, 
where bubble-point, dew-point, and constant quality curves meet, represents a mathematical discon-
tinuity, and phase behavior near this point is difficult to define. Initially, each hydrocarbon accumu-
lation will have its own phase diagram, which depends only on the composition of the accumulation.

Consider a reservoir containing the fluid of Fig. 1.4 initially at 300°F and 3700 psia, point A. 
Since this point lies outside the two-phase region and to the right of the critical point, the fluid is orig-
inally in a one-phase gas state. Since the fluid remaining in the reservoir during production remains 
at 300°F, it is evident that it will remain in the single-phase or gaseous state as the pressure declines 
along path AA1.  Furthermore, the composition of the produced well fluids will not change as the 
reservoir is depleted. This is true for any accumulation with this hydrocarbon composition where the 
reservoir temperature exceeds the cricondentherm, or maximum two-phase temperature (250°F for 
the present example). Although the fluid left in the reservoir remains in one phase, the fluid produced 
through the wellbore and into surface separators, although the same composition, may enter the two-
phase region owing to the temperature decline, as along line AA2 .  This accounts for the production 
of condensate liquid at the surface from a single-phase gas phase in the reservoir. Of course, if the 
cricondentherm of a fluid is below approximately 50°F, then only gas will exist on the surface at usu-
al ambient temperatures, and the production will be called dry gas. Nevertheless, even dry gas may 
contain valuable liquid fractions that can be removed by low-temperature separation.

Next, consider a reservoir containing the same fluid of Fig. 1.4 but at a temperature of 
180°F and an initial pressure of 3300 psia, point B. Here the fluid is also initially in the one-
phase gas state, because the reservoir temperature exceeds the critical-point temperature. As 
pressure declines due to production, the composition of the produced fluid will be the same as 
reservoir A and will remain constant until the dew-point pressure is reached at 2700 psia, point 
B

1
. Below this pressure, a liquid condenses out of the reservoir fluid as a fog or dew. This type 

of reservoir is commonly called a dew-point or a gas-condensate reservoir. This condensation 
leaves the gas phase with a lower liquid content. The condensed liquid remains immobile at low 
concentrations. Thus the gas produced at the surface will have a lower liquid content, and the 
producing gas-oil ratio therefore rises. This process of retrograde condensation continues until a 
point of maximum liquid volume is reached, 10% at 2250 psia, point B

2
. The term retrograde is 

used because generally vaporization, rather than condensation, occurs during isothermal expan-
sion. After the dew point is reached, because the composition of the produced fluid changes, the 
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composition of the remaining reservoir fluid also changes, and the phase envelope begins to shift. 
The phase diagram of Fig. 1.4 represents one and only one hydrocarbon mixture. Unfortunately, 
this shift is toward the right and further aggravates the retrograde liquid loss within the pores of 
the reservoir rock.

Neglecting for the moment this shift in the phase diagram, for qualitative purposes, vaporiza-
tion of the retrograde liquid occurs from B

2
 to the abandonment pressure B

3
. This revaporization aids 

liquid recovery and may be evidenced by decreasing gas-oil ratios on the surface. The overall retro-
grade loss will evidently be greater (1) for lower reservoir temperatures, (2) for higher abandonment 
pressures, and (3) for greater shift of the phase diagram to the right—the latter being a property of 
the hydrocarbon system. The retrograde liquid in the reservoir at any time is composed of mostly 
methane and ethane by volume, and so it is much larger than the volume of stable liquid that could be 
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obtained from it at atmospheric temperature and pressure. The composition of this retrograde liquid 
is changing as pressure declines so that 4% retrograde liquid volume at, for example, 750 psia might 
contain as much surface condensate as 6% retrograde liquid volume at 2250 psia.

If the initial reservoir fluid composition is found at 2900 psia and 75°F, point C, the reservoir 
would be in a one-phase state, now called liquid, because the temperature is below the critical-point 
temperature. This is called a bubble-point (or black-oil or solution-gas) reservoir. As pressure de-
clines during production, the bubble-point pressure will be reached, in this case at 2550 psia, point 
C

1
. Below this pressure, bubbles, or a free-gas phase, will appear. When the free gas saturation is 

sufficiently large, gas flows to the wellbore in ever increasing quantities. Because surface facilities 
limit the gas production rate, the oil flow rate declines, and when the oil rate is no longer economic, 
much unrecovered oil remains in the reservoir.

Finally, if the initial hydrocarbon mixture occurred at 2000 psia and 150°F, point D, it 
would be a two-phase reservoir, consisting of a liquid or oil zone overlain by a gas zone or cap. 
Because the composition of the gas and oil zones are entirely different from each other, they 
may be represented separately by individual phase diagrams that bear little relation to each 
other or to the composite. The liquid or oil zone will be at its bubble point and will be produced 
as a bubble-point reservoir modified by the presence of the gas cap. The gas cap will be at the 
dew point and may be either retrograde, as shown in Fig. 1.5(a), or nonretrograde, as shown in 
Fig. 1.5(b).

From this technical point of view, hydrocarbon reservoirs are initially either in a single-phase 
state (A, B, or C) or in a two-phase state (D), depending on their temperatures and pressures relative 
to their phase envelopes. Table 1.2 depicts a summary of these four types. These reservoir types are 
discussed in detail in Chapters 4, 5, 6, and 7, respectively.
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Figure 1.5  Phase diagrams of a cap gas and oil zone fluid showing (a) retrograde cap gas and  
(b) nonretrograde cap gas.
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Table 1.3 presents the mole compositions and some additional properties of five single-phase 
reservoir fluids. The volatile oil is intermediate between the gas condensate and the black, or heavy, 
oil types. Production with gas-oil ratios greater than 100,000 SCF/STB is commonly called lean 
or dry gas, although there is no generally recognized dividing line between the two categories. In 
some legal work, statutory gas wells are those with gas-oil ratios in excess of 100,000 SCF/STB. 
The term wet gas is sometimes used interchangeably with gas condensate. In the gas-oil ratios, 
general trends are noticeable in the methane and heptanes-plus content of the fluids and the color of 
the tank liquids. Although there is good correlation between the molecular weight of the heptanes 
plus and the gravity of the stock-tank liquid, there is virtually no correlation between the gas-oil 
ratios and the gravities of the stock-tank liquids, except that most black oil reservoirs have gas-oil 
ratios below 1000 SCF/STB and stock-tank liquid gravities below 45 °API. The gas-oil ratios are 
a good indication of the overall composition of the fluid, high gas-oil ratios being associated with 
low concentrations of pentanes and heavier and vice versa.

The gas-oil ratios given in Table 1.3 are for the initial production of the one-phase reservoir 
fluids producing through one or more surface separators operating at various temperatures and 
pressures, which may vary considerably among the several types of production. The gas-oil ratios 
and consequently the API gravity of the produced liquid vary with the number, pressures, and tem-
peratures of the separators so that one operator may report a somewhat different gas-oil ratio from 
another, although both produce the same reservoir fluid. Also, as pressure declines in the black oil, 
volatile oil, and some gas-condensate reservoirs, there is generally a considerable increase in the 
gas-oil ratio owing to the reservoir mechanisms that control the relative flow of oil and gas to the 
wellbores. The separator efficiencies also generally decline as flowing wellhead pressures decline, 
which also contributes to increased gas-oil ratios.

What has been said previously applies to reservoirs initially in a single phase. The initial gas-
oil ratio of production from wells completed either in the gas cap or in the oil zone of two-phase 
reservoirs depends, as discussed previously, on the compositions of the gas cap hydrocarbons and 
the oil zone hydrocarbons, as well as the reservoir temperature and pressure. The gas cap may con-
tain gas condensate or dry gas, whereas the oil zone may contain black oil or volatile oil. Naturally, 

Table 1.2 Summary of Reservoir Types
Type A single 

phase gas
Type B gas 
condensate

Type C under-
saturated oil

Type D saturated 
oil

Typical primary 
recovery 
mechanism

Volumetric gas 
drive

Volumetric gas 
drive

Depletion drive, 
water drive

Volumetric gas drive, 
depletion drive, 

water drive

Initial reservoir 
conditions

Single phase: Gas Single phase: Gas Single phase: Oil Two phase:  
Oil and gas

Reservoir behavior 
as pressure declines

Reservoir fluid 
remains as gas.

Liquid condenses 
in the reservoir.

Gas vaporizes in 
reservoir.

Saturated oil releases 
additional gas.

Produced 
hydrocarbons

Primarily gas Gas and 
condensate

Oil and gas Oil and gas
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if a well is completed in both the gas and oil zones, the production will be a mixture of the two. 
Sometimes this is unavoidable, as when the gas and oil zones (columns) are only a few feet in 
thickness. Even when a well is completed in the oil zone only, the downward coning of gas from 
the overlying gas cap may occur to increase the gas-oil ratio of the production.

1.5 Production from Petroleum Reservoirs
Production from petroleum reservoirs is a replacement process. This means that when hydrocarbon 
is produced from a reservoir, the space that it occupied must be replaced with something. That 
something could be the swelling of the remaining hydrocarbon due to a drop in reservoir pressure, 
the encroachment of water from a neighboring aquifer, or the expansion of formation.

The initial production of hydrocarbons from an underground reservoir is accomplished by 
the use of natural reservoir energy.27 This type of production is termed primary production. Sources 
of natural reservoir energy that lead to primary production include the swelling of reservoir fluids, 
the release of solution gas as the reservoir pressure declines, nearby communicating aquifers, grav-
ity drainage, and formation expansion. When there is no communicating aquifer, the hydrocarbon 
recovery is brought about mainly by the swelling or expansion of reservoir fluids as the pressure in 
the formation drops. However, in the case of oil, it may be materially aided by gravitational drain-
age. When there is water influx from the aquifer and the reservoir pressure remains near the initial 
reservoir pressure, recovery is accomplished by a displacement mechanism, which again may be 
aided by gravitational drainage.

Table 1.3 Mole Composition and Other Properties of Typical Single- Phase Reservoir Fluids
Component Black oil Volatile oil Gas condensate Dry gas Wet gas
C

1
48.83 64.36 87.07 95.85 86.67

C
2

2.75 7.52 4.39 2.67 7.77

C
3

1.93 4.74 2.29 0.34 2.95

C
4

1.60 4.12 1.74 0.52 1.73

C
5

1.15 2.97 0.83 0.08 0.88

C
6

1.59 1.38 0.60 0.12

C
7
+ 42.15 14.91 3.80 0.42

Total 100.00 100.00 100.00 100.00 100.00

Mol. wt. C
7
+ 225 181 112 157

GOR, SCF/
STB

625 2000 18,200 105,000 Infinite

Tank gravity, 
°API

34.3 50.1 60.8 54.7

Liquid color Greenish 
black

Medium orange Light straw Water white
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When the natural reservoir energy has been depleted, it becomes necessary to augment the nat-
ural energy with an external source. This is usually accomplished by the injection of gas (reinjected 
solution gas, carbon dioxide, or nitrogen) and/or water. The use of an injection scheme is called a 
secondary recovery operation. When water injection is the secondary recovery process, the process is 
referred to as waterflooding. The main purpose of either a natural gas or water injection process is to 
repressurize the reservoir and then maintain the reservoir at a high pressure. Hence the term pressure 
maintenance is sometimes used to describe a secondary recovery process. Often injected fluids also 
displace oil toward production wells, thus providing an additional recovery mechanism.

When gas is used as the pressure maintenance agent, it is usually injected into a zone of free 
gas (i.e., a gas cap) to maximize recovery by gravity drainage. The injected gas is usually produced 
natural gas from the reservoir in question. This, of course, defers the sale of that gas until the second-
ary operation is completed and the gas can be recovered by depletion. Other gases, such as nitrogen, 
can be injected to maintain reservoir pressure. This allows the natural gas to be sold as it is produced.

Waterflooding recovers oil by the water moving through the reservoir as a bank of fluid and 
“pushing” oil ahead of it. The recovery efficiency of a waterflood is largely a function of the mac-
roscopic sweep efficiency of the flood and the microscopic pore scale displacement behavior that 
is largely governed by the ratio of the oil and water viscosities. These concepts will be discussed in 
detail in Chapters 9, 10, and 11.

In many reservoirs, several recovery mechanisms may be operating simultaneously, but gen-
erally one or two predominate. During the producing life of a reservoir, the predominance may shift 
from one mechanism to another either naturally or because of operations planned by engineers. For 
example, initial production in a volumetric reservoir may occur through the mechanism of fluid ex-
pansion. When its pressure is largely depleted, the dominant mechanism may change to gravitational 
drainage, the fluid being lifted to the surface by pumps. Still later, water may be injected in some 
wells to drive additional oil to other wells. In this case, the cycle of the mechanisms is expansion, 
gravitational drainage, displacement. There are many alternatives in these cycles, and it is the object 
of the reservoir engineer to plan these cycles for maximum recovery, usually in minimum time.

Other displacement processes called tertiary recovery processes have been developed for 
application in situations in which secondary processes have become ineffective. However, the same 
processes have also been considered for reservoir applications when secondary recovery techniques 
are not used because of low recovery potential. In this latter case, the word tertiary is a misnomer. 
For most reservoirs, it is advantageous to begin a secondary or a tertiary process before primary 
production is completed. For these reservoirs, the term enhanced oil recovery was introduced and 
has become popular in reference to any recovery process that, in general, improves the recovery 
over what the natural reservoir energy would be expected to yield. Enhanced oil recovery processes 
are presented in detail in Chapter 11.

1.6 Peak Oil
Since oil is a finite resource in any given reservoir, it would make sense that, as soon as oil produc-
tion from the first well begins in a particular reservoir, the resource of that reservoir is declining. 
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As a reservoir is developed (i.e., more and more wells are brought into production), the total pro-
duction from the reservoir will increase. Once all the wells that are going to be drilled for a given 
reservoir have been brought into production, the total production will begin to decline. M. King 
Hubbert took this concept and developed the term peak oil to describe not the decline of oil pro-
duction but the point at which a reservoir reaches a maximum oil production rate. Hubbert said this 
would occur at the midpoint of reservoir depletion or when one-half of the initial hydrocarbon in 
place had been produced.28 Hubbert developed a mathematical model and from the model predicted 
that the United States would reach peak oil production sometime around the year 1965.28 A sche-
matic of Hubbert’s prediction is shown in Fig. 1.6.

Figure 1.7 contains a plot of the Hubbert curve and the cumulative oil production from all 
US reservoirs. It would appear that Hubbert was fairly accurate with his model but a little off on 
the timing. However, the Hubbert timing looks more accurate when production from the Alaskan 
North Slope is omitted.

There are many factors that go into building such a model. These factors include proven re-
serves, oil price, continuing exploration, continuing demand on oil resources, and so on. Many of 
these factors carry with them debates concerning future predictions. As a result, an argument over 
the concept of peak oil has developed over the years. It is not the purpose of this text to discuss this 
argument in detail but simply to point out some of the projections and suggest that the reader go to 
the literature for further information.
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Hubbert predicted the total world crude oil production would reach the peak around the year 
2000. Figure 1.8 is a plot of the daily world crude oil production as a function of year. As one can 
see, the peak has not been reached—in fact, the production is continuing to increase. Part of the 
discrepancy with Hubbert’s prediction has to do with the increasing amount of world reserves, as 
shown in Fig. 1.9. Obviously, as the world’s reserves increase, the time to reach Hubbert’s peak 
will shift. Just as there are several factors that affect the time of peak oil, the definition of reserves 
has several contributing factors, as discussed earlier in this chapter. This point was illustrated in a 
recent prediction by the International Energy Agency (IEA) regarding the oil and gas production 
of the United States.29

In a recent report put out by the IEA, personnel predicted that the United States will become the 
world’s top oil producer in a few years.29 This is in stark contrast to what they had been predicting for 
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years. The report states the following: “The recent rebound in US oil and gas production, driven by 
upstream technologies that are unlocking light tight oil and shale gas resources, is spurring economic 
activity… and steadily changing the role of North America in global energy trade.”29

The upstream technologies that are referenced in the quote are the increased use of hydraulic 
fracturing and horizontal drilling techniques. These technologies are a large reason for the increase 
in US reserves from 22.3 billion barrels at the end of 2009 to 25.2 at the end of 2010, while pro-
ducing nearly 2 billion barrels in 2010.

Hydraulic fracturing or fracking refers to the process of injecting a high-pressure fluid into a 
well in order to fracture the reservoir formation to release oil and natural gas. This method makes 
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it possible to recover fuels from geologic formations that have poor flow rates. Fracking helps 
reinvigorate wells that otherwise would have been very costly to produce. Fracking has raised 
major environmental concerns, and the reservoir engineer should research this process before rec-
ommending its use.

The use of horizontal drilling has been in existence since the 1920s but only relatively re-
cently (1980s) reached a point where it could be used on a widespread scale. Horizontal drilling 
is extremely effective for recovering oil and natural gas that occupy horizontal strata, because this 
method offers more contact area with the oil and gas than a normal vertical well. There are endless 
possibilities to the uses of this method in hydrocarbon recovery, making it possible to drill in places 
that are either literally impossible or much too expensive to do with traditional vertical drilling. 
These include hard-to-reach places like difficult mountain terrain or offshore areas.

Hubbert’s theory of peak oil is reasonable; however, his predictions have not been accurate 
due to increases in known reserves and in the development of technologies to extract the petroleum 
hydrocarbons economically. Reservoir engineering is the formulation of a plan to develop a partic-
ular reservoir to balance the ultimate recovery with production economics. The remainder of this 
text will provide the engineer with information to assist in the development of that plan.

Problems
1.1 Conduct a search on the web and identify the world’s resources and reserves of oil and gas. 

Which countries possess the largest amount of reserves?

1.2 What are the issues involved in a country’s definition of reserves? Write a short report that 
discusses the issues and how a country might be affected by the issues.

1.3 What are the issues behind the peak oil argument? Write a short report that contains a de-
scription of both sides of the argument.

1.4 The use of hydraulic fracturing has increased the production of oil and gas from tight sands, 
but it also has become a debatable topic. What are the issues that are involved in the debate? 
Write a short report that contains a description of both sides of the argument.

1.5 The continued development of horizontal drilling techniques has increased the production of 
oil and gas from certain reservoirs. Conduct a search on the web for applications of horizon-
tal drilling. Identify three reservoirs in which this technique has increased the production of 
hydrocarbons and discuss the increase in both costs and production.
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Review	of	Rock	and	Fluid	Properties

2.1 Introduction
As fluid from a reservoir is produced and brought to the surface, the fluid remaining in the reser-
voir experiences changes in the reservoir conditions. The produced fluid also experiences chang-
es as it is brought to the surface. The reservoir fluid typically sees only a decrease in pressure, 
while the produced fluid will experience decreases in pressure and in temperature. As the pressure 
decreases, it is common to observe gas that had been dissolved in the oil or water be liberated. 
Reservoir engineers use terms, such as the solution gas-oil ratio (Rso), to account for this. There 
are many variations on this term. R is generally used to denote any ratio, while the subscripts de-
note which ratio is being used. Rsoi, for example, is the initial gas-oil ratio, and Rsw is the solution 
gas-water ratio.

As the fluid is produced from the reservoir, the pressure on the rock from the overburden or 
the rock above it remains constant but the pressure of the fluid surrounding it is decreasing. This 
leads the rock to expand or the pores in the rock to be compressed. This change in pore volume 
due to pressure is called the pore volume compressibility (cf). The compressibility of the gas is also 
of interest. The gas compressibility (cg) involves a compressibility factor (z). The compressibility 
factor is simply a ratio of how the gas would behave ideally compared to how it behaves in actual-
ity. The compressibility of oil (co) and water (cw) can also be determined, but their magnitude is far 
less than that of the gas. The determination of each of these properties, as well as those defined in 
Chapter 1, is critical in predicting the performance of a reservoir. This chapter contains a discussion 
of the pertinent rock and fluid properties with which a reservoir engineer will work.

2.2	 Review	of	Rock	Properties
Properties discussed in this section include porosity, isothermal compressibility, and fluid satura-
tion. Although permeability is a property of a rock matrix, because of its importance in fluid flow 
calculations, a discussion of permeability is postponed until Chapter 8, in which single-phase fluid 
flow is considered.

C h a p t e r  2
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2.2.1 Porosity
As discussed in Chapter 1, the porosity of a porous medium is given the symbol of φ and is de-
fined as the ratio of void space, or pore volume, to the total bulk volume of the rock. This ratio is 
expressed as either a fraction or a percentage. When using a value of porosity in an equation, it 
is nearly always expressed as a fraction. The term hydrocarbon porosity refers to that part of the 
porosity that contains hydrocarbon. It is the total porosity multiplied by the fraction of the pore 
volume that contains hydrocarbon. Porosity values range from 10% to 40% for sandstone type 
reservoirs and 5% to 15% for limestone type reservoirs.1

The value of porosity is usually reported as either a total or an effective porosity, depend-
ing on the type of measurement used. The total porosity represents the total void space of the 
medium. The effective porosity is the amount of the void space that contributes to the flow of 
fluids. This is the type of porosity usually measured in the laboratory and used in calculations 
of fluid flow.

The laboratory methods of measuring porosity include Boyle’s law, water saturation, and 
organic-liquid saturation methods. Dotson, Slobod, McCreery, and Spurlock have described a po-
rosity-check program made by 5 laboratories on 10 samples.2 The average deviation of porosity 
from the average values was ±0.5% porosity. The accuracy of the average porosity of a reservoir 
as found from core analysis depends on the quality and quantity of the data available and on the 
uniformity of the reservoir. The average porosity is seldom known more precisely than to 1% 
porosity (e.g., to 5% accuracy at 20% porosity). The porosity is also calculated from indirect meth-
ods using well log data, often with the assistance of some core measurements. Ezekwe discusses 
the use of various types of well logs in the calculation of porosity.3 Logging techniques have the 
advantage of averaging larger volumes of rock than in core analysis. When calibrated with core 
data, they should provide average porosity figures in the same range of accuracy as core analysis. 
When there are variations in porosity across the reservoir, the average porosity should be found on 
a volume-weighted basis. In highly fractured, rubblized, or vuggy carbonate reservoirs, the highest 
porosity rock may be neither cored nor logged, and hydrocarbon volumes based on core or log 
porosity averages may be grossly underestimated.

2.2.2 Isothermal Compressibility
The isothermal compressibility for a substance is given by the following equation:

 c
V

dV
dp

= − 1
 (2.1)

where

c = isothermal compressibility
V = volume
p = pressure
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The equation describes the change in volume that a substance undergoes during a change in pres-
sure while the temperature is held constant. The units are in reciprocal pressure units. When the 
internal fluid pressure within the pore spaces of a rock, which is subjected to a constant external 
(rock or overburden) pressure, is reduced, the bulk volume of the rock decreases while the volume 
of the solid rock material (e.g., the sand grains of a sandstone) increases. Both volume changes act 
to reduce the porosity of the rock slightly, of the order of 0.5% for a 1000-psi change in the internal 
fluid pressure (e.g., at 20% porosity to 19.9%).

Studies by van der Knaap indicate that this change in porosity for a given rock depends 
only on the difference between the internal and external pressures and not on the absolute value 
of the pressures.4 As with the volume of reservoir coils above the bubble point, however, the 
change in pore volume is nonlinear and the pore volume compressibility is not constant. The pore 
volume compressibility (cf) at any value of external-internal pressure difference may be defined 
as the change in pore volume per unit of pore volume per unit change in pressure. The values for 
limestone and sandstone reservoir rocks lie in the range of 2 × 10–6 to 25 × 10–6 psi–1. If the com-
pressibility is given in terms of the change in pore volume per unit of bulk volume per unit change 
in pressure, dividing by the fractional porosity places it on a pore volume basis. For example, a 
compressibility of 1.0 × 10–6 pore volume per bulk volume per psi for a rock of 20% porosity is 
5.0 × 10–6 pore volume per pore volume per psi.

Newman measured isothermal compressibility and porosity values in 79 samples of consol-
idated sandstones under hydrostatic pressure.5 When he fit the data to a hyperbolic equation, he 
obtained the following correlation:

 c f =
+

−97 3200 10
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6
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. ( )

( . ) .φ
 (2.2)

This correlation was developed for consolidated sandstones having a range of porosity values from 
0.02 < φ < 0.23. The average absolute error of the correlation over the entire range of porosity 
values was found to be 2.60%.

Newman also developed a similar correlation for limestone formations under hydrostatic 
pressure.5 The range of porosity values included in the correlation was 0.02 < φ < 0.33, and the 
average absolute error was found to be 11.8%. The correlation for limestone formations is as 
follows:

 c f =
+
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Even though the rock compressibilities are small figures, their effect may be important in 
some calculations on reservoirs or aquifers that contain fluids of compressibilities in the range of 
3 to 25(10)–6 psi–1. One application is given in Chapter 6 involving calculations above the bubble 
point. Geertsma points out that when the reservoir is not subjected to uniform external pressure, as 
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are the samples in the laboratory tests of Newman, the effective value in the reservoir will be less 
than the measured value.6

2.2.3 Fluid Saturations
The ratio of the volume that a fluid occupies to the pore volume is called the saturation of that fluid. 
The symbol for oil saturation is So, where S refers to saturation and the subscript o refers to oil. 
Saturation is expressed as either a fraction or a percentage, but it is used as a fraction in equations. 
The saturations of all fluids present in a porous medium add to 1.

There are, in general, two ways of measuring original fluid saturations: the direct approach 
and the indirect approach. The direct approach involves either the extraction of the reservoir fluids 
or the leaching of the fluids from a sample of the reservoir rock. The indirect approach relies on a 
measurement of some other property, such as capillary pressure, and the derivation of a mathemat-
ical relationship between the measured property and saturation.

Direct methods include retorting the fluids from the rock, distilling the fluids with a modified 
American Society for Testing and Materials (ASTM) procedure, and centrifuging the fluids. Each 
method relies on some procedure to remove the rock sample from the reservoir. Experience has 
found that it is difficult to remove the sample without altering the state of the fluids and/or rock. 
The indirect methods use logging or capillary pressure measurements. With either method, errors 
are built into the measurement of saturation. However, under favorable circumstances and with 
careful attention to detail, saturation values can be obtained within useful limits of accuracy. Eze-
kwe presents models and equations used in the calculation of saturation values for both direct and 
indirect methods.3

2.3	 Review	of	Gas	Properties
2.3.1	 Ideal	Gas	Law
Relationships that describe the pressure-volume-temperature (PVT) behavior of gases are called 
equations of state. The simplest equation of state is called the ideal gas law and is given by

 pV = nR′T (2.4)
where

p = absolute pressure
V = total volume that the gas occupies
n = moles of gas
T = absolute temperature
R′ = gas constant

When R′ = 10.73, p must be in pounds per square inch absolute (psia), V in cubic feet (ft3), n in 
pound-moles (lb-mols), and T in degrees Rankine (°R). The ideal gas law was developed from 
Boyle’s and Charles’s laws, which were formed from experimental observations.
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The petroleum industry works with a set of standard conditions—usually 14.7 psia and 60°F. 
When a volume of gas is reported at these conditions, it is given the units of SCF (standard cubic 
feet). As mentioned in Chapter 1, sometimes the letter M will appear in the units (e.g., MCF or 
M SCF). This refers to 1000 standard cubic feet. The volume that 1 lb-mol occupies at standard 
conditions is 379.4 SCF. A quantity of a pure gas can be expressed as the number of cubic feet at a 
specified temperature and pressure, the number of moles, the number of pounds, or the number of 
molecules. For practical measurement, the weighing of gases is difficult, so gases are metered by 
volume at measured temperatures and pressures, from which the pounds or moles may be calculat-
ed. Example 2.1 illustrates the calculations of the contents of a tank of gas in each of three units.

Example 2.1 Calculating the Contents of a Tank of Ethane in Moles, Pounds, and SCF

Given
A 500-ft3 tank of ethane at 100 psia and 100°F.

Solution
Assuming ideal gas behavior,

 
Moles = ×

×
=100 500

10 73 560
8 32

.
.

Pounds = 8.32 × 30.07 = 250.2
At 14.7 psia and 60°F,

SCF = 8.32 × 379.4 = 3157
Here is an alternate solution using Eq. (2.4):

 SCF = = × × =nR T
p
' . .

.

8 32 10 73 520

14 7
3158

2.3.2	 Specific	Gravity
Because the density of a substance is defined as mass per unit volume, the density of gas, ρg, at a 
given temperature and pressure can be derived as follows:

 
density = = =ρg

w
w

pV
R T

M

V
pM
R T

'
'

 density
mass

volume
= = nM

V
w  (2.5)
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where

Mw = molecular weight

Because it is more convenient to measure the specific gravity of gases than the gas density, specific 
gravity is more commonly used. Specific gravity is defined as the ratio of the density of a gas at a 
given temperature and pressure to the density of air at the same temperature and pressure, usually 
near 60°F and atmospheric pressure. Whereas the density of gases varies with temperature and 
pressure, the specific gravity is independent of temperature and pressure when the gas obeys the 
ideal gas law. By the previous equation, the density of air is

 ρair
p

R T
= × 28 97.

'

Then the specific gravity, γg, of a gas is

 γ
ρ
ρg

g

air

w

w

pM
R'T

p
R T

M= = × =
28 97.

'
28.97  (2.6)

Equation (2.6) might also have been obtained from the previous statement that 379.4 ft3 of 
any ideal gas at 14.7 psia and 60°F is 1 mol and therefore a weight equal to the molecular weight. 
Thus, by definition of specific gravity,

 γ g
Weight of 379.4 ft  of gas at 14.7 and 60°F

W
=

3

eeight of 379.4 ft  of air at 14.7 and 60°F 23 = Mw

88.97

If the specific gravity of a gas is 0.75, its molecular weight is 21.7 lbs per mol.

2.3.3	 Real	Gas	Law
Everything up to this point applies to a perfect or ideal gas. Actually there are no perfect gases; 
however, many gases near atmospheric temperature and pressure approach ideal behavior. All 
molecules of real gases have two tendencies: (1) to fly apart from each other because of their 
constant kinetic motion and (2) to come together because of electrical attractive forces between 
the molecules. Because the molecules are quite far apart, the intermolecular forces are negli-
gible and the gas behaves close to ideal. Also, at high temperatures, the kinetic motion, being 
greater, makes the attractive forces comparatively negligible and, again, the gas approaches 
ideal behavior.

When the volume of a gas will be less than what the ideal gas volume would be, the gas is said 
to be supercompressible. The number, which measures the gas’s deviation from perfect behavior, 
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is sometimes called the supercompressibility factor, usually shortened to the gas compressibility 
factor. More commonly it is called the gas deviation factor (z). This dimensionless quantity usually 
varies between 0.70 and 1.20, with a value of 1.00 representing ideal behavior.

At very high pressures, above about 5000 psia, natural gases pass from a supercompressible 
condition to one in which compression is more difficult than in the ideal gas. The explanation is 
that, in addition to the forces mentioned earlier, when the gas is highly compressed, the volume 
occupied by the molecules themselves becomes an appreciable portion of the total volume. Since it 
is really the space between the molecules that is compressed and there is less compressible space, 
the gas appears to be more difficult to compress. In addition, as the molecules get closer together 
(i.e., at high pressure), repulsive forces begin to develop between the molecules. This is indicated 
by a gas deviation factor greater than unity. The gas deviation factor is by definition the ratio of 
the volume actually occupied by a gas at a given pressure and temperature to the volume it would 
occupy if it behaved ideally, or

 z
V

V

n T p

n T p

Actual volume of moles of gas at and

Ideal volume of moles at same and
a

i

= =  (2.7)

These theories qualitatively explain the behavior of nonideal or real gases. Equation (2.7) 
may be substituted in the ideal gas law, Eq. (2.4), to give an equation for use with nonideal gases,

 p
V

z
nR T pV znR Ta

a




 = =' ' or  (2.8)

where V
a
 is the actual gas volume. The gas deviation factor must be determined for every gas and 

every combination of gases and at the desired temperature and pressure—for it is different for each 
gas or mixture of gases and for each temperature and pressure of that gas or mixture of gases. The 
omission of the gas deviation factor in gas reservoir calculations may introduce errors as large as 
30%.7 Figure 2.1 shows the gas deviation factors of two gases, one of 0.90 specific gravity and the 
other of 0.665 specific gravity. These curves show that the gas deviation factors drop from unity 
at low pressures to a minimum value near 2500 psia. They rise again to unity near 5000 psia and 
to values greater than unity at still higher pressures. In the range of 0 to 5000 psia, the deviation 
factors at the same temperature will be lower for the heavier gas, and for the same gas, they will be 
lower at the lower temperature.

When possible reservoir fluid samples should be acquired at the formation level, such sam-
ples are termed bottom-hole fluid samples, and great care must be taken to avoid sampling the 
reservoir fluid below bubble-point or dew-point pressure. Without a bottom-hole fluid sample, 
produced wet gas or gas condensate may be recombined at the surface. This may be accomplished 
by recombining samples of separator gas, stock-tank gas, and stock-tank liquid in the proportions 
in which they are produced. The deviation factor is measured at reservoir temperature for pressures 
ranging from reservoir to atmospheric. For wet gas or gas condensate, the deviation factor may 
be measured for differentially liberated gas below the dew-point pressure. For reservoir oil, the 
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deviation factor of solution gas is measured on gas samples evolved from solution in the oil during 

a differential liberation process.

The gas deviation factor is commonly determined by measuring the volume of a sample at 

desired pressures and temperatures and then measuring the volume of the same mass of gas at atmo-

spheric pressure and at a temperature sufficiently high so that all the material remains in the vapor 

phase. For example, a sample of the Bell Field gas has a measured volume of 364.6 cm3 at 213°F and 

3250 psia. At 14.80 psia and 82°F, it has a volume of 70,860 cm3. Then, by Eq. (2.8), assuming a gas 

deviation factor of unity at the lower pressure, the deviation factor at 3250 psia and 213°F is

 z = ×
+

× × +
×

=3250 364 6

460 213

1 00 460 82

14 80 70 860
0

. . ( )

. ,
..910

If the gas deviation factor is not measured, it may be estimated from its specific gravity. 

Example 2.2 shows the method for estimating the gas deviation factor from its specific gravity. 

The method uses a correlation to estimate pseudocritical temperature and pressure values for a gas 

with a given specific gravity. The correlation was developed by Sutton on the basis of over 5000 

different gas samples.8 Sutton developed a correlation for two distinct types of gases—one being an 

associated gas and the other being a condensate gas. An associated gas is defined as a gas that has 

been liberated from oil and typically contains large concentrations of ethane through pentane. A 

condensate gas typically contains a vaporized hydrocarbon liquid, resulting in a high concentration 

of the heptanes-plus fractions in the gas phase.
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Figure 2.1 Effect of pressure, temperature, and composition on the gas deviation factor.
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For the associated gases, Sutton conducted a regression analysis on the raw data and obtained 
the following equations over the range of specific gas gravities with which he worked—0.554 < γ

g
 

< 1.862:

 p
pc

 = 671.1 + 14.0γ
g
 – 34.3γ

g
 2 (2.9)

 T
pc

 = 120.1 + 429γ
g
 – 62.9γ

g
 2 (2.10)

Sutton found the following equations for the condensate gases covering the range of gas gravities 
of 0.554 < γ

g
 < 2.819:

 p
pc

 = 744 – 125.4γ
g
 + 5.9γ

g
 2 (2.11)

 T
pc

 = 164.3 + 357.7γ
g
 – 67.7γ

g
  2 (2.12)

Both sets of these correlations were derived for gases containing less than 10% of H
2
S, CO

2
, and 

N
2
. If concentrations of these gases are larger than 10%, the reader is referred to the original work 

of Sutton for corrections.
Having obtained the pseudocritical values, the pseudoreduced pressure and temperature are 

calculated. The gas deviation factor is then found by using the correlation chart of Fig. 2.2.

Example 2.2  Calculating the Gas Deviation Factor of a Gas Condensate from Its 
Specific Gravity

Given
Gas specific gravity = 0.665
Reservoir temperature = 213°F
Reservoir pressure = 3250 psia

Solution
Using Eqs. (2.11) and (2.12), the pseudocritical values are

 p
pc

 = 744 – 125.4(0.665) + 5.9(0.665)2 = 663 psia

 T
pc

 = 164.3 + 357.7(0.665) – 67.7(0.665)2 = 372°R

For 3250 psia and 213°F, the pseudoreduced pressure and temperature are

 ppr = =3250

663
4 90.
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Figure 2.2 Compressibility factors for natural gases (after Standing and Katz, trans. AlME).9
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 Tpr = + =460 213

372
1 81.

Using the calculated values in Fig. 2.2, z = 0.918.

In many reservoir-engineering calculations, it is necessary to use the assistance of a computer, 
and the chart of Standing and Katz then becomes difficult to use. Dranchuk and Abou-Kassem fit an 
equation of state to the data of Standing and Katz in order to estimate the gas deviation factor in com-
puter routines.10 Dranchuk and Abou-Kassem used 1500 data points and found an average absolute 
error of 0.486% over ranges of pseudoreduced pressure and temperature of

 0.2 < ppr < 30

 1.0 < Tpr < 3.0
and for

 ppr < 1.0 with 0.7 < Tpr < 1.0

The Dranchuk and Abou-Kassem equation of state gives poor results for Tpr = 1.0 and ppr > 1.0. The 
form of the Dranchuk and Abou-Kassem equation of state is as follows:

 z = 1 + c
1
(Tpr) ρr + c

2
 (Tpr) ρ

2
r – c

3
 (Tpr)ρ

5
r + c

4
 (ρr, Tpr) (2.13)

where

 ρr = 0.27 ppr/(z Tpr) (2.13a)

 c
1
(Tpr) = 0.3265 –1.0700/Tpr – 0.5339/T 3

pr + 0.01569/T4
pr – 0.05165/ T5

pr (2.13b)

 c
2
(Tpr) = 0.5475 – 0.7361/Tpr + 0.1844/T2

pr (2.13c)

 c
3
(Tpr) = 0.1056 (– 0.7361/Tpr + 0.1844/T 2

pr) (2.13d)

 c
4
(ρr, Tpr) = 0.6134 (1 + 0.7210ρ2

r)(ρ
2
r/T

3
pr) exp (–0.7210ρ2

r) (2.13e)

Because the z-factor is on both sides of the equation, an iterative method is necessary to solve 
the Dranchuk and Abou-Kassem equation of state. Any one of a number of techniques can be used 
to assist in the iterative method.11 The Excel solver function is a common computer tool to solve 
these types of iterative problems, and instructions on its use are available in the Help section of the 
Excel program.
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Table 2.1 Physical Properties of the Paraffin Hydrocarbons and Other Compounds (after Eilerts12)

Compound Molecular 
weight

Boiling point at 
14.7 psia °F

Critical constants Liquid density 60°F, 14.7 psia Est. part. 
volume at 
60°F, 14.7 
psia, gal 

per M SCF

Est. part. 
volume at 
60° F, 14.4 
psia, gal 

per lb- mole

Pressure, 
pe, psia

Temperature 
Te, °R

G (grams) per 
cc lb per gal

Methane 16.04 – 258.7 673.1 343.2 a0.348 2.90 14.6 5.53

Ethane 30.07 – 127.5 708.3 549.9 a0.485 4.04 19.6 7.44

Propane 44.09 – 43.7 617.4 666.0 b0.5077 4.233 27.46 10.417

Isobutane 58.12 10.9 529.1 734.6 b0.5631 4.695 32.64 12.380

n- Butane 58.12 31.1 550.1 765.7 b0.5844 4.872 31.44 11.929

Isopentane 72.15 82.1 483.5 829.6 0.6248 5.209 36.50 13.851

n- Pentane 72.15 96.9 489.8 846.2 0.6312 5.262 36.14 13.710

n- Hexane 86.17 155.7 440.1 914.2 0.6641 5.536 41.03 15.565

n- Heptane 100.2 209.2 395.9 972.4 0.6882 5.738 46.03 17.463

n- Octane 114.2 258.2 362.2 1024.9 0.7068 5.892 51.09 19.385

n- Nonane 128.3 303.4 334 1073 0.7217 6.017 56.19 21.314

n- Decane 142.3 345.4 312 1115 0.7341 6.121 61.27 23.245

Air 28.97 – 317.7 547 239

Carbon 
dioxide

44.01 – 109.3 1070.2 547.5

Helium 4.003 – 452.1 33.2 9.5

Hydrogen 2.106 – 423.0 189.0 59.8

Hydrogen 
sulfide

34.08 – 76.6 1306.5 672.4

Nitrogen 28.02 – 320.4 492.2 227.0

Oxygen 32.00 – 297.4 736.9 278.6

Water 18.0 2212.0 3209.5 1165.2 0.9990 8.337
a Basis partial volume in solution.
b At bubble-point pressure and 60°F.
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A more accurate estimation of the deviation factor can be made when the analysis of the 
gas is available. This calculation assumes that each component contributes to the pseudocritical 
pressure and temperature in proportion to its volume percentage in the analysis and to the critical 
pressure and temperature, respectively, of that component. Table 2.1 gives the critical pressures 
and temperatures of the hydrocarbon compounds and others commonly found in natural gases.12 
It also gives some additional physical properties of these compounds. Example 2.3 shows the 
method of calculating the gas deviation factor from the composition of the gas.

Example 2.3 Calculating the Gas Deviation Factor of the Bell Field Gas from Its Composition

Given
The composition column 2 and the physical data columns 3 to 5 are taken from Table 2.1.

(1)  
Component

(2)  
Component, 

mole  
fraction

(3)  
Molecular 
weight

(4) pc (5) Tc (6)
(2) × (3)

(7)
(2) × (4)

(8)
(2) × (5)

Methane 0.8612 16.04 673 343 13.81 579.59 295.39

Ethane 0.0591 30.07 708 550 1.78 41.84 32.51

Propane 0.0358 44.09 617 666 1.58 22.09 23.84

Butane 0.0172 58.12 550 766 1.00 9.46 13.18

Pentanes 0.0050 72.15 490 846 0.36 2.45 4.23

CO
2

0.0010 44.01 1070 548 0.04 1.07 0.55

N
2

0.0207 28.02 492 227 0.58 10.18 4.70

Total 1.0000 19.15 666.68 374.40

Solution
The specific gravity may be obtained from the sum of column 6, which is the average molecular 
weight of the gas,

 γ g = =19 15

28 97
0 661

.

.
.

The sums of columns 7 and 8 are the pseudocritical pressure and temperature, respectively. Then, 
at 3250 psia and 213°F, the pseudoreduced pressure and temperature are
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ppr = =3250

666 68
4 87

.
.

 Tpr = =673

374 3
1 80

.
.

The gas deviation factor using Fig. 2.2 is z = 0.91.

Wichert and Aziz have developed a correlation to account for inaccuracies in the Standing 
and Katz chart when the gas contains significant fractions of carbon dioxide (CO

2
) and hydrogen 

sulfide (H
2
S).13 The Wichert and Aziz correlation modifies the values of the pseudocritical con-

stants of the natural gas. Once the modified constants are obtained, they are used to calculate pseu-
doreduced properties, as described in Example 2.2, and the z-factor is determined from Fig. 2.2 or 
Eq. (2.13). The Wichert and Aziz correlation equation is as follows:

 ε = 120(A0.9 – A1.6) + 15(B0.5 – B4) (2.14)

where

A = sum of the mole fractions of CO
2
 and H

2
S in the gas mixture

B = mole fraction of H
2
S in the gas mixture

The modified pseudocritical properties are given by

 T Tpc pc
' = − ε  (2.14a)

 p
p T

T B Bpc
pc pc

pc

'
'

( ( ) )
=

+ −1 ε  (2.14b)

Wichert and Aziz found their correlation to have an average absolute error of 0.97% over the fol-
lowing ranges of data: 154 < p (psia) < 7026 and 40 < T (°F) < 300. The correlation is good for 
concentrations of CO

2
 < 54.4% (mol %) and H

2
S < 73.8% (mol %).

2.3.4 Formation Volume Factor and Density
The gas formation volume factor (Bg) relates the volume of gas in the reservoir to the volume on 
the surface (i.e., at standard conditions psc and Tsc). It is generally expressed in either cubic feet or 
barrels of reservoir volume per standard cubic foot of gas. Assuming a gas deviation factor of unity 
for the standard conditions, the reservoir volume of 1 std ft3 at reservoir pressure p and temperature 
T by Eq. (2.8) is
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 B p zT
T pg

sc

sc
=  (2.15)

where psc is 14.7 psia and Tsc is 60°F:

 B zT
p

B zT
pg g= =0 02829 0 005043. .ft /SCF      bbl/SCF  (2.16)

The constants in Eq. (2.16) are for 14.7 psia and 60°F only, and different constants must be calcu-
lated for other standards. Thus for the Bell Field gas at a reservoir pressure of 3250 psia, a tempera-
ture of 213°F, and a gas deviation factor of 0.910, the gas volume factor is

 Bg = × × =0 02829 0 910 673

3250
0 0053 3. .
.  ft /SCF

These gas volume factors mean that 1 std ft3 (at 14.7 psia and 60°F) will occupy 0.00533 ft3 of 
space in the reservoir at 3250 psia and 213°F. Because oil is usually expressed in barrels and gas 
in cubic feet, when calculations are made on combination reservoirs containing both gas and oil, 
either the oil volume must be expressed in cubic feet or the gas volume in barrels. The foregoing 
gas volume factor expressed in barrels is 0.000949 bbl/SCF. Then 1000 ft3 of reservoir pore volume 
in the Bell Field gas reservoir at 3250 psia contains

 G = 1000 ft3 ÷ 0.00533 ft3/SCF = 188 M SCF

Equation (2.8) may also be used to calculate the density of a reservoir gas. An expression for 
the moles of gas in 1 ft3 of reservoir gas pore space is p/zRT. By Eq. (2.6), the molecular weight of 
a gas is 28.97 × γg lb per mol. Therefore, the pounds contained in 1 ft3—that is, the reservoir gas 
density (ρg)—is

 ρ
γ

g
g p

zR T
=

× ×28 97.

'

For example, the density of the Bell Field reservoir gas with a gas gravity of 0.665 is

 ρg = × ×
× ×

=28 97 0 665 3250

0 910 10 73 673
9 530

. .

. .
.  lb/cu fft

2.3.5 Isothermal Compressibility
The change in volume with pressure for gases under isothermal conditions, which is closely real-
ized in reservoir gas flow, is expressed by the real gas law:
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 V znR T
p

V z
p

= = ×'
 or constant  (2.17)

Sometimes it is useful to introduce the concept of gas compressibility. This must not be confused 
with the gas deviation factor, which is also referred to as the gas compressibility factor. Equation 
(2.17) may be differentiated with respect to pressure at constant temperature to give
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Finally, because

 
c

V
dV
dp

= − 1

 c
p z

dz
dpg = −1 1  (2.18)

for an ideal gas, z = 1.00 and dz/dp = 0, and the compressibility is simply the reciprocal of the pres-
sure. An ideal gas at 1000 psia, then, has a compressibility of 1/1000 or 1000 × 10–6 psi–1. Example 
2.4 shows the calculation of the compressibility of a gas from the gas deviation factor curve of  
Fig. 2.4 using Eq. (2.18).

Example 2.4 Finding the Compressibility of a Gas from the Gas Deviation Factor Curve

Given
The gas deviation factor curve for a gas at 150°F is shown in Fig. 2.3.

Solution
At 1000 psia, the slope dz/dp is shown graphically in Fig. 2.3 as –127 × 10–6. Note that this is a 
negative slope. Then, because z = 0.83

 cg = − − ×

= × + ×

−

− −

1

1000

1

0 83
127 10

1000 10 153 10

6

6 6

.
( )

   == × − −1153 10 6 1psi
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At 2500 psia, the slope dz/dp is zero, so the compressibility is simply

 cg = = × − −1

2500
400 10 6 1psi

At 4500 psia, the slope dz/dp is positive and, as shown in Fig. 2.3, is equal to 110 × 10–6psi–1. 
Since z = 0.90 at 4500 psia,

 cg = − × −1

4500

1

0 90
110 10 6

.
( )

 = 222 × 10–6 – 122 × 10–6 = 100 × 10–6psi–1
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Figure 2.3 Gas compressibility from the gas deviation factor versus pressure plot (see Example 2.4).
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Trube has replaced the pressure in Eq. (2.18) by the product of the pseudocritical and the 
pseudoreduced pressures, or p = ppc(ppr) and dp = ppcdppr.

14 This obtains

 c
p p zp

dz
dpg

pc pr pc pr
= −1 1

 (2.19)

Multiplying through by the pseudocritical pressure, the product cg(ppc) is obtained, which Trube 
defined as the pseudoreduced compressibility (cr):

 c c p
p z

dz
dpr g pc

pr pr
= = −1 1

 (2.20)

Mattar, Brar, and Aziz developed an analytical expression for calculating the pseudoreduced com-
pressibility.15 The expression is

 c
p z T

z p
r z zr

pr pr

r T

r T

pr

pr

= −
∂ ∂
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1 0 27

12

. ( / )

( / )( / )ρ ρ













 (2.21)

Taking the derivative of Eq. (2.13), the equation of state developed by Dranchuk and Abou-Kassem,10 
the following are obtained:

 
∂

∂






= + − + ∂z c T c T c T
r T

pr pr r pr
pr

ρ
ρ ρ1 2 32 5( ) ( ) ( ) r

4

∂∂ρ
ρ

r
pr rc T[ ( , )]4  (2.22)

and

 
∂

∂
= + −

ρ
ρ ρ ρ ρ

r
pr r

r

pr
r rc T A

T
A A[ ( , )] [ ( ) ]4

10
11 11

22
13

2 2   exp ( )2− A r11ρ  (2.23)

Using Eqs. (2.21) to (2.23) and the definition of the pseudoreduced compressibility, the gas com-
pressibility can be calculated for any gas as long as the gas pressure and temperature are within 
the ranges specified for the Dranchuk and Abou-Kassem correlation. Using these equations, Blas-
ingame, Johnston, and Poe generated Figs. 2.4 and 2.5.16 In these figures, the product of crTpr is 
plotted as a function of the pseudoreduced properties, ppr and Tpr. Example 2.5 illustrates how to 
use these figures. Because they are logarithmic in nature, better accuracy can be obtained by using 
the equations directly.
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Figure 2.4 Variation in crTpr for natural gases for 1.05 ≤ Tpr ≤ 1.4 (after Blasingame).16

Example 2.5 Finding Compressibility Using the Mattar, Brar, and Aziz Method

Given
Find the compressibility for a 0.90 specific gravity gas condensate when the temperature is 150°F 
and pressure is 4500 psia.
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Solution
From Eq. (2.11) and (2.12), ppc = 636 psia and Tpc = 431°R. Thus,

 p Tpr pr= = = + =4500

636
7 08

150 460
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1 42. . and 
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Figure 2.5 Variation in crTpr for natural gases for 1.4 ≤ Tpr ≤ 3.0 (after Blasingame).16
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From Fig. 2.5, crTpr = 0.088. Thus,

 c
c T
Tr
r pr

pr
= = =0 088

1 42
0 062

.

.
.

 

c c
pg

r

pc
= = = − −0 062

636
97 5 10 6.

. ( )  psi 1

2.3.6 Viscosity
The viscosity of natural gas depends on the temperature, pressure, and composition of the gas. 
It has units of centipoise (cp). It is not commonly measured in the laboratory because it can be 
estimated with good precision. Carr, Kobayashi, and Burrows have developed correlation charts,  
Figs. 2.6 and 2.7, for estimating the viscosity of natural gas from the pseudoreduced tempera-
ture and pressure.17 The pseudoreduced temperature and pressure may be estimated from the gas 
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Figure 2.6  The viscosity of hydrocarbon gases at 1 atm and reservoir temperature, with corrections 
for nitrogen, carbon dioxide, and hydrogen sulfide (after Carr, Kobayashi, and Burrows,  
trans. AlME).17
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specific gravity or calculated from the composition of the gas. The viscosity at 1 atm and reservoir 
temperature (Fig. 2.6) is multiplied by the viscosity ratio (Fig. 2.7) to obtain the viscosity at reser-
voir temperature and pressure. The inserts of Fig. 2.6 are corrections to be added to the atmospheric 
viscosity when the gas contains nitrogen, carbon dioxide, and/or hydrogen sulfide. Example 2.6 
illustrates the use of the estimation charts.

Example 2.6 Using Correlation Charts to Estimate Reservoir Gas Viscosity

Given
Reservoir pressure = 2680 psia
Reservoir temperature = 212°F
Well fluid specific gravity = 0.90 (Air = 1.00)
Pseudocritical temperature = 420°R
Pseudocritical pressure = 670 psia
Carbon dioxide content = 5 mol %
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Figure 2.7  Viscosity ratio as a function of pseudoreduced temperature and pressure (after Carr, 
Kobayashi, and Burrows, trans. AlME).17
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Solution

 μ
1
 = 0.0117 cp at 1 atm (Fig. 2.6)

Correction for CO
2
 = 0.0003 cp (Fig. 2.6, insert)

 μ
1
 = 0.0117 + 0.0003 = 0.0120 cp (corrected for CO

2
)

 T ppr pr= = = =672

420
1 60

2680

670
4 00. .

 μ/μ
1
 = 1.60 (Fig. 2.7)

 μ = 1.60 × 0.0120 = 0.0192 cp at 212°F and 2608 psia

Lee, Gonzalez, and Eakin developed a semiempirical method that gives an accurate estimate 
of gas viscosity for most natural gases having specific gravities less than 0.77 if the z-factor has 
been calculated to include the effect of contaminants.18 For the data from which the correlation 
was developed, the standard deviation in the calculated gas viscosity was 2.69%. The ranges of 
variables used in the correlation were 100 < p (psia) < 8000, 100 < T (°F) < 340, 0.55 < N

2
 (mol %) 

< 4.8, and 0.90 < CO
2
 (mol %) < 3.20. In addition to the gas temperature and pressure, the method 

requires the z-factor and molecular weight of the gas. The following equations are used in the cal-
culation for the gas viscosity in cp:

 μg = (10–4)K exp (Xρg
Y) (2.24)

where

 K M T
M T

w

w
= +

+ +
( . . )

( . . )

.9 379 0 01607

209 2 19 26

1 5

 (2.24a)

 X
T

Mw= + +3 448
986 4

0 01009.
.

.  (2.24b)

 Y = 2.447 – 0.2224X (2.24c)
where

ρg = gas density from Eq. (2.5), g/cc
p = pressure, psia
T = temperature, °R
Mw = gas molecular weight
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2.4	 Review	of	Crude	Oil	Properties
The next few sections contain information on crude oil properties, including several correlations 
that can be used to estimate values for the properties. McCain, Spivey, and Lenn present an 
excellent review of these correlations in their book, Reservoir Fluid Property Correlations.19 
However, these crude oil property correlations are, in general, not as reliable as the correlations 
that have been presented earlier for gases. There are two main reasons for the oil correlations 
being less reliable. The first is that oils usually consist of many more components than gases. 
Whereas gases are mostly made up of alkanes, oils can be made up of several different classes of 
compounds (e.g., aromatics and paraffins). The second reason is that mixtures of liquid compo-
nents exhibit more nonidealities than mixtures of gas components. These nonidealities can lead 
to errors in extrapolating correlations that have been developed for a certain database of samples 
to particular applications outside the database. Before using any of the correlations, the engineer 
should make sure that the application of interest fits within the range of parameters for which 
a correlation was developed. As long as this is done, the correlations used for estimating liquid 
properties will be adequate and can be expected to yield accurate results. Correlations should 
only be used in the early stages of production from a reservoir when laboratory data may not 
be available. The most accurate values for liquid properties would come from laboratory mea-
surements on a bottom-hole fluid sample. Ezekwe has presented a summary of various methods 
used to collect reservoir fluid samples and subsequent laboratory procedures to measure fluid 
properties.3

2.4.1 Solution Gas-Oil Ratio, Rso

The amount of gas dissolved in an oil at a given pressure and temperature is referred to as the 
solution gas-oil ratio (Rso), in units of SCF/STB. The solubility of natural gas in crude oil depends 
on the pressure, temperature, and composition of the gas and the crude oil. For a particular gas and 
crude oil at constant temperature, the quantity of solution gas increases with pressure, and at con-
stant pressure, the quantity decreases with increasing temperature. For any temperature and pres-
sure, the quantity of solution gas increases as the compositions of the gas and crude oil approach 
each other—that is, it will be greater for higher specific gravity gases and higher API gravity 
crudes. Unlike the solubility of, say, sodium chloride in water, gas is infinitely soluble in crude oil, 
the quantity being limited only by the pressure or by the quantity of gas available.

Crude oil is said to be saturated with gas at any pressure and temperature if, on a slight re-
duction in pressure, some gas is released from the solution. Conversely, if no gas is released from 
the solution, the crude oil is said to be undersaturated at that pressure. The undersaturated state 
implies that there is a deficiency of gas present and that, had there been an abundance of gas pres-
ent, the oil would be saturated at that pressure. The undersaturated state further implies that there 
is no free gas in contact with the crude oil (i.e., there is no gas cap).

Gas solubility under isothermal conditions is generally expressed in terms of the increase in 
solution gas per unit of oil per unit increase in pressure (e.g., SCF/STB/psi or dRso/dp). Although 
for many reservoirs, this solubility figure is approximately constant over a considerable range of 
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pressures, for precise reservoir calculations, the solubility is expressed in terms of the total gas in 
solution at any pressure (e.g., SCF/STB, or Rso). It will be shown that the reservoir volume of crude 
oil increases appreciably because of the solution gas, and for this reason, the quantity of solution 
gas is usually referenced to a unit of stock-tank oil and the solution gas-oil ratio (Rso) is expressed 
in standard cubic feet per stock-tank barrel. Figure 2.8 shows the variation of solution gas with 
pressure for the Big Sandy reservoir fluid at reservoir temperature 160°F. At the initial reservoir 
pressure of 3500 psia, there is 567 SCF/STB of solution gas. The graph indicates that no gas is 
evolved from the solution when the pressure drops from the initial pressure to 2500 psia. Thus the 
oil is undersaturated in this region, and there can be no free gas phase (gas cap) in the reservoir. 
The pressure 2500 psia is called the bubble-point pressure, for at this pressure bubbles of free gas 
first appear. At 1200 psia, the solution gas is 337 SCF/STB, and the average solubility between 
2500 and 1200 psia is

 Average solubility  SCF/S= −
−

=567 337

2500 1200
0 177. TTB/psi

The data of Fig. 2.8 were obtained from a laboratory PVT study of a bottom-hole sample of the Big 
Sandy reservoir fluid using a flash liberation process that will be defined in Chapter 7.
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Figure 2.8  Solution gas-oil ratio of the Big Sandy Field reservoir oil, by flash liberation at reservoir 
temperature of 160°F.
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In Chapter 7, it will be shown that the solution gas-oil ratio and other fluid properties depend 
on the manner by which the gas is liberated from the oil. The nature of the phenomenon is discussed 
together with the complications it introduces into certain reservoir calculations. For the sake of sim-
plicity, this phenomenon is ignored and a stock-tank barrel of oil is identified, with a barrel of residual 
oil following a flash liberation process, and the solution gas-oil ratios by flash liberation are used.

Estimating a value for the solution gas-oil ratio, Rsob, at the bubble point requires information 
about the conditions at which the surface separator is operating. If the separator pressure and tem-
perature are not available, then Valko and McCain propose the following equation to estimate Rsob

20:

 R Rsob so SP= 1 1618. ,  (2.25)

where

Rso,SP = solution gas-oil ratio at the exit of the separator

When laboratory analyses of the reservoir fluids are not available, it is often possible to es-
timate the solution gas-oil ratio with reasonable accuracy. Velarde, Blasingame, and McCain give 
a correlation method from which the solution gas-oil ratio may be estimated from the reservoir 
pressure, the reservoir temperature, the bubble-point pressure, the solution gas-oil ratio at the bub-
ble-point pressure, the API gravity of the tank oil, and the specific gravity of the separator gas.21 
The correlation involves the following equations:

 R R Rso sob sor= ( )( )  (2.26)

 R a p a psor r
a

r
a= + −1 1

2 31( )  (2.26a)

 p p pr b= − −( . ) / ( . )14 7 14 7  (2.26b)

 a Tg SP API1
7 1 672608

0
0 929870 0 24729 73 10= −. ( ) ,

.
,
. .γ ρ 335 1 05605214 7( . ) .pb −  (2.26c)

 a Tg SP API2
1 004750

0
0 337711 0 132790 022339= −. ,

.
,
. .γ ρ 55 0 30206514 7( . ) .pb −  (2.26d)

 a Tg SP API3
1 485480

0
0 164741 0 0910 725167= − − −. ,

.
,

. .γ ρ 3330 0 04709414 7( . ) .pb −  (2.26e)

where

Rsob = solution gas-oil ratio at the bubble-point pressure, STB/SCF
p = pressure, psia
pb = pressure at the bubble-point, psia
γg,SP = specific gravity of the separator gas
ρo,API = gravity of the stock-tank oil, °API
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T = temperature, °F

The gravity of the stock-tank oil is frequently reported as a specific gravity relative to water at 60°F. 
The equation used to convert from specific gravity to units of °API is

 °API = −141 5
131 5

.
.

γ o
 (2.27)

If the density is reported in °API and is needed in lb/ft3, then rearrange Eq. (2.27) and solve for the 
specific gravity. The specific gravity is then multiplied by the density of water at 60°F, which is  
62.4 lb/ft3.

2.4.2 Formation Volume Factor, Bo

The formation volume factor (Bo), which is also abbreviated FVF, at any pressure may be defined 
as the volume in barrels that one stock-tank barrel occupies in the formation (reservoir) at reservoir 
temperature, with the solution gas that can be held in the oil at that pressure. Because both the 
temperature and the solution gas increase the volume of the stock-tank oil, the factor will always be 
greater than 1. When all the gas present is in solution in the oil (i.e., at the bubble-point pressure), 
a further increase in pressure decreases the volume at a rate that depends on the compressibility of 
the liquid.

It was observed earlier that the solution gas causes a considerable increase in the volume of 
the crude oil. Figure 2.9 shows the variation in the formation volume factor of the reservoir liquid 
of the Big Sandy reservoir as a function of pressure at reservoir temperature of 160°F. Because no 
gas is released from solution when the pressure drops from the initial pressure of 3500 psia to the 
bubble-point pressure at 2500 psia, the reservoir fluid remains in a single (liquid) state; however, 
because liquids are slightly compressible, the FVF increases from 1.310 bbl/STB at 3500 psia to 
1.333 bbl/STB at 2500 psia. Below 2500 psia, this liquid expansion continues but is masked by 
a much larger effect: the decrease in the liquid volume due to the release of gas from solution. At 
1200 psia, the FVF decreases to 1.210 bbl/STB, and at atmospheric pressure and 160°F, the FVF 
decreases to 1.040 bbl/STB. The coefficient of temperature expansion for the 30°API stock-tank 
oil of the Big Sandy reservoir is close to 0.0004 per degrees Fahrenheit; therefore, one stock-tank 
barrel at 60°F will expand to about 1.04 bbl at 160°F, as calculated from

 VT = V
60

[1 + β(T – 60)] (2.28)

 V
160

 = 1.00[1 + 0.00040 (160 – 60)] = 1.04 bbl

where β is the temperature coefficient of expansion of the oil.
One obvious implication of the formation volume factor is that for every 1.310 bbl of res-

ervoir liquid in the Big Sandy reservoir, only 1.000 bbl, or 76.3%, can reach the stock tank. This 
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figure (76.3% or 0.763) is the reciprocal of the formation volume factor and is called the shrink-
age factor. Just as the formation volume factor is multiplied by the stock-tank volume to find the 
reservoir volume, the shrinkage factor is multiplied by the reservoir volume to find the stock-tank 
volume. Although both terms are in use, petroleum engineers have almost universally adopted the 
formation volume factor. As mentioned previously, the formation volume factors depend on the 
type of gas liberation process—a phenomenon that we ignore until Chapter 7.

In some equations, it is convenient to use the term two-phase formation volume factor (B
t
), 

which is defined as the volume in barrels one stock-tank barrel and its initial complement of dis-
solved gas occupies at any pressure and reservoir temperature. In other words, it includes the liquid 
volume, B

o
, plus the volume of the difference between the initial solution gas-oil ratio, R

soi
, and the 

solution gas-oil ratio at the specified pressure, R
so

. If B
g
 is the gas volume factor in barrels per stan-

dard cubic foot of the solution gas, then the two-phase formation volume factor can be expressed as

 B
t
 = B

o
 + B

g
(R

soi
 – R

so
) (2.29)

Above the bubble point, pressure R
soi

 = R
so

 and the single-phase and two-phase factors are equal. 
Below the bubble point, however, while the single-phase factor decreases as pressure decreases, the 
two-phase factor increases, owing to the release of gas from solution and the continued expansion 
of the gas released from solution.

The single-phase and two-phase volume factors for the Big Sandy reservoir fluid may be 
visualized by referring to Fig. 2.10, which is based on data from Figs. 2.8 and 2.9. Figure 2.10 
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reservoir temperature of 160°F.



2.4	 Review	of	Crude	Oil	Properties	 49

(A) shows a cylinder fitted with a piston that initially contains 1.310 bbl of the initial reservoir 
fluid (liquid) at the initial pressure of 3500 psia and 160°F. As the piston is withdrawn, the 
volume increases and the pressure consequently must decrease. At 2500 psia, which is the bub-
ble-point pressure, the liquid volume has expanded to 1.333 bbl. Below 2500 psia, a gas phase 
appears and continues to grow as the pressure declines, owing to the release of gas from solution 
and the expansion of gas already released; conversely, the liquid phase shrinks because of loss of 
solution gas to 1.210 bbl at 1200 psia. At 1200 psia and 160°F, the liberated gas has a deviation 
factor of 0.890, and therefore the gas volume factor with reference to standard conditions of 14.7 
psia and 60°F is

 B znR T
pg = = × ×

×
' . .

.

0 890 10 73 620

379 4 1200

 = 0.01300 ft3/SCF

 = 0.002316 bbl/SCF

Figure 2.8 shows an initial solution gas of 567 SCF/STB and, at 1200 psia, 337 SCF/STB, the 
difference of 230 SCF being the gas liberated down to 1200 psia. The volume of these 230 
SCF is

 Vg = 230 × 0.01300 = 2.990 ft3

This free gas volume, 2.990 ft3 or 0.533 bbl, plus the liquid volume, 1.210 bbl, is the total FVF or 
1.743 bbl/STB—the two-phase volume factor at 1200 psia. It may also be obtained by Eq. (2.28) as

 Bt = 1.210 + 0.002316 (567 – 337)

~~ ~~ ~~ ~~
p01

p01 = 3500 psia
T01 = 160ºF

A

pB = 2500 psia
T01 = 160ºF
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Figure 2.10  Visual conception of the change in single-phase and in two-phase formation volume 
factors for the Big Sandy reservoir fluid.
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 = 1.210 + 0.533 = 1.743 bbl/STB

Figure 2.10 (C) shows these separate and total volumes at 1200 psia. At 14.7 psia and 160°F (D), 
the gas volume has increased to 676 ft3 and the oil volume has decreased to 1.040 bbl. The total 
liberated gas volume, 676 ft3 at 160°F and 14.7 psia, is converted to standard cubic feet at 60°F 
and 14.7 psia using the ideal gas law, producing 567 SCF/STB as shown in (E). Correspondingly, 
1.040 bbl at 160°F is converted to stock-tank conditions of 60°F as shown in Eq. (2.28) to give 
1.000 STB, also shown in (E).

The single-phase formation volume factor for pressures less than the bubble-point pressure may 
be estimated from the solution gas-oil ratio, oil density, density of the stock-tank oil, and the weighted 
average specific gravity of the surface gas, using a correlation prepared by McCain, Spivey, and Lenn:19

 B
R0.01357

o
o ST so g S

o

, ,ρ γ
ρ

=
+

 (2.30)

where

ρo,ST 
= density of stock-tank oil, lb/ft3

γg,S = weighted average specific gravity of the surface gas
ρo = oil density

The weighted average specific gravity of the surface gas should be calculated from the specific 
gravities of the stock-tank and the separator gases from the following equation:

Table 2.2 Relative Volume Data
(1)

Pressure (psig)
(2)

Relative volume factorsa (Vr )

5000 0.9739

4700 0.9768

4400 0.9799

4100 0.9829

3800 0.9862

3600 0.9886

3400 0.9909

3200 0.9934

3000 0.9960

2900 0.9972

2800 0.9985

2695 1.0000
a Vr = volume relative to the volume at the bubble- point pressure
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 γ
γ γ

g S
g SP SP g ST ST

SP ST

R R
R R,

, ,=
+
+

 (2.31)

where

γg,SP = specific gravity of the separator gas
RSP = separator gas-oil ratio
γg,ST = specific gravity of the stock-tank gas
RST = stock-tank gas-oil ratio

For pressures greater than the bubble-point pressure, Eq. (2.32) is used to calculate the for-
mation volume factor:

 Bo = Bob exp [co(pb – p)] (2.32)
where

Bob = oil formation volume factor at the bubble-point pressure
co = oil compressibility, psi–1

Column (2) of Table 2.2 shows the variation in the volume of a reservoir fluid relative to the 
volume at the bubble point of 2695 psig, as measured in the laboratory. These relative volume factors 
may be converted to formation volume factors if the formation volume factor at the bubble point is 
known. For example, if Bob = 1.391 bbl/STB, then the formation volume factor at 4100 psig is

 Bo at 4100 psig = 1.391(0.9829) = 1.367 bbl/STB

2.4.3 Isothermal Compressibility
Sometimes it is desirable to work with values of the liquid compressibility rather than the forma-
tion or relative volume factors. The isothermal compressibility, or the bulk modulus of elasticity of 
a liquid, is defined by Eq. (2.1):

 c
V

dV
dp

= − 1  (2.1)

The compressibility, c, is written in general terms since the equation applies for both liquids and 
solids. For a liquid oil, c will be given a subscript of co to differentiate it from a solid. Because 
dV/dp is a negative slope, the negative sign converts the oil compressibility, co, into a positive 
number. Because the values of the volume V and the slope of dV/dp are different at each pressure, 
the oil compressibility is different at each pressure, being higher at the lower pressure. Average oil 
compressibilities may be used by writing Eq. (2.1) as
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 c
V

V V
p po = − × −

−( )
1 1 2

1 2

( )
 (2.33)

The reference volume V in Eq. (2.33) may be V
1
, V

2
, or an average of V

1
 and V

2
. It is commonly 

reported for reference to the smaller volume—that is, the volume at the higher pressure. The fol-
lowing expressions determine the average compressibility of the fluid of Table 2.2 between 5000 
psig and 4100 psig

 co = −
−

= × −0 9829 0 9739

0 9739 5000 4100
10 27 10 6. .

. ( )
.

 
 pssi 1−

between 4100 psig and 3400 psig

 co = −
−

= × −0 9909 0 9829

0 9829 4100 3400
11 63 10 6. .

. ( )
.

 
 pssi 1−

and between 3400 psig and 2695 psig

 co = −
−

= × −1 0000 0 9909

0 9909 3400 2695
13 03 10 6. .

. ( )
.

 
 pssi 1−

A compressibility of 13.03 × 10–6 psi–1 means that the volume of 1 million barrels of reser-
voir fluid will increase by 13.03 bbls for a reduction of 1 psi in pressure. The compressibility of 
undersaturated oils ranges from 5 to 100 × 10–6 psi–1, being higher for the higher API gravities, for 
the greater quantity of solution gas, and for higher temperatures.

Spivey, Valko, and McCain presented a correlation for estimating the compressibility for 
pressures above the bubble-point pressure.22 This correlation yields the compressibility in units of 
microsips (1 microsip = 10–6/psi). The correlation involves the following equations:

 lnco = 2.434 + 0.475Z + 0.048Z2 – ln(106) (2.34)

 Z Znn=
=∑ 1

6
 (2.34a)

 Z o API o API1
23 011 2 6254 0 497= − +. . ln( ) . [ln( )], ,ρ ρ  (2.34b)

 Z g SP g SP2
20 0835 0 259 0 382= − − +. . ln( ) . [ln( )], ,γ γ  (2.34c)
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 Z pb b3
23 51 0 0289 0 0584= − −. . ln( ) . [ln( )]ρ  (2.34d)

 Z p
p

p
pb b

4 0 327 0 608 0 0911= −






+












. . ln . ln




2

 (2.34e)

 Z R Rsob sob5
21 918 0 642 0 154= − − +. . ( ) . [ln( )]ln  (2.34f)

 Z T T6
22 52 2 73 0 429= − +. . ( ) . [ ( )]ln ln  (2.34g)

The correlation gives good results for the following ranges of data:

11.6 ≤ ρo,API ≤ 57.7 °API
0.561 ≤ γg,SP ≤ 1.798 (air = 1)
120.7 ≤ pb ≤ 6658.7 psia
414.7 ≤ p ≤ 8114.7 psia
12 ≤ Rsob ≤ 1808 SCF/STB
70.7 ≤ T ≤ 320 °F
3.6 ≤ co ≤ 50.3 microsips

Villena-Lanzi developed a correlation to estimate co for black oils.23 A black oil has nearly all 
its dissolved gas removed. The correlation is good for pressures below the bubble-point pressure 
and is given by

 ln(co) = –0.664 – 1.430 ln(p) – 0.395 ln(pb) + 0.390 ln(T)

 + 0.455 ln(Rsob) + 0.262 ln(ρo,API) (2.35)

where

T = °F

The correlation was developed from a database containing the following ranges:

31.0(10)–6 < co (psia–1) < 6600(10)–6

500 < p (psig) < 5300
763 < pb (psig) < 5300
78 < T (°F) < 330
1.5 < Rsob, gas-oil ratio (SCF/STB) < 1947
6.0 < ρo, API

 (°API) < 52.0
0.58 < γg < 1.20
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Figure 2.11 The viscosity of four crude oil samples under reservoir conditions.

2.4.4 Viscosity
The viscosity of oil under reservoir conditions is commonly measured in the laboratory. Figure 
2.11 shows the viscosities of four oils at reservoir temperature, above and below bubble-point 
pressure. Below the bubble point, the viscosity decreases with increasing pressure owing to the 
thinning effect of gas entering solution, but above the bubble point, the viscosity increases with 
increasing pressure.
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When it is necessary to estimate the viscosity of reservoir oils, correlations have been de-
veloped for both above and below the bubble-point pressure. Egbogah presented a correlation 
that is accurate to an average error of 6.6% for 394 different oils.24 The correlation is for what 
is referred to as “dead” oil, which simply means it does not contain solution gas. A second 
correlation is used in conjunction with the Egbogah correlation to include the effect of solu-
tion gas. Egbogah’s correlation for dead oil at pressures less than or equal to the bubble-point 
pressure is

 log
10

[log
10

(μod + 1)] = 1.8653 – 0.025086ρo,API – 0.5644log(T) (2.36)

where

μod = dead oil viscosity, cp
T = temperature, °F

The correlation was developed from a database containing the following ranges:

59 < T (°F) < 176
– 58 < pour point, Tpour (°F) < 59
5.0 < ρo, API

 (°API) < 58.0

Beggs and Robinson25,26 developed the live oil viscosity correlation that is used in conjunc-
tion with the dead oil correlation given in Eq. (2.36) to calculate the viscosity of oils at and below 
the bubble point:

 μ μo od
BA=  (2.37)

where

 A = 10.715 (Rso + 100)–0.515

 B = 5.44 (Rso + 150)–0.338

The average absolute error found by Beggs and Robinson while working with 2073 oil samples was 
1.83%. The oil samples contained the following ranges:

0 < p (psig) < 5250
70 < T (°F) < 295
20 < Rso, gas-oil ratio (SCF/STB) < 2070
16 < ρo, API

 (°API) < 58
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For pressures above the bubble point, the oil viscosity can be estimated by the following 
correlation developed by Petrosky and Farshad:27

 μ μo ob b
Ap p= + −−1 3449 10 103. ( )( )  (2.38)

where

 A ob ob= − + − −1 0146 1 3322 0 4876 12. . [log( )] . [log( )] .μ μ 115036 3[log( )]μob

and

 μob = oil viscosity at the bubble-point pressure, cp

The following example problem illustrates the use of the correlations that have been presented for 
the various oil properties.

Example 2.7 Using Correlations to Estimate Values for Liquid Properties at Pressures of 
2000 psia and 4000 psia

Given
T = 180°F
pb = 2500 psia
Rso,SP = 664 SCF/STB
γg,SP = 0.56
γg,S = 0.60
ρo,API = 40 °API
ρo,b = 39.5 lb/ft3

ρo,2000 = 41.6 lb/ft3

γo = 0.85

Solution
Solution Gas-Oil Ratio, Rso

 p = 4000 psia (p > pb)

For pressures greater than the bubble-point pressure, Rso = Rsob; therefore, from Eq. (2.25),

 Rso = Rsob = 1.1618

 Rso,SP = 1.1618(664)

 Rsob = 771 SCF/STB
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 p = 2000 psia (p < pb)

 Rso = (Rsob) (Rsor) = 771Rsor

 R a p a psor r
a

r
a= + −1 1

2 31( )

 pr = (p – 14.7)/(pb – 14.7) = (2000 – 14.7)/(2500 – 14.7) = 0.799

 a Tg SP API1
7 1 672608

0
0 929870 0 24729 73 10= −. ( ) ,

.
,
. .γ ρ 335 1 05605214 7( . ) .pb −

a
1
 = 9.73(10–7)0.561.672608400.9298701800.247235(2500 – 14.7)1.056052 = 0.158

 a Tg SP API2
1 004750

0
0 337711 0 132790 022339= −. ,

.
,
. .γ ρ 55 0 30206514 7( . ) .pb −

 a
2
 = 0.022339(0.56–1.004750)400.3377111800.132795(2500 – 14.7)0.302065 = 2.939

 a Tg SP API3
1 485480

0
0 164741 0 0910 724167= − − −. ,

.
,

. .γ ρ 3330 0 04709414 7( . ) .pb −

 a
3
 = 0.725167(0.56–1.485480)40–0.164741180–0.091330(2500 – 14.7)0.047094 = 0.840

 Rsor = 0.288(0.799)0.194 + (1 – 0.288)(0.799)0.495 = 0.779

 Rso = (771)(0.779) = 601

Isothermal Compressibility, co

 p = 4000 psia (p > pb)
From Eq. (2.34),

 ln co = 2.434 + 0.475Z + 0.048Z2 – ln(106)

 Z Zn n
=

=∑ 1

6

 Z
1
 = 3.011 – 2.6254ln(ρo,API) + 0.497[ln(ρo,API)]

2

 Z
1
 = 3.011 – 2.6254ln(40) + 0.497[ln(40)]2 = 0.089

 Z
2
 = –0.0835 – 0.259ln(γg,SP) + 0.382[ln(γg,SP)]2

 Z
2
 = –0.0835 – 0.259ln(0.56) + 0.382[ln(0.56)]2 = 0.195
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 Z
3
 = 3.51 – 0.0289ln(p

b
) – 0.0584[ln(p

b
)]2

 Z
3
 = 3.51 – 0.0289ln(2500) – 0.0584[ln(2500)]2 = –0.291

 
Z

p

p

p

pb b
4

20 327 0 608 0 0911= −






+






. . ln . [ln ]

 Z
4
 = 0.327 – 0.608ln(4000/2500) + 0.0911[ln(4000/2500)]2 = 0.061

 Z
5
 = –1.918 – 0.642ln(R

sob
) + 0.154[ln(R

sob
)]2

 Z
5
 = –1.918 – 0.642ln(771) + 0.154[ln(771)]2 = 0.620

 Z
6
 = 2.52 – 2.73ln(T) + 0.429[ln(T)]2

 Z
6
 = 2.52 – 2.73ln(180) + 0.429[ln(180)]2 = –0.088

 Z Znn
= = + + − + + + −0 089 0 195 0 291 0 061 0 620 0 088. . ( . ) . . ( . )

==∑ =
1

6
0 586.

ln(c
o
) = ln(c

o
) = 2.434 + 0.475Z + 0.048Z2 – ln(106) = 2.434  

+ 0.475(0.586) + 0.048(0.586)2 – 13.816 = –11.087

 c
o
 = 15.3(10)–6 psi–1

 p = 2000 psia (p < p
b
)

From Eq. (2.35),

 ln(c
o
) = –0.664 – 1.430 ln(p) – 0.395 ln(p

b
) + 0.390 ln(T)

 + 0.455 ln(R
sob

) + 0.262 ln(ρ
o,API

)

 ln(c
o
) = – 0.664 – 1.430 ln(2000) – 0.395 ln(2500) + 0.390 ln(180)

 + 0.455 ln(771) + 0.262 ln(40)

 c
o
 = 183 (10)–6 psi–1

Formation Volume Factor, B
o

 p = 4000 psia (p > p
b
)
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From Eq. (2.32),

 Bo = Bob exp [co(pb – p)]

Bob is calculated from Eq. (2.30) at the bubble-point pressure:

 B
R

ob
o ST so g S

o b
=

+ρ γ
ρ

, ,

,

.0 01357

 
γ

ρo ST
o API

,
,

.

.

.

.
.=

+
=

+
=141 5

131 5

141 5

40 131 5
0 825

 ρ γo ST o ST, , ( . ) .= =62 4 51 5

 
Bob = +51 5 0 01357 771 0 60

39 5

. . ( )( . )

.

 Bob = 1.463 bbl/STB

 Bo = 1.463 exp [15.3(10)–6 (2500 – 4000)] = 1.430 bbl/STB

 p = 2000 psia (p < pb)

From Eq. (2.30),

 B
R

o
o ST so g S

o
=

+ρ γ
ρ

, ,.0 01357

 Bo = +51 5 0 01357 601 0 60

41 6

. . ( )( . )

.

 Bo = 1.356 bbl/STB

Viscosity, μo

From Eq. (2.36),

 log
10

[log
10

(μobd + 1)] = 1.8653 – 0.025086ρo,API – 0.5644log(T)

 log
10

[log
10

(μobd + 1)] = 1.8653 – 0.025086(40) – 0.5644log(180)
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 μobd = 1.444 cp
From Eq. (2.37),

 μ μob obd
BA=

 A = 10.715 (Rsob +100)–0.515 = 10.715 (771 + 100)–0.515 = 0.328

 B = 5.44 (Rsob +150)–0.338 = 5.44 (771 + 150)–0.338 = 0.542

 μob = 0.328(1.444)0.542 = 0.400 cp

 p = 2000 psia (p < pb)
From Eq. (2.36), μod will be the same as μobd:

 μobd = 1.444 cp

 μ μo obd
BA=

 A = 10.715 (Rso + 100)–0.515 = 10.715(601 + 100)–0.515 = 0.367

 B = 5.44 (Rso + 150)–0.338 = 5.44(601 + 150)–0.338 = 0.580

 μo = 0.367(1.444)0.580 = 0.454 cp

 p = 4000 psia (p > pb)
From Eq. (2.38),

 μ μo ob b
Ap p= + −−1 3449 10 103. ( )( )

where

 A = –1.0146 + 1.3322[log(μob)] – 0.4876[log(μob)]
2 – 1.15036[log(μob)]

3

 A = –1.0146 + 1.3322[log(0.400)] – 0.4876[log(0.400)]2 – 1.15036[log(0.400)]3

 A = –1.549

 μo = 0.400 + 1.3449(10–3)(4000 – 2500)10–1.549 = 0.457 cp
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2.5	 Review	of	Reservoir	Water	Properties
The properties of formation waters are affected by temperature, pressure, and the quantity of solu-
tion gas and dissolved solids, but to a much smaller degree than crude oils. The compressibility 
of the formation, or connate, water contributes materially in some cases to the production of volu-
metric reservoirs above the bubble point and accounts for much of the water influx in water-drive 
reservoirs. When the accuracy of other data warrants it, the properties of the connate water should 
be entered into the material-balance calculations on reservoirs. The following sections contain a 
number of correlations adequate for use in engineering applications.

2.5.1 Formation Volume Factor
McCain28 developed the following correlation for the water formation volume factor, Bw (bbl/STB):

 Bw = (1 + ΔVwt)(1 + ΔVwp) (2.39)
where

ΔVwt= – 1.00010 × 10–2 + 1.33391 × 10–4 T + 5.50654 × 10–7 T2

ΔVwp= – 1.95301 × 10–9 pT – 1.72834 × 10–13 p2T – 3.58922 × 10–7 p – 2.25341 × 10–10 p2

T = temperature, °F
p = pressure, psia

For the data used in the development of the correlation, the correlation was found to be accurate to 
within 2%. The correlation does not account for the salinity of normal reservoir brines explicitly, 
but McCain observed that variations in salinity caused offsetting errors in the terms ΔVwt and ΔVwp. 
The offsetting errors cause the correlation to be within engineering accuracy for the estimation of 
the Bw of reservoir brines.

2.5.2 Solution Gas-Water Ratio
McCain has also developed a correlation for the solution gas-water ratio, Rsw (SCF/STB).28 The 
correlation is

 
R
R

sw

swp

S T= − −
10 0 0840655 0 285854( . ).  

 (2.40)

where

S = salinity, % by weight solids
T = temperature, °F
Rswp = solution gas to pure water ratio, SCF/STB
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Rswp is given by another correlation developed by McCain as

 Rswp = A + Bp +Cp2 (2.41)

where

A = 8.15839 – 6.12265 × 10–2 T + 1.91663 × 10–4 T2 – 2.1654 × 10–7 T3

B = 1.01021 × 10–2 – 7.44241 × 10–5 T + 3.05553 × 10–7 T2 – 2.94883 × 10–10 T3

C = –10–7 (9.02505 – 0.130237 T + 8.53425 × 10–4 T2 – 2.34122 × 10–6 T3 + 2.37049 × 10–9 T4)
T = temperature, °F

The correlation of Eq. (2.40) was developed for the following range of data and found to be within 
5% of the published data:

 1000 < p (psia) < 10,000

 100 < T (°F) < 340

Equation (2.41) was developed for the following range of data and found to be accurate to within 
3% of published data:

 0 < S (%) < 30

 70 < T (°F) < 250

2.5.3 Isothermal Compressibility
Osif developed a correlation for the water isothermal compressibility, cw, for pressures greater than 
the bubble-point pressure.29 The equation is

 c
B

B
p p C Tw

w

w

T
= − ∂

∂






=
+ − +

1 1

7 033 541 537 0 4[ . . .NaCl 003 300, ]
 (2.42)

where

C
NaCl

 = salinity, g NaCl/liter
T = temperature, °F

The correlation was developed for the following range of data:

 1000 < p (psig) < 20,000
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 0 < C
NaCl

 (g NaCl/liter) < 200

 200 < T (°F) < 270

The water isothermal compressibility is strongly affected by the presence of free gas. Therefore, 
McCain proposed using the following expression for estimating cw for pressures below or equal to 
the bubble-point pressure:28

 c
B

B
p

B
B

R
pw

w

w

T

g

w

swp

T

= − ∂
∂







+
∂

∂






1
 (2.43)

The first term on the right-hand side of Eq. (2.43) is simply the expression for cw in Eq. (2.42). The 
second term on the right-hand side is found by differentiating Eq. (2.41) with respect to pressure, or

 
∂

∂






= +
R

p
B Cpswp

T

2

where B and C are defined in Eq. (2.41).
In proposing Eq. (2.43), McCain suggested that Bg should be estimated using a gas with a gas 

gravity of 0.63, which represents a gas composed mostly of methane and a small amount of ethane. 
McCain could not verify this expression by comparing calculated values of cw with published data, 
so there is no guarantee of accuracy. This suggests that Eq. (2.43) should be used only for gross 
estimations of cw.

2.5.4 Viscosity
The viscosity of water increases with decreasing temperature and in general with increasing pres-
sure and salinity. Pressure below about 70°F causes a reduction in viscosity, and some salts (e.g., 
KCl) reduce the viscosity at some concentrations and within some temperature ranges. The effect 
of dissolved gases is believed to cause a minor reduction in viscosity. McCain developed the fol-
lowing correlation for water viscosity at atmospheric pressure and reservoir temperature28:

 μw1
 = ATB (2.44)

where

A = 109.574 – 8.40564 S + 0.313314 S2 + 8.72213 × 10–3 S3

B = 1.12166 + 2.63951 × 10–2 S – 6.79461 × 10–4 S2 – 5.47119 × 10–5 S3 + 1.55586 × 10–6 S4

T = temperature, °F
S = salinity, % by weight solids

Equation (2.44) was found to be accurate to within 5% over the following range of data:
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 100 < T (°F) < 400

 0 < S (%) < 26

The water viscosity can be adjusted to reservoir pressure by the following correlation, again devel-
oped by McCain:28

 
μ
μ

w

w1

 = 0.9994 + 4.0295(10)–5p + 3.1062(10)–9p2 (2.45)

This correlation was found to be accurate to within 4% for pressures below 10,000 psia and within 
7% for pressures between 10,000 psia and 15,000 psia. The temperature range for which the cor-
relation was developed was between 86°F and 167°F.

2.6 Summary
The correlations presented in this chapter are valid for estimating properties, provided the param-
eters fall within the specified ranges for the particular property in question. The correlations were 
presented in the form of equations to facilitate their implementation into computer programs.

Problems
2.1 Calculate the volume 1 lb-mol of ideal gas will occupy at

(a) 14.7 psia and 60°F
(b) 14.7 psia and 32°F
(c) 14.7 psia plus 10 oz and 80°F
(d) 15.025 psia and 60°F

2.2 A 500-ft3 tank contains 10 lb of methane and 20 lb of ethane at 90°F.

(a) How many moles are in the tank?
(b) What is the pressure of the tank in psia?
(c) What is the molecular weight of the mixture?
(d) What is the specific gravity of the mixture?

2.3 What are the molecular weight and specific gravity of a gas that is one-third each of meth-
ane, ethane, and propane by volume?

2.4 A 10-lb block of dry ice is placed in a 50-ft3 tank that contains air at atmospheric pressure 
14.7 psia and 75°F. What will be the final pressure of the sealed tank when all the dry ice has 
evaporated and cooled the gas to 45°F?
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2.5 A welding apparatus for a drilling rig uses acetylene (C
2
H

2
), which is purchased in steel 

cylinders containing 20 lb of gas and costs $10.00 exclusive of the cylinder. If a welder is 
using 200 ft3 per day measured at 16 oz gauge and 85°F, what is the daily cost of acetylene? 
What is the cost per MCF at 14.7 psia and 60°F?

2.6 (a)  A 55,000 bbl (nominal) pipeline tank has a diameter of 110 ft and a height of 35 ft. 
It contains 25 ft of oil at the time suction is taken on the oil with pumps that handle 
20,000 bbl per day. The breather and safety valves have become clogged so that a vacu-
um is drawn on the tank. If the roof is rated to withstand 3/4 oz per sq in. pressure, how 
long will it be before the roof collapses? Barometric pressure is 29.1 in. of Hg. Neglect 
the fact that the roof is peaked and that there may be some leaks.

(b) Calculate the total force on the roof at the time of collapse.
(c) If the tank had contained more oil, would the collapse time have been greater or less?

2.7 (a)  What percentage of methane by weight does a gas of 0.65 specific gravity contain if it 
is composed only of methane and ethane? What percentage by volume?

(b) Explain why the percentage by volume is greater than the percentage by weight.

2.8 A 50-ft3 tank contains gas at 50 psia and 50°F. It is connected to another tank that contains 
gas at 25 psia and 50°F. When the valve between the two is opened, the pressure equalizes 
at 35 psia at 50°F. What is the volume of the second tank?

2.9 Gas was contracted at $6.00 per MCF at contract conditions of 14.4 psia and 80°F. What is 
the equivalent price at a legal temperature of 60°F and pressure of 15.025 psia?

2.10 A cylinder is fitted with a leak-proof piston and calibrated so that the volume within the 
cylinder can be read from a scale for any position of the piston. The cylinder is immersed 
in a constant temperature bath maintained at 160°F, which is the reservoir temperature of 
the Sabine Gas Field. Forty-five thousand cc of the gas, measured at 14.7 psia and 60°F, is 
charged into the cylinder. The volume is decreased in the steps indicated as follows, and the 
corresponding pressures are read with a dead weight tester after temperature equilibrium is 
reached.

V (cc) 2529 964 453 265 180 156.5 142.2

p (psia) 300 750 1500 2500 4000 5000 6000

(a) Calculate and place in tabular form the gas deviation factors and the ideal volumes that 
the initial 45,000 cc occupies at 160°F and at each pressure.

(b) Calculate the gas volume factors at each pressure, in units of ft3/SCF.
(c) Plot the deviation factor and the gas volume factors calculated in part (b) versus pres-

sure on the same graph.
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2.11 (a)  If the Sabine Field gas gravity is 0.65, calculate the deviation factors from zero to 6000 
psia at 160°F, in 1000 lb increments, using the gas gravity correlation from Fig. 2.2.

(b) Using the critical pressures and temperatures in Table 2.1, calculate and plot the devi-
ation factors for the Sabine gas at several pressures and 160°F. The gas analysis is as 
follows:

Component C
1

C
2

C
3

iC
4

nC
4

iC
5

Mole fraction 0.875 0.083 0.021 0.006 0.008 0.003

Component nC
5

C
6

C
7+

Mole fraction 0.002 0.001 0.001

Use the molecular weight and critical temperature and pressure of n-octane for the 
heptanes-plus. Plot the data of Problem 2.10(a) and Problem 2.11(a) on the same graph 
for comparison.

(c) Below what pressure at 160°F may the ideal gas law be used for the gas of the Sabine 
Field if errors are to be kept within 2%?

(d) Will a reservoir contain more SCF of a real or an ideal gas at similar conditions?  
Explain.

2.12 A high-pressure cell has a volume of 0.330 ft3 and contains gas at 2500 psia and 130°F, at 
which conditions its deviation factor is 0.75. When 43.6 SCF measured at 14.7 psia and 
60°F were bled from the cell through a wet test meter, the pressure dropped to 1000 psia, the 
temperature remaining at 130°F. What is the gas deviation factor at 1000 psia and 130°F?

2.13 A dry gas reservoir is initially at an average pressure of 6000 psia and temperature of 160°F. 
The gas has a specific gravity of 0.65. What will the average reservoir pressure be when one-
half of the original gas (in SCF) has been produced? Assume the volume occupied by the gas 
in the reservoir remains constant. If the reservoir originally contained 1 MM ft3 of reservoir 
gas, how much gas has been produced at a final reservoir pressure of 500 psia?

2.14 A reservoir gas has the following gas deviation factors at 150°F:

p (psia) 0 500 1000 2000 3000 4000 5000

z 1.00 0.92 0.86 0.80 0.82 0.89 1.00

Plot z versus p and graphically determine the slopes at 1000 psia, 2200 psia, and 4000 psia. 
Then, using Eq. (2.19), find the gas compressibility at these pressures.
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2.15 Using Eqs. (2.9) and (2.10) for an associated gas and Fig. 2.2, find the compressibility of a 
70% specific gravity gas at 5000 psia and 203°F.

2.16 Using Eq. (2.21) and the generalized chart for gas deviation factors, Fig. 2.2, find the pseu-
doreduced compressibility of a gas at a pseudoreduced temperature of 1.30 and a pseu-
doreduced pressure of 4.00. Check this value on Fig. 2.4.

2.17 Estimate the viscosity of a gas condensate fluid at 7000 psia and 220°F. It has a specific 
gravity of 0.90 and contains 2% nitrogen, 4% carbon dioxide, and 6% hydrogen sulfide.

2.18 Experiments were made on a bottom-hole sample of the reservoir liquid taken from the 
LaSalle Oil Field to determine the solution gas and the formation volume factor as func-
tions of pressure. The initial bottom-hole pressure of the reservoir was 3600 psia, and 
the bottom-hole temperature was 160°F; thus all measurements in the laboratory were 
made at 160°F. The following data, converted to practical units, were obtained from the  
measurements:

Pressure (psia)
Solution gas (SCF/STB) 

at 14.7 psia and 60°F
Formation volume factor 

(bbl/STB)
3600 567 1.310

3200 567 1.317

2800 567 1.325

2500 567 1.333

2400 554 1.310

1800 436 1.263

1200 337 1.210

600 223 1.140

200 143 1.070

(a) Which factors affect the solubility of gas in crude oil?
(b) Plot the gas in solution versus pressure.
(c) Was the reservoir initially saturated or undersaturated? Explain.
(d) Does the reservoir have an initial gas cap?
(e) In the region of 200 to 2500 psia, determine the solubility of the gas from your graph 

in SCF/STB/psi.
(f) Suppose 1000 SCF of gas had accumulated with each stock-tank barrel of oil in this 

reservoir instead of 567 SCF. Estimate how much gas would have been in solution at 
3600 psia. Would the reservoir oil then be called saturated or undersaturated?
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2.19 From the bottom-hole sample given in Problem 2.18,

(a) Plot the formation volume factor versus pressure.
(b) Explain the break in the curve.
(c) Why is the slope above the bubble-point pressure negative and smaller than the positive 

slope below the bubble-point pressure?
(d) If the reservoir contains 250 MM reservoir barrels of oil initially, what is the initial 

number of STB in place?
(e) What is the initial volume of dissolved gas in the reservoir?
(f) What will be the formation volume factor of the oil when the bottom-hole pressure is es-

sentially atmospheric if the coefficient of expansion of the stock-tank oil is 0.0006 per °F?

2.20 If the gravity of the stock-tank oil of the Big Sandy reservoir is 30 °API and the gravity of 
the solution gas is 0.80 °API, estimate the solution gas-oil ratio and the single-phase for-
mation volume factor at 2500 psia and 165°F. The solution gas-oil ratio at the bubble-point 
pressure of 2800 psia is 625 SCF/STB.

2.21 A 1000-ft3 tank contains 85 STB of crude oil and 20,000 SCF of gas, all at 120°F. When 
equilibrium is established (i.e., when as much gas has dissolved in the oil as will), the pres-
sure in the tank is 500 psia. If the solubility of the gas in the crude is 0.25 SCF/STB/psi 
and the deviation factor for the gas at 500 psia and 120°F is 0.90, find the liquid formation 
volume factor at 500 psia and 120°F.

2.22 A crude oil has a compressibility of 20 × 10–6 psi–1 and a bubble point of 3200 psia. Calculate 
the relative volume factor at 4400 psia (i.e., the volume relative to its volume at the bubble 
point), assuming constant compressibility.

2.23 (a)  Estimate the viscosity of an oil at 3000 psia and 130°F. It has a stock-tank gravity of 
35 °API at 60°F and contains an estimated 750 SCF/STB of solution gas at the initial 
bubble point of 3000 psia.

(b) Estimate the viscosity at the initial reservoir pressure of 4500 psia.
(c) Estimate the viscosity at 1000 psia if there is an estimated 300 SCF/STB of solution 

gas at that pressure.

2.24 See the following laboratory data:

Cell pressure (psia)
Oil volume in 

cell (cc)
Gas volume in 

cell (cc) Cell temperature (°F)
2000 650 0 195

1500 = P
bp

669 0 195

1000 650 150 195

(continued)
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Cell pressure (psia)
Oil volume in 

cell (cc)
Gas volume in 

cell (cc) Cell temperature (°F)
500 615 700 195

14.7 500 44,500 60

Evaluate Rso, Bo, and Bt at the stated pressures. The gas deviation factors at 1000 psia and  
500 psia have been evaluated as 0.91 and 0.95, respectively.

2.25 (a)  Find the compressibility for a connate water that contains 20,000 parts per million of 
total solids at a reservoir pressure of 4000 psia and temperature of 150°F.

(b) Find the formation volume factor of the formation water of part (a).

2.26 (a)  What is the approximate viscosity of pure water at room temperature and atmospheric 
pressure?

(b) What is the approximate viscosity of pure water at 200°F?

2.27 A container has a volume of 500 cc and is full of pure water at 180°F and 6000 psia.

(a) How much water would be expelled if the pressure was reduced to 1000 psia?
(b) What would be the volume of water expelled if the salinity was 20,000 ppm and there 

was no gas in solution?
(c) Rework part (b) assuming that the water is initially saturated with gas and that all the 

gas is evolved during the pressure change.
(d) Estimate the viscosity of the water.
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The General Material Balance Equation

3.1 Introduction
Fluid does not leave a void space behind, as it is produced from a hydrocarbon reservoir. As the 
pressure in the reservoir drops during the production of fluids, the remaining fluids and/or reser-
voir rock expand or nearby water encroaches to fill the space created by any produced fluids. The 
volume of oil produced on the surface aids the reservoir engineer in determining the amount of the 
expansion or encroachment that occurs in the reservoir. Material balance is a method that can be 
used to account for the movement of reservoir fluids within the reservoir or to the surface where 
they are produced. The material balance accounts for the fluid produced from the reservoir through 
expansion of existing fluid, expansion of the rock, or the migration of water into the reservoir. A 
general material balance equation that can be applied to all reservoir types is developed in this 
chapter. The material balance equation includes factors that compare the various compressibilities 
of fluids, consider the gas saturated in the liquid phase, and include the water that may enter into the 
hydrocarbon reservoir from a connected aquifer. From this general equation, each of the individual 
equations for the reservoir types defined in Chapter 1 and discussed in subsequent chapters can 
easily be derived by considering the impact of the various terms of the material balance equation.

The general material balance equation was first developed by Schilthuis in 1936.1 Since that 
time, the use of computers and sophisticated multidimensional mathematical models have replaced 
the zero-dimensional Schilthuis equation in many applications.2 However, the Schilthuis equation, 
if fully understood, can provide great insight for the practicing reservoir engineer. Following the 
derivation of the general material balance equation, a method of using the equation discussed in the 
literature by Havlena and Odeh is presented.3,4

3.2 Derivation of the Material Balance Equation
When an oil and gas reservoir is tapped with wells, oil and gas, and frequently some water, are pro-
duced, thereby reducing the reservoir pressure and causing the remaining oil and gas to expand to 
fill the space vacated by the fluids removed. When the oil- and gas-bearing strata are hydraulically 

C h a p t e r  3
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connected with water-bearing strata (aquifers) with bulk volume much greater than that of the hy-
drocarbon zone, water encroaches into the reservoir as the pressure drops owing to production, as 
illustrated in Fig. 3.1. This water encroachment decreases the extent to which the remaining oil and 
gas expand and accordingly retards the decline in reservoir pressure. Inasmuch as the temperature 
in oil and gas reservoirs remains substantially constant during the course of production, the degree 
to which the remaining oil and gas expand depends on the pressure and the composition of the oil 
and gas. By taking bottom-hole samples of the reservoir fluids under pressure and measuring their 
relative volumes in the laboratory at reservoir temperature and under various pressures, it is possi-
ble to predict how these fluids behave in the reservoir as reservoir pressure declines.

In Chapter 6, it is shown that, although the connate water and formation compressibilities 
are quite small, they are, relative to the compressibility of reservoir fluids above their bubble 
points, significant, and they account for an appreciable fraction of the production above the bub-
ble point. Table 3.1 gives a range of values for formation and fluid compressibilities from which 
it may be concluded that water and formation compressibilities are less significant in gas and gas 

Water influx

Oil zone

Original oil-water contact

Original gas-oil contact

Gas-cap
expansion

Aquifier

Gas cap

Oil, gas-cap gas,
and solution gas

Oil and 
solution gas

Oil, solution gas,
and water

Gas saturation building up 
in oil zone caused by gas 

coming out of solution in oil

Figure 3.1 Cross section of a combination drive reservoir (after Woody and Moscrip, trans. AlME).5
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cap reservoirs and in undersaturated reservoirs below the bubble point where there is apprecia-
ble gas saturation. Because of this and the complications they would introduce in already fairly 
complex equations, water and formation compressibilities are generally neglected, except in 
undersaturated reservoirs producing above the bubble point. A term accounting for the change in 
water and formation volumes owing to their compressibilities is included in the material balance 
derivation, and the engineer can choose to eliminate this for particular applications. The gas in 
solution in the formation water is neglected, and in many instances, the volume of the produced 
water is not known with sufficient accuracy to justify the use of a formation volume factor with 
the produced water.

The general material balance equation is simply a volumetric balance, which states that since 
the volume of a reservoir (as defined by its initial limits) is a constant, the algebraic sum of the 
volume changes of the oil, free gas, water, and rock volumes in the reservoir must be zero. For 
example, if both the oil and gas reservoir volumes decrease, the sum of these two decreases must 
be balanced by changes of equal magnitude in the water and rock volumes. If the assumption is 
made that complete equilibrium is attained at all times in the reservoir between the oil and its solu-
tion gas, it is possible to write a generalized material balance expression relating the quantities of 
oil, gas, and water produced; the average reservoir pressure; the quantity of water that may have 
encroached from the aquifer; and finally the initial oil and gas content of the reservoir. In making 
these calculations, the following production, reservoir, and laboratory data are involved:

1. The initial reservoir pressure and the average reservoir pressure at successive intervals after 
the start of production.

2. The stock-tank barrels of oil produced, measured at 1 atm and 60°F, at any time or during any 
production interval.

3. The total standard cubic feet of gas produced. When gas is injected into the reservoir, this 
will be the difference between the total gas produced and that returned to the reservoir.

4. The ratio of the initial gas cap volume and the initial oil volume, m:

 m = Initial reservoir free gas volume

Initial reserrvoir oil volume

Table 3.1 Range of Compressibilities
Formation rock 3 –  10 × 10– 6 psi– 1

Water 2 –  4 × 10– 6 psi– 1

Undersaturated oil 5 –  100 × 10– 6 psi– 1

Gas at 1000 psi 900 –  1300 × 10– 6 psi– 1

Gas at 5000 psi 50 –  200 × 10– 6 psi– 1
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If the value of m can be determined with reasonable precision, there is only one un-
known (N) in the material balance on volumetric gas cap reservoirs and two (N and We) in  
water-drive reservoirs. The value of m is determined from log and core data and from well 
completion data, which frequently helps to locate the gas-oil and water-oil contacts. The 
ratio m is known in many instances much more accurately than the absolute values of the gas 
cap and oil zone volumes. For example, when the rock in the gas cap and that in the oil zone 
appear to be essentially the same, it may be taken as the ratio of the net or even the gross 
volumes (without knowing the average connate water or average porosity).

5. The gas and oil formation volume factors and the solution gas-oil ratios. These are obtained 
as functions of pressure by laboratory measurements on bottom-hole samples by the differ-
ential and flash liberation methods.

6. The quantity of water that has been produced.
7. The quantity of water that has been encroached into the reservoir from the aquifer.

For simplicity, the derivation is divided into the changes in the oil, gas, water, and rock vol-
umes that occur between the start of production and any time t. The change in the rock volume is 
expressed as a change in the pore volume, which is simply the negative of the change in the rock 
volume. In the development of the general material balance equation, the following terms are used:

 N Initial reservoir oil, STB
 Boi Initial oil formation volume factor, bbl/STB
 Np Cumulative produced oil, STB
 Bo Oil formation volume factor, bbl/STB
 G Initial reservoir gas, SCF
 Bgi Initial gas formation volume factor, bbl/SCF
 Gf Amount of free gas in the reservoir, SCF
 Rsoi Initial solution gas-oil ratio, SCF/STB
 Rp Cumulative produced gas-oil ratio, SCF/STB
 Rso Solution gas-oil ratio, SCF/STB
 Bg Gas formation volume factor, bbl/SCF
 W Initial reservoir water, bbl
 Wp Cumulative produced water, STB
 Bw Water formation volume factor, bbl/STB
 We Water influx into reservoir, bbl
 c Total isothermal compressibility, psi–1

  Δp  Change in average reservoir pressure, psia
 Swi Initial water saturation
 Vf Initial pore volume, bbl
 cf Formation isothermal compressibility, psi–1

The following expression determines the change in the oil volume:
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 Initial reservoir oil volume = NBoi

 Oil volume at time t and pressure p = (N – Np)Bo

 Change in oil volume = NBoi – (N – Np)Bo (3.1)

The following expression determines the change in free gas volume:
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The following expression determines the change in the water volume:

 Initial reservoir water volume = W

 Cumulative water produced at t = Wp

 Reservoir volume of cumulative produced water = Bw Wp

Volume of water encroached at t = We

 
Change in

water volume









  = W – (W + We – BwWp + Wcw Δp ) = –We + BwWp + Wcw Δp  (3.3)
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The following expression determines the change in the void space volume:

 Initial void space volume = Vf

 
Change in void

space volume









  = Vf – [Vf – Vfcf Δp ] = Vfcf Δp

Or, because the change in void space volume is the negative of the change in rock volume,
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  = – Vfcf Δp  (3.4)

Combining the changes in water and rock volumes into a single term yields the following:

 = –We + BwWp – Wcw Δp  – Vfcf Δp
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Equating the changes in the oil and free gas volumes to the negative of the changes in the water and 

rock volumes and expanding all terms produces
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Adding and subtracting the term NpBgRsoi produces
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Then, grouping terms produces
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Writing Boi = Bti and [Bo + (Rsoi – Rso)Bg] = Bt, where Bt is the two-phase formation volume factor, 
as defined by Eq. (2.29), produces

 N(Bti – Bt) + Np[Bt + (Rp – Roi)Bg] + NmBti 1 −
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This is the general volumetric material balance equation. It can be rearranged into the following 
form, which is useful for discussion purposes:

 N(Bt – Bti) + 
NmB
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 Δp  + We

 = Np[Bt + (Rp – Rsoi)Bg] + BwWp (3.7)

Each term on the left-hand side of Eq. (3.7) accounts for a method of fluid production, and each 
term on the right-hand side represents an amount of hydrocarbon or water production. For illustration 
purposes, Eq. (3.7) can be written as follows, with each mathematical term replaced by a pseudoterm:

 Oil expansion + Gas expansion + Formation and water expansion  

 + Water influx = Oil and gas production + Water production (3.7a)

The left-hand side accounts for all the methods of expansion or influx in the reservoir that 
would drive the production of oil, gas, and water, the terms on the right-hand side. Oil expansion 
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is derived from the product of the initial oil in place and the change in the two-phase oil formation 
volume factor. Gas expansion is similar; however, additional terms are needed to convert the initial 
oil in place to initial gas in place—both free gas and dissolved gas. The third term can be broken 
down into three pieces. It is the product of the initial oil and gas in place, the expansion of the 
connate water and the formation rock, and the change in the volumetric average reservoir pressure. 
These three pieces account for the expansion of the connate water and the formation rock in the 
reservoir.

On the right-hand side, the oil and gas produced is determined by considering the vol-
ume of the produced oil if it were in the reservoir. The produced oil is multiplied by the sum 
of the two-phase oil formation volume factor and the volume factor of gas liberated as the 
pressure has declined. The produced water is simply the product of the produced water and its 
volume factor.

Equation (3.7) can be arranged to apply to any of the different reservoir types discussed in 
Chapter 1. Without eliminating any terms, Eq. (3.7) is used for the case of a saturated oil reser-
voir with an associated gas cap. These reservoirs are discussed in Chapter 7. When there is no 
original free gas, such as in an undersaturated oil reservoir (discussed in Chapter 6), m = 0, and 
Eq. (3.7) reduces to

 N(Bt – Bti) + NBti
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 Δp  + We = Np[Bt + (Rp – Rsoi)Bg] + BwWp (3.8)

For gas reservoirs, Eq. (3.7) can be modified by recognizing that NPRP = Gp and NmBti = GBgi and 
substituting these terms into Eq. (3.7):

 N(Bt – Bti) +G (Bg – Bgi) + (NBti + GBgi)
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 Δ  + We = NpBt + (Gp – NRsoi)Bg + BwWp (3.9)

When working with gas reservoirs, there is no initial oil amount; therefore, N and Np equal zero. 
The general material balance equation for a gas reservoir can then be obtained:

 G (Bg – Bgi) + GBgi
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 Δ  + We = Gp Bg+ BwWp (3.10)

This equation is discussed in conjunction with gas and gas-condensate reservoirs in Chapters 4 and 5.
In the study of reservoirs that are produced simultaneously by the three major mechanisms 

of depletion drive, gas cap drive, and water drive, it is of practical interest to determine the rela-
tive magnitude of each of these mechanisms that contribute to the production. Pirson rearranged 
the material balance Eq. (3.7) as follows to obtain three fractions, whose sum is one, which he 
called the depletion drive index (DDI), the segregation (gas cap) drive index (SDI), and the wa-
ter-drive index (WDI).6
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When all three drive mechanisms are contributing to the production of oil and gas from the 
reservoir, the compressibility term in Eq. (3.7) is negligible and can be ignored. Moving the water 
production term to the left-hand side of the equation, the following is obtained:

 N(Bt – Bti) + NmB
B

ti

gi
(Bg – Bgi) + (We – BwWp) = Np[Bt + (Rp – Rsoi)Bg]

Dividing through by the term on the right-hand side of the equation produces
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The numerators of the three fractions that appear on the left-hand side of Eq. (3.11) are the expan-
sion of the initial oil zone, the expansion of the initial gas zone, and the net water influx, respec-
tively. The common denominator is the reservoir volume of the cumulative gas and oil production 
expressed at the lower pressure, which evidently equals the sum of the gas and oil zone expansions 
plus the net water influx. Then, using Pirson’s abbreviations,

 DDI + SDI + WDI = 1

calculations are performed in Chapter 7 to illustrate how these drive indices can be used.

3.3 Uses and Limitations of the Material Balance Method
The material balance equation derived in the previous section has been in general use for many 
years, mainly for the following:

1. Determining the initial hydrocarbon in place
2. Calculating water influx
3. Predicting reservoir pressures

Although in some cases it is possible to solve simultaneously to find the initial hydrocarbon and the 
water influx, generally one or the other must be known from data or methods that do not depend 
on the material balance calculations. One of the most important uses of the equations is predicting 
the effect of cumulative production and/or injection (gas or water) on reservoir pressure; therefore, 
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it is very desirable to know in advance the initial oil and the ratio m from good core and log data. 
The presence of an aquifer is usually indicated by geologic evidence; however, the material balance 
may be used to detect the existence of a water drive by calculating the value of the initial hydro-
carbon at successive production periods, assuming zero water influx. Unless other complicating 
factors are present, the constancy in the calculated value of N and/or G indicates a volumetric 
reservoir, and continually changing values of N and G indicate a water drive.

The precision of the calculated values depends on the accuracy of the data available to substi-
tute in the equation and on the several assumptions that underlie the equations. One such assumption 
is the attainment of thermodynamic equilibrium in the reservoir, mainly between the oil and its solu-
tion gas. Wieland and Kennedy have found a tendency for the liquid phase to remain supersaturated 
with gas as the pressure declines.7 Saturation pressure discrepancies between fluid and core measure-
ments and material balance evidence in the range of 19 psi for the East Texas Field and 25 psi for 
the Slaughter Field were observed. The effect of supersaturation causes reservoir pressure for a given 
volume of production to be lower than it otherwise would have been, had equilibrium been attained.

It is also implicitly assumed that the PVT data used in the material balance analyses are obtained 
using gas liberation processes that closely duplicate the gas liberation processes in the reservoir, in the 
well, and in separators on the surface. This matter is discussed in detail in Chapter 7, and it is only stated 
here that PVT data based on gas liberation processes that vary widely from the actual reservoir develop-
ment can cause considerable error in the material balance results and implications.

Another source of error is introduced in the determination of average reservoir pressure 
at the end of any production interval. Aside from instrument errors and those introduced by 
difficulties in obtaining true static or final buildup pressures (see Chapter 8), there is often the 
problem of correctly weighting or averaging the individual well pressures. For thicker forma-
tions with higher permeabilities and oils of lower viscosities, where final buildup pressures are 
readily and accurately obtained and when there are only small pressure differences across the 
reservoir, reliable values of average reservoir pressure are easily obtained. On the other hand, 
for thinner formations of lower permeability and oils of higher viscosity, difficulties are met in 
obtaining accurate final buildup pressures, and there are often large pressure variations through-
out the reservoir. These are commonly averaged by preparing isobaric maps superimposed on 
isopach maps. This method usually provides reliable results unless the measured well pressures 
are erratic and therefore cannot be accurately contoured. These differences may be due to varia-
tions in formation thickness and permeability and in well production and producing rates. Also, 
difficulties are encountered when production from two or more vertically isolated zones or strata 
of different productivity are commingled. In this case, the pressures are generally higher in the 
strata of low productivity, and because the measured pressures are nearer to those in the zones 
of high productivity, the measured static pressures tend to be lower and the reservoir behaves as 
if it contained less oil. Schilthuis explained this phenomenon by referring to the oil in the more 
productive zones as active oil and by observing that the calculated active oil usually increases 
with time because the oil and gas in the zones of lower productivity slowly expand to help offset 
the pressure decline. Uncertainties associated with assessing production from commingled reser-
voir zones motivate regulatory restrictions for this reservoir management strategy. Fields that are 
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not fully developed may also show similar apparent increase in active oil production because the 
apparent average pressure can be that of the developed portion only while the pressure is actually 
higher in the undeveloped portions.

The effect of pressure errors on calculated values of initial oil or water influx depends on the 
size of the errors in relation to the reservoir pressure decline. This is true because pressure enters 
the material balance equation mainly as differences (Bo – Boi), (Rsi – Rs), and (Bg – Bgi). Because 
water influx and gas cap expansion tend to offset pressure decline, the pressure errors are more 
serious than for the undersaturated depletion reservoirs. In the case of very active water drives and 
gas caps that are large compared with the associated oil zone, the material balance is useless to de-
termine the initial oil in place because of the very small pressure decline. Hutchinson emphasized 
the importance of obtaining accurate values of static well pressures in his quantitative study of the 
effect of data errors on the values of initial gas or of initial oil in volumetric gas or undersaturated 
oil reservoirs, respectively.8

Uncertainties in the ratio of the initial free gas volume to the initial reservoir oil volume 
also affect the calculations. The error introduced in the calculated values of initial oil, water 
influx, or pressure increases with the size of this ratio because, as explained in the previous 
paragraph, larger gas caps reduce the effect of pressure decline. For quite large gas caps relative 
to the oil zone, the material balance approaches a gas balance modified slightly by production  
from the oil zone. The value of m is obtained from core and log data used to determine the net 
productive bulk gas and oil volumes and their average porosities and interstitial water. Because 
there is frequently oil saturation in the gas cap, the oil zone must include this oil, which corre-
spondingly diminishes the initial free gas volume. Well tests are often useful in locating gas-oil 
and water-oil contacts in the determination of m. In some cases, these contacts are not horizontal 
planes but are tilted, owing to water movement in the aquifer, or dish shaped, owing to the effect 
of capillarity in the less permeable boundary rocks of volumetric reservoirs.

Whereas the cumulative oil production is generally known quite precisely, the corresponding 
gas and water production is usually much less accurate and therefore introduces additional sources 
of errors. This is particularly true when the gas and water production is not directly measured but 
must be inferred from periodic tests to determine the gas-oil ratios and watercuts of the individual 
wells. When two or more wells completed in different reservoirs are producing to common storage, 
unless there are individual meters on the wells, only the aggregate production is known and not the 
individual oil production from each reservoir. Under the circumstances that exist in many fields, it 
is doubtful that the cumulative gas and water production is known to within 10%, and in some in-
stances, the errors may be larger. With the growing importance of natural gas and because more of 
the gas associated with the oil is being sold, better values of gas production are becoming available.

3.4  The Havlena and Odeh Method of Applying the Material 
Balance Equation

As early as 1953, van Everdingen, Timmerman, and McMahon recognized a method of applying 
the material balance equation as a straight line.9 But it wasn’t until Havlena and Odeh published 
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their work that the method became fully exploited.3,4 Normally, when using the material bal-
ance equation, an engineer considers each pressure and the corresponding production data as 
being separate points from other pressure values. From each separate point, a calculation for a 
dependent variable is made. The results of the calculations are sometimes averaged. The Hav-
lena-Odeh method uses all the data points, with the further requirement that these points must 
yield solutions to the material balance equation that behave linearly to obtain values of the in-
dependent variable.

The straight-line method begins with the material balance equation written as

 Np[Bt + (Rp – Rsoi)Bg] + BwWp – WI – GIBIg
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The terms WI (cumulative water injection), GI (cumulative gas injection), and BIg (formation vol-
ume factor of the injected gas) have been added to Eq. (3.7). In Havlena and Odeh’s original de-
velopment, they chose to neglect the effect of the compressibilities of the formation and connate 
water in the gas cap portion of the reservoir—that is, in their development, the compressibility term 
is multiplied by N and not by N(1 + m). In Eq. (3.12), the compressibility term is multiplied by  
N(1 + m) for completeness. You may choose to ignore the (1 + m) multiplier in particular applica-
tions. Havlena and Odeh defined the following terms and rewrote Eq. (3.12) as

 F = Np[Bt + (Rp – Rsoi)Bg] + BwWp –WI – GIBIg
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In Eq. (3.13), F represents the net production from the reservoir. Eo, Ef,w, and Eg represent the 
expansion of oil, formation and water, and gas, respectively. Havlena and Odeh examined several 
cases of varying reservoir types with this equation and found that the equation can be rearranged 
into the form of a straight line. For instance, consider the case of no original gas cap, no water 
influx, and negligible formation and water compressibilities. With these assumptions, Eq. (3.13) 
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reduces to

 F = NEo (3.14)

This would suggest that a plot of F as the y coordinate and Eo as the x coordinate would yield a 
straight line with slope N and intercept equal to zero. Additional cases can be derived, as shown in 
Chapter 7.

Once a linear relationship has been obtained, the plot can be used as a predictive tool for es-
timating future production. Examples are shown in subsequent chapters to illustrate the application 
of the Havlena-Odeh method.
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Single-Phase Gas Reservoirs

4.1 Introduction
This chapter contains a discussion of single-phase gas reservoirs (refer to Fig. 1.4). In a single-phase 
gas reservoir, the reservoir fluid, usually called natural gas, remains as nonassociated gas during 
the entire producing life of the reservoir. This type of reservoir is frequently referred to as a dry gas 
reservoir because no condensate is formed in the reservoir during the life of production. However, 
many of these wells do produce condensate, because the temperature and pressure conditions in 
the producing well and at the surface can be significantly different from the reservoir temperature 
and pressure. This change in conditions can cause some components in the producing gas phase 
to condense and be produced as liquid. The amount of condensation is a function of not only the 
pressure and temperature but also the composition of the natural gas, which typically consists pri-
marily of methane and ethane. The tendency for condensate to form on the surface increases as the 
concentration of heavier components increases in the reservoir fluid.

In beginning any type of reservoir analysis, specific information about the reservoir must be 
obtained in order to estimate the total hydrocarbon in place in the reservoir. As this chapter focuses 
exclusively on gas, this analysis will be presented by way of calculating a total gas in place. Typi-
cally, the reservoir formation will be mapped by seismic data that will allow for the determination 
of the areal extent of the reservoir (the total acreage of the underground formation) and also the 
reservoir thickness. These values are then multiplied together to determine the initial bulk volume 
of the reservoir. Core samples taken from appraisal wells will establish porosity and the relative 
fractions of oil, gas, and water. These are typically denoted So for oil, Sg for gas, and Sw for water. 
The letter i, when added to the subscript, denotes the initial value of that fraction.

A second crucial piece of information to be determined before commercial production begins 
is the estimated unit recovery. This unit recovery is the difference between the initial gas in place 
and the gas remaining in the reservoir at the time of abandonment and represents the total gas that 
can be produced from the reservoir. This same information is often expressed as a recovery factor, 
showing the percent of the initial gas in place that can be produced. These pieces of information 
are crucial for making the economic decision behind the development of a hydrocarbon reservoir.

C h a p t e r  4
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The recovery factor itself is dependent on the production mechanism for the reservoir. Two 
main mechanisms in gas reservoirs will be discussed in this chapter. They are gas drive, which is 
the expansion of the gas in the reservoir due to a drop in reservoir pressure as gas is being produced, 
and water drive, which is the encroachment of water in the reservoir due to contact with an aqui-
fer. In the case of a gas drive, there is neither water encroachment into nor water production from 
the reservoir of interest, and the reservoir is said to be volumetric. This chapter will also provide 
a description of two methods that are used to determine the initial gas in place. The first of these 
methods uses geological, geophysical, and fluid property data to estimate volumes of gas. The 
second method uses the material balance equation derived in Chapter 3.

4.2  Calculating Hydrocarbon in Place Using Geological,  
Geophysical, and Fluid Property Data

In order for the reservoir engineer to calculate the amount of hydrocarbon in place from geological 
information, the reservoir bulk volume must first be calculated. Many methods exist to estimate the 
reservoir bulk volume but only two will be discussed here.

The first method involves the reservoir engineer using well logs, core data, well test data, and 
two-dimensional seismic data to estimate the bulk volume.1,2 From this information, the engineer gen-
erates digital subsurface and isopach maps of the reservoir in question. These maps are then used in 
computer programs to estimate a volume for a given hydrocarbon, either gas or oil, in place.3

A subsurface contour map shows lines connecting points of equal elevations on the 
top of a marker bed and therefore shows geologic structure. A net isopach map shows lines 
connecting points of equal net formation thickness, and the individual lines connecting points 
of equal thickness are called isopach lines. The contour map is used in preparing the isopach 
maps when there is an oil-water, gas-water, or gas-oil contact. The contact line is the zero 
isopach line. The volume is obtained by planimetering the areas between the isopach lines of 
the entire reservoir or of the individual units under consideration. The principal problems in 
preparing a map of this type are the proper interpretation of net sand thickness from the well 
logs and the outlining of the productive area of the field as defined by the fluid contacts, faults, 
or permeability barriers on the subsurface contour map. When the formation is rather uniform-
ly developed and there is good well control, the error in the net bulk reservoir volume should 
not exceed a few percentage points.

A second method of calculating hydrocarbon in place involves computer modeling and is 
becoming increasingly common with the advancement of three-dimensional seismic data. This 
approach begins with the collection of three-dimensional seismic data via an array of transmitters 
of receivers. These data are collected, processed, and displayed in a digital three-dimensional geo-
logic model.

This process still requires well logs to calibrate the seismic data, but the increase in seismic 
data obtained (from a two-dimensional survey to a three-dimensional survey) results in the ability 
to delineate the reservoir with fewer wells drilled. Modern workstation programs are used to en-
able transfer of the resulting geologic model to a numerical reservoir simulator in which the bulk 
volume is calculated.
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Once the engineer has determined the bulk volume of the reservoir, calculations for hydro-
carbon in place can then be made. The methods discussed in the previous paragraphs apply to both 
gas and oil reservoirs and will be mentioned briefly again in Chapter 6. The following discussion 
illustrates the calculation of hydrocarbon in place for a gas reservoir.

The standard cubic feet of gas in a reservoir with a gas pore volume of Vg ft
3 is simply Vg/Bg, 

where Bg is expressed in units of cubic feet per standard cubic foot. As the gas volume factor Bg 
changes with pressure (see Eq. [2.16]), the gas in place also changes as the pressure declines. The 
gas pore volume Vg may also be changing, owing to water influx into the reservoir. The gas pore 
volume is related to the bulk, or total, reservoir volume by the average porosity φ and the average 
connate water Sw. The bulk reservoir volume Vb is commonly expressed in acre-feet, and the stan-
dard cubic feet of gas in place, G, is given by

 G V S
B
b w

g
= −43 560 1, ( )φ

 (4.1)

The areal extent of the Bell Field gas reservoir was 1500 acres. The average thickness was 40 ft, 
so the initial bulk volume was 60,000 ac-ft. Average porosity was 22%, and average connate water 
was 23%. Bg at the initial reservoir pressure of 3250 psia was calculated to be 0.00533 ft3/SCF. 
Therefore, the initial gas in place was

 G = 43,560 × 60,000 × 0.22 × (1 – 0.23) ÷ 0.00533

 = 83.1 MMM SCF

Because the gas volume factor is calculated using 14.7 psia and 60°F as standard conditions, the 
initial gas in place is also expressed at these conditions.

Because the formation volume factor is a function of the average reservoir pressure, another 
problem in any calculation of bulk hydrocarbon volume is that of obtaining the average reservoir 
pressure at any time after initial production. Figure 4.1 is a static reservoir pressure survey of the 
Jones sand in the Schuler Field.4 Because of the large reservoir pressure gradient from east to west, 
some averaging technique must be used to obtain an average reservoir pressure. This can be cal-
culated as either an average well pressure, average areal pressure, or average volumetric pressure, 
as follows:

 Well average pressure = 
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 Volumetric average pressure = 
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∑
 (4.4)

where n is the number of wells in Eq. (4.2) and the number of reservoir units in Eqs. (4.3) and (4.4).
Since obtaining the average pressure of the hydrocarbon contents is the important piece 

of data, the volumetric average, Eq. (4.4), should be used in the calculations for bulk hydro-
carbon volume. Where the pressure gradients in the reservoir are small, the average pressures 
obtained with Eqs. (4.2) and (4.3) will be very close to the volumetric average. Where the gra-
dients are large, there may be considerable differences. For example, the average volumetric 
pressure of the Jones sand survey in Fig. 4.1 is 1658 psia, compared with 1598 psia for the 
well average pressure.

The calculations in Table 4.1 show how the average pressures are obtained. The figures in the 
third column are the estimated drainage areas of the wells, which in some cases vary from the well 
spacing because of the reservoir limits. Owing to the much smaller gradients, the three averages are 
much closer together than in the case of the Jones sand.

Most engineers prefer to prepare an isobaric map and planimeter the areas between the iso-
baric lines and then use computer software to calculate the average volumetric pressure.
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Figure 4.1  Reservoir pressure survey showing isobaric lines drawn from the measured  
bottom-hole pressures (in units of psia; after Kaveler, trans. AlME).4
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4.2.1 Calculating Unit Recovery from Volumetric Gas Reservoirs
In many gas reservoirs, particularly during the development period, the bulk volume is not known. 
In this case, it is better to place the reservoir calculations on a unit basis, usually 1 ac-ft of bulk 
reservoir rock. This one unit, or 1 ac-ft, of bulk reservoir rock contains

Connate water: 43,560 × φ × Sw ft3

Reservoir gas volume: 43,560 × φ × (1 – Sw) ft3

Reservoir pore volume: 43,560 × φ ft3

The initial standard cubic feet of gas in place in the unit is

 G S
B

wi

gi
= −43 560 1, ( )( )φ

SCF/ac-ft  (4.5)

G is in standard cubic feet (SCF) when the gas volume factor Bgi is in cubic feet per standard cubic 
foot (see Eq. [2.16]). The standard conditions are those used in the calculation of the gas volume 
factor, and they may be changed to any other standard by means of the ideal gas law. The porosity, 
φ, is expressed as a fraction of the bulk volume and the initial connate water, Swi, as a fraction of the 

Table 4.1 Calculation of Average Reservoir Pressure
Well number Pressure 

(psia)
Drainage area 

(acres)
p × A Estimated 

standard 
thickness 

(ft)

p × A × h A × h

1 2750 160 440,000 20 8,800,000 3200

2 2680 125 335,000 25 8,375,000 3125

3 2840 190 539,600 26 14,029,600 4940

4 2700 145 391,500 31 12,136,500 4495

Total 10,970 620 1,706,100 43,341,100 15,760

 Well average pressure = 
10 970

4
2743

, =  psia

 Areal average pressure = 
1 706 100

620
2752

, , =  psia

 Volumetric average pressure = 
43 341 100

15 760
2750

, ,

,
=  psia
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pore volume. For a reservoir under volumetric control, there is no change in the interstitial water, 
so the reservoir gas volume remains the same. If Bga is the gas volume factor at the abandonment 
pressure, then the standard cubic feet of gas remaining at abandonment is

 G S
Ba

wi

ga
= −43 560 1, ( )( )φ

SCF/ac-ft  (4.6)

Unit recovery is the difference between the initial gas in place and that remaining at abandonment 
pressure (i.e., that produced at abandonment pressure), or

 Unit recovery = 43,560(φ)(1 – Swi)
1 1

B Bgi ga
−













SCF/ac-ft  (4.7)

The unit recovery is also called the initial unit reserve, which is generally lower than the initial unit 
in-place gas. The remaining reserve at any stage of depletion is the difference between this initial 
reserve and the unit production at that stage of depletion. The fractional recovery or recovery factor 
expressed in a percentage of the initial in-place gas is

 Recovery factor = 
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or

 Recovery factor = 100 1 −












B
B

gi

ga

Experience with volumetric gas reservoirs indicates that the recovery factor will range from 80% to 
90%. Some gas pipeline companies use an abandonment pressure of 100 psi per 1000 ft of depth.

The gas volume factor in the Bell Gas Field at initial reservoir pressure is 0.00533 ft3/SCF, 
and at 500 psia, it is 0.03623 ft3/SCF. The initial unit reserve or unit recovery based on volumetric 
performance at an abandonment pressure of 500 psia is

 Unit recovery = 43,560 × 0.22 × (1 – 0.23) × 
1

0 00533

1

0 03623. .
−





 = 1180M SCF/ac-ft

 Recovery factor = 1
0 00533

0 03623
−





.

.

 = 85%
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These recovery calculations are valid provided the unit neither drains nor is drained by adjacent units.

4.2.2 Calculating Unit Recovery from Gas Reservoirs under Water Drive
Under initial conditions, one unit (1 ac-ft) of bulk reservoir rock contains

Connate water: 43,560 × φ × Swi ft
3

Reservoir gas volume: 43,560 × φ × (1 – Swi) ft
3

Surface units of gas: 43,560 × φ × (1 – Swi) ÷ Bgi SCF

In many reservoirs under water drive, the pressure suffers an initial decline, after which water en-
ters the reservoir at a rate equal to the production rate and the pressure stabilizes. In this case, the 
stabilized pressure is the abandonment pressure. If Bga is the gas volume factor at the abandonment 
pressure and Sgr is the residual gas saturation, expressed as a fraction of the pore volume, after water 
invades the unit, then under abandonment conditions, a unit (1 ac-ft) of the reservoir rock contains

Water volume: 43,560 × φ × (1 – Sgr) ft
3

Reservoir gas volume: 43,560 × φ × Sgr ft
3

Surface units of gas: 43,560 × φ × Sgr ÷ Bga SCF

Unit recovery is the difference between the initial and the residual surface units of gas, or

 Unit recovery in SCF/ac-ft = 43,560 (φ) 1 − −
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The recovery factor expressed in a percentage of the initial gas in place is

 Recovery factor =

− −
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Suppose the Bell Gas Field is produced under a water drive so that the pressure stabilizes at 1500 
psia. If the residual gas saturation is 24% and the gas volume factor at 1500 psia is 0.01122 ft3/SCF, 
then the initial unit reserve or unit recovery is

 Unit recovery = 43,560 × 0.22 × 
( . )

.

.

.

1 0 23

0 00533

0 24

0 0112

− −





 = 1180 M SCF/ac-ft
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The recovery factor under these conditions is

 Recovery factor  
100

1 0.23

=

− −
 0 00533

0 24

0 0112.

.

.



− =
1 0.23

0 00533

85

.

%

Under these particular conditions, the recovery by water drive is the same as the recovery by volu-
metric depletion, illustrated in section 4.3. If the water drive is very active and, as a result, there is 
essentially no decline in reservoir pressure, unit recovery and the recovery factor become

 Unit recovery = 43,560 × φ × (1 – Swi – Sgr) ÷ Bgi SCF/ac-ft (4.11)

 Recovery factor = 
100 1

1

( )

( )
%

− −
−
S S
S
wi gr

wi
 (4.12)

For the Bell Gas Field, assuming a residual gas saturation of 24%,

 Unit recovery = 43,560 × 0.22 × (1 – 0.23 – 0.24) ÷ 0.00533

 = 953 M SCF/ac-ft

 Recovery factor = 
100 1 0 23 0 24

1 0 23

( . . )

( . )

− −
−

 = 69%

Because the residual gas saturation is independent of the pressure, the recovery will be greater for 
the lower stabilization pressure.

The residual gas saturation can be measured in the laboratory on representative core samples. 
Table 4.2 gives the residual gas saturations that were measured on core samples from a number 
of producing horizons and on some synthetic laboratory samples. The values, which range from 
16% to 50% and average near 30%, help to explain the disappointing recoveries obtained in some 
water-drive reservoirs. For example, a gas reservoir with an initial water saturation of 30% and a 
residual gas saturation of 35% has a recovery factor of only 50% if produced under an active water 
drive (i.e., where the reservoir pressure stabilizes near the initial pressure). When the reservoir per-
meability is uniform, this recovery factor should be representative, except for a correction to allow 
for the efficiency of the drainage pattern and water coning or cusping. When there are well-defined 
continuous beds of higher and lower permeability, the water will advance more rapidly through the 
more permeable beds so that when a gas well is abandoned owing to excessive water production, 
considerable unrecovered gas remains in the less permeable beds. Because of these factors, it may 
be concluded that generally gas recoveries by water drive are lower than by volumetric depletion; 
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however, the same conclusion does not apply to oil recovery, which is discussed separately.  
Water-drive gas reservoirs do have the advantage of maintaining higher flowing wellhead pressures 
and higher well rates compared with depletion gas reservoirs. This is due, of course, to the mainte-
nance of higher reservoir pressure as a result of the water influx.

In calculating the gas reserve of a particular lease or unit, the gas that can be recovered by 
the well(s) on the lease is important rather than the total recoverable gas initially underlying the 
lease, some of which may be recovered by adjacent wells. In volumetric reservoirs where the re-
coverable gas beneath each lease (well) is the same, the recoveries will be the same only if all wells 
are produced at the same rate. On the other hand, if wells are produced at equal rates when the gas 
beneath the leases (wells) varies, as from variable formation thickness, the calculated initial gas 
reserve of the lease, where the formation is thicker, will be less than the initial actual recoverable 
gas underlying the lease.

In water-driven gas reservoirs, when the pressure stabilizes near the initial reservoir pressure, 
the lowest well on structure will divide its initial recoverable gas with all updip wells in line with 
it. For example, if three wells in line along the dip are drilled at the updip edge of their units, which 
are presumed equal, and if they all produce at the same rate with the same producing life, then the 
lowest well on structure will recover approximately one-third of the gas initially underlying it. If 
the well is drilled further downstructure near the center of the unit, it will recover still less. If the 

Table 4.2 Residual Gas Saturation after Waterflood as Measured on Core Plugs (after Geffen, 
Parish, Haynes, and Morse)5

Porous material Formation
Residual gas saturation, 

percentage of pore space Remarks
Unconsolidated sand 16 (13- ft column)

Slightly consolidated 
sand (synthetic)

21 (1 core)

Synthetic consolidated 
materials

Selas porcelain 17 (1 core)

Norton alundum 24 (1 core)

Consolidated sandstones Wilcox 25 (3 cores)

Frio 30 (1 core)

Nellie Bly 30– 36 (12 cores)

Frontier 31– 34 (3 cores)

Springer 33 (3 cores)

Frio 30– 38 (14 cores)

(Average 34.6)

Torpedo 34– 37 (6 cores)

Tensleep 40– 50 (4 cores)

Limestone Canyon reef 50 (2 cores)
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pressure stabilizes at some pressure below the initial reservoir pressure, the recovery factor will 
be improved for the wells low on structure. Example 4.1 shows the calculation of the initial gas 
reserve of a 160-acre unit by volumetric depletion, partial water drive, and complete water drive.

Example 4.1  Calculating the Initial Gas Reserve of a 160-acre Unit of the Bell Gas Field 
by Volumetric Depletion and under Partial and Complete Water Drive

Given
Average porosity = 22%
Connate water = 23%
Residual gas saturation after water displacement = 34%
Bgi = 0.00533 ft3/SCF at pi = 3250 psia
Bg = 0.00667 ft3/SCF at 2500 psia
Bga = 0.03623 ft3/SCF at 500 psia
Area = 160 acres
Net productive thickness = 40 ft

Solution

 Pore volume = 43,560 × 0.22 × 160 × 40 = 61.33 × 106 ft3

Initial gas in place is

 G
1
 = 61.33 × 106 × (1 – 0.23) ÷ 0.00533 = 8860 MM SCF

Gas in place after volumetric depletion to 2500 psia is

 G
2
 = 61.33 × 106 × (1 – 0.23) ÷ 0.00667 = 7080 MM SCF

Gas in place after volumetric depletion to 500 psia is

 G
3
 = 61.33 × 106 × (1 – 0.23) ÷ 0.03623 = 1303 MM SCF

Gas in place after water invasion at 3250 psia is

 G
4
 = 61.33 × 106 × 0.34 ÷ 0.00533 = 3912 MM SCF

Gas in place after water invasion at 2500 psia is

 G
5
 = 61.33 × 106 × 0.34 ÷ 0.00667 = 3126 MM SCF
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Initial reserve by depletion to 500 psia is

 G
1
 – G

3
 = (8860 – 1303) × 106 = 7557 MM SCF

Initial reserve by water drive at 3250 psia is

 G
1
 – G

4
 = (8860 – 3912) × 106 = 4948 MM SCF

Initial reserve by water drive at 2500 psia is

 (G
1
 – G

5
) = (8860 – 3126) × 106 = 5734 MM SCF

If there is one updip well, the initial reserve by water drive at 3250 psia is

 1
2

(G
1
 – G

4
) = 1

2
(8860 – 3912) × 106 = 2474 MM SCF

The recovery factors calculate to be 85%, 65%, and 56% for the cases of no water drive, 
partial water drive, and full water drive, respectively. These recoveries are fairly typical and can 
be explained in the following way. As water invades the reservoir, the reservoir pressure is main-
tained at a higher level than if water encroachment did not occur. This leads to higher abandon-
ment pressures for water-drive reservoirs. Because the main mechanism of production in a gas 
reservoir is that of depletion or gas expansion, recoveries are lower, as shown in Example 4.1.

Agarwal, Al-Hussainy, and Ramey conducted a theoretical study and showed that gas re-
coveries increased with increasing production rates from water-drive reservoirs.6 This technique 
of “outrunning” the water has been attempted in the field and has been found successful. Matthes, 
Jackson, Schuler, and Marudiak showed that ultimate recovery increased from 69% to 74% by 
increasing the field production rate from 50 to 75 MM SCF/D in the Bierwang Field in West Ger-
many.7 Lutes, Chiang, Brady, and Rossen reported an 8.5% increase in ultimate recovery, with an 
increased production rate in a strong water-drive Gulf Coast gas reservoir.8

A second technique used in the field is the coproduction technique discussed by Arcaro 
and Bassiouni.9 The coproduction technique is defined as the simultaneous production of gas and 
water. In the coproduction process, as downdip wells begin to be watered out, they are converted 
to high-rate water production wells, while the updip wells are maintained on gas production. This 
technique enhances the production of gas by several methods. First, the high-rate downdip water 
wells act as a pressure sink for the water because the water is drawn to these wells. This retards 
the invasion of water into productive gas zones in the reservoir, therefore prolonging useful pro-
ductive life to these zones. Second, the high-rate production of water lowers the average pressure 
in the reservoir, allowing for more gas expansion and therefore more gas production. Third, when 
the average reservoir pressure is lowered, immobile gas in the water-swept portion of the reservoir 
could become mobile. The coproduction technique performs best before the reservoir is totally 
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invaded by water. Arcaro and Bassiouni reported the improvement of gas production from 62% to 
83% in the Louisiana Gulf Coast Eugene Island Block 305 Reservoir by using the coproduction 
technique instead of the conventional production approach. Water-drive reservoirs are discussed in 
much more detail in Chapter 9.

4.3 Calculating Gas in Place Using Material Balance
In the previous sections, the initial gas in place was calculated on a unit basis of 1 ac-ft of bulk 
productive rock, given information on the porosity and connate water. To calculate the initial gas in 
place on any particular portion of a reservoir, it is necessary to know, in addition, the bulk volume 
of that portion of the reservoir. If the porosity, connate water, and/or bulk volumes are not known 
with any reasonable precision, the methods described cannot be used. In this case, the material 
balance method may be used to calculate the initial gas in place; however, this method is applicable 
only to the reservoir as a whole because of the migration of gas from one portion of the reservoir 
to another in both volumetric and water-drive reservoirs.

The general material balance equation for a gas reservoir is derived in Chapter 3:

 G(Bg – Bgi) + GBgi
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Δ  (3.10)

Equation (3.10) could have been derived by applying the law of conservation of mass to the reser-
voir and associated production.

For most gas reservoirs, the gas compressibility term is much greater than the formation and 
water compressibilities, and the second term on the left-hand side of Eq. (3.10) becomes negligible:

 G(Bg – Bgi) + We = GpBg + BwWp (4.13)

When reservoir pressures are abnormally high, this term is not negligible and should not be ig-
nored. This situation is discussed in a later section of this chapter.

4.3.1 Material Balance in Volumetric Gas Reservoirs
For a volumetric gas reservoir, Eq. (4.13) can be reduced to a simple application of a straight 
line involving the gas produced, its composition, and the reservoir pressure. This relationship 
is routinely used by reservoir engineers to predict recoveries from volumetric reservoirs. Since 
there is neither water encroachment nor water production in this type of a reservoir, Eq. (4.13) 
reduces to

 G(Bg – Bgi) = GpBg (4.14)

Using Eq. (2.15) and substituting expressions for Bg and Bgi into Eq. (4.14), the following is obtained:
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Noting that production is essentially an isothermal process (i.e., the reservoir temperature remains 
constant), then Eq. (4.15) is reduced to
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This can be rearranged as
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Because pi, zi, and G are constants for a given reservoir, Eq. (4.16) suggests that a plot of p/z as the 
ordinate versus Gp as the abscissa would yield a straight line, with
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Figure 4.2  Comparison of theoretical values of p and p/z plotted versus cumulative production 
from a volumetric gas reservoir.
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This plot is shown in Fig. 4.2.
If p/z is set equal to zero, which would represent the production of all the gas from a reser-

voir, then the corresponding Gp equals G, the initial gas in place. The plot could also be extrapo-
lated to any abandonment p/z to find the initial reserve. Usually this extrapolation requires at least  
3 years of accurate pressure depletion and gas production data.

Figure 4.2 also contains a plot of cumulative gas production Gp versus pressure. As indi-
cated by Eq. (4.16), this is not linear, and extrapolations from the pressure-production data may 
be in considerable error. Because the minimum value of the gas deviation factor generally occurs 
near 2500 psia, the extrapolations will be low for pressures above 2500 psia and high for pres-
sures below 2500 psia. Equation (4.16) may be used graphically, as shown in Fig. 4.2, to find the 
initial gas in place or the reserves at any pressure for any selected abandonment pressure. For ex-
ample, at 1000 psia (or p/z = 1220) abandonment pressure, the initial reserve is 4.85 MMM SCF. 
At 2500 psia (or p/z = 3130), the (remaining) reserve is 4.85 less 2.20—that is, 2.65 MMM SCF.

4.3.2 Material Balance in Water-Drive Gas Reservoirs
In water-drive reservoirs, the relation between Gp and p/z is not linear, as can be seen by an in-
spection of Eqs. (4.13) and (4.16). Because of the water influx, the pressure drops less rapidly with 
production than under volumetric control, as shown in the upper curve of Fig. 4.2. Consequently, 
the extrapolation technique described for volumetric reservoirs is not applicable. Also, where there 
is water influx, the initial gas in place calculated at successive stages of depletion, assuming no 
water influx, takes on successively higher values, whereas with volumetric reservoirs the calculated 
values of the initial gas should remain substantially constant.

Equation (4.13) may be expressed in terms of the initial pore volume, Vi, by recognizing that 
Vi= GBgi and using Eq. (2.15) for Bg and Bgi:
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For volumetric reservoirs, discussed in the previous section, this equation can be reduced and re-
arranged to give
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Examples 4.2, 4.3, and 4.4 illustrate the use of the various equations that we have described 
in gas reservoir calculations.
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Example 4.2  Calculating the Initial Gas in Place and the Initial Reserve of a Gas Reservoir 
from Pressure-Production Data for a Volumetric Reservoir

Given
Base pressure = 15.025 psia
Initial pressure = 3250 psia
Reservoir temperature = 213°F
Standard pressure = 15.025 psia
Standard temperature = 60°F
Cumulative production = 1.00 × 109 SCF
Average reservoir pressure = 2864 psia
Gas deviation factor at 3250 psia = 0.910
Gas deviation factor at 2864 psia = 0.888
Gas deviation factor at 500 psia = 0.951

Solution
Solve Eq. (4.18) for the reservoir gas pore volume Vi:

 15 023 1 00 10

520

3250

0 910 673

2864

0 88

9. .

. .

× × = ×
×

−V Vi i 

88 673×

 Vi = 56.17 MM ft3

The initial gas in place by the real gas law is

 G p V
z T

T
p

i i
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= × = × × ×

× ×
3250 56 17 10 520

0 910 673 15

6.

. ..025

 = 10.32 MMM SCF

The gas remaining at 500-psia abandonment pressure is

 G p V
z T

T
pa

a i

a

sc

sc
= × = × × ×

× ×
500 56 17 10 520

0 951 673 15

6.

. ..025

 = 1.52 MMM SCF

The initial gas reserve based on a 500-psia abandonment pressure is the difference between the 
initial gas in place and the gas remaining at 500 psia, or

 Gr = G – Ga = (10.32 – 1.52) × 109

 = 8.80 MMM SCF
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Example 4.3 illustrates the use of equations to calculate the water influx when the initial gas 
in place is known. It also shows the method of estimating the residual gas saturation of the portion 
of the reservoir invaded by water, at which time a reliable estimate of the invaded volume can be 
made. This is calculated from the isopach map, the invaded volume being delineated by those wells 
that have gone to water production. The residual gas saturation calculated in Example 4.3 includes 
that portion of the lower permeability rock within the invaded area that actually may not have been 
invaded at all, the wells having been “drowned” by water production from the more permeable beds 
of the formation. Nevertheless, it is still interpreted as the average residual gas saturation, which 
may be applied to the uninvaded portion of the reservoir.

Example 4.3  Calculating Water Influx and Residual Gas Saturation in Water-Drive  
Gas Reservoirs

Given
Bulk reservoir volume, initial = 415.3 MM ft3

Average porosity = 0.172
Average connate water = 0.25
Initial pressure = 3200 psia
Bgi = 0.005262 ft3/SCF, 14.7 psia and 60°F
Final pressure = 2925 psia
Bgf = 0.005700 ft3/SCF, 14.7 psia and 60°F
Cumulative water production = 15,200 bbl (surface)
Bw = 1.03 bbl/surface bbl
Gp = 935.4 MM SCF at 14.7 psia and 60°F
Bulk volume invaded by water at 2925 psia = 13.04 MM ft3

Solution

 Initial gas in place
415.3= = × × × −G 10 0 172 1 0 256 . ( . )

00 005262.

 = 10,180 MM SCF at 14.7 psia and 60°F

Substitute in Eq. (4.13) to find We:

 We = 935.4 × 106 × 0.005700 – 10,180 × 106

 (0.005700 – 0.005262) + 15,200 × 1.03 × 5.615

 = 960,400 ft3

This much water has invaded 13.04 MM ft3 of bulk rock that initially contained 25% connate 
water. Then the final water saturation of the flooded portion of the reservoir is
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 Sw = Connate water + Water influx – Produced waterr 

Pore space

 = × × ×(13.04  10   0.172  0.25) + 960,400 – 15,206 00  1.03 

13.04  0.172
 or 67%6

×
× ×

=
10

0 67.

Then the residual gas saturation Sgr is 33%.

Example 4.4. Using the p/z Plot to Estimate Cumulative Gas Production
A dry gas reservoir contains gas of the following composition

Mole fraction
Methane 0.75

Ethane 0.20

n- Hexane 0.05

The initial reservoir pressure was 4200 psia, with a temperature of 180°F. The reservoir has been 
producing for some time. Two pressure surveys have been made at different times:

p/z (psia) Gp (MMM SCF)

4600 0

3700 1

2800 2

(a) What will be the cumulative gas produced when the average reservoir pressure has dropped 
to 2000 psia?

(b) Assuming the reservoir rock has a porosity of 12%, the water saturation is 30%, and the 
reservoir thickness is 15 ft, how many acres does the reservoir cover?

Solution

Pc Tc YPc YTc

Methane 0.75 673.1 343.2 504.8 257.4

Ethane 0.20 708.3 504.8 141.7 110.0

n- Hexane 0.05 440.1 914.2 22.0 45.7

Total 668.5 413.1
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(a) To get Gp at 2000 psia, calculate z and the p/z. Use pseudocritical properties.

 pr = =2000

668 5
2 99

.
.

 
Tr = =640

413 1
1 55

.
.

 z = 0.8

 = =p z/ 2000

0.8
2500

A linear regression of the data plotted in Fig. 4.3 yields the following equation for the best 
straight line through the data:

 p/z = –9(10)–7Gp + 4600
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Figure 4.3 p/z versus Gp for Example 4.4.
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Substituting a value of p/z = 2500 in this equation yields

 2500 = –9(10)–7Gp + 4600

 Gp = 2.33(10)9 SCF or 2.33 MMM SCF

 (b) Substituting a value of p/z = 0 into the straight-line equation would yield the amount of pro-
duced gas if all of the initial gas were produced; therefore, the Gp at this p/z is equal to the 
initial gas in place.

 0 = – 9(10)–7Gp + 4600

 Gp (p/z = 0) = G = 5.11(10)9 SCF or 5.11 MMM SCF

Recognizing that Vi = GBgi and that Bgi = 0.02829(zi/pi)T,

 V GBi gi= = +





=5 11 10
0 02829 180 460

4600
209. ( )

. ( )
.11 10 6 3( )  ft

Also,

 Vi = Ah φ(1 – Swi)

 A = 
20 1 10

15 0 12 1 0 30
15 95 10 366

6
6. ( )

( . )( . )
. ( )

−
=  ft or  a2 ccres

4.4 The Gas Equivalent of Produced Condensate and Water
In the study of gas reservoirs in the preceding section, it was implicitly assumed that the fluid in the 
reservoir at all pressures as well as on the surface was in a single (gas) phase. Most gas reservoirs, 
however, produce some hydrocarbon liquid, commonly called condensate, in the range of a few to a 
hundred or more barrels per million standard cubic feet. So long as the reservoir fluid remains in a 
single (gas) phase, the calculations of the previous sections may be used, provided the cumulative gas 
production Gp is modified to include the condensate liquid production. On the other hand, if a hydro-
carbon liquid phase develops in the reservoir, the methods of the previous sections are not applicable, 
and these retrograde, gas-condensate reservoirs must be treated specially, as described in Chapter 5.

The reservoir gas production Gp used in the previous sections must include the separator 
gas production, the stock-tank gas production, and the stock-tank liquid production converted to 
its gas equivalent (GE). Figure 4.4 illustrates two common separation schemes, one of which, the 
two-stage system, shown in Fig. 4.4(b), is discussed in Chapter 1. Figure 4.4(a) shows a three-stage 
separation system with a primary separator, a secondary separator, and a stock tank. The well fluid 
is introduced into the primary separator where, like the two-stage system, most of the produced gas 
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is obtained. The liquid from the primary separator is then sent to the secondary separator where an 
additional amount of gas is obtained. The liquid from the secondary separator is then flashed into 
the stock tank. The liquid from the stock tank, Np, and any gas from the stock tank are added to the 
primary and secondary gas to obtain the total produced surface gas, Gp(surf).

The produced hydrocarbon liquid is converted to its gas equivalent, assuming it behaves as 
an ideal gas when vaporized in the produced gas. Taking 14.7 psia and 60°F as standard conditions, 
the gas equivalent of one stock-tank barrel of condensate liquid is

 GE V nR T
p M

sc

sc

o

wo
= = = =' . ( . )( )

( . )

350 5 10 73 520

14 7
133
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,, 000

γ o
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The gas equivalent of one barrel of condensate of specific gravity of 0.780 (water = 1.00) and 
molecular weight 138 is 752 SCF. The specific gravity may be calculated from the API gravity. If 
the molecular weight of the condensate is not measured, as by the freezing point depression meth-
od, it can be estimated using Eq. (4.20):
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The total gas equivalent for Np STB of condensate production is GE(NP). The total reservoir 
gas production, Gp, is given by Eq. (4.21) for a three-stage separation system and by Eq. (4.22) for 
a two-stage separation system:
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(a) Three-stage separation system

(b) Two-stage separation system
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Figure 4.4 Schematic representation of surface separation systems.
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 Gp = Gp(surf) + GE(Np) = Gps + Gss + Gst + GE(Np) (4.21)

 Gp = Gp(surf) + GE(Np) = Gps + Gst + GE(Np) (4.22)

When water is produced on the surface as a condensate from the gas phase in the reservoir, 
it is freshwater and should be converted to a gas equivalent and added to the gas production. Since 
the specific gravity of water is 1.00 and its molecular weight is 18, its gas equivalent is

 
GE nR T
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sc

sc
= = × × ×' . .

.

350 1 00

18

10 73 520

14 7

 = 7390 SCF/surface barrel

Studies by McCarthy, Boyd, and Reid indicate that the water vapor content of reservoir 
gases at usual reservoir temperatures and usual initial reservoir pressures is in the range of a 
fraction of one barrel per million standard cubic feet of gas.10 Production data from a Gulf Coast 
gas reservoir show a production of 0.64 barrel of water per million standard cubic feet compared 
with a reservoir content of about 1.00 bbl/MM SCF using the data of McCarthy, Boyd, and Reid. 
The difference is presumably that water remaining in the vapor state at separator temperature and 
pressure, most of which must be removed by dehydration to a level of about 6 pounds per million 
standard cubic feet. As reservoir pressure declines, the water content increases to as much as 
three barrels per million standard cubic feet. Since this additional content has come from vapor-
ization of the connate water, it would appear that any freshwater produced in excess of the initial 
content should be treated as produced water and taken care of in the Wp term rather than the Gp 
term. If the water is saline, it definitely is produced water; however, it includes the fraction of 
a barrel per million cubic feet obtained from the gas phase. If the produced gas is based on the 
dehydrated gas volume, the gas volume should be increased by the gas equivalent of the water 
content at the initial reservoir pressure and temperature, regardless of the subsequent decline in 
reservoir pressure, and the water production should be diminished by the water content. This 
amounts to about a 0.05% increase in the produced gas volumes.

4.5 Gas Reservoirs as Storage Reservoirs
The demand for natural gas is seasonal. During winter months, there is a much greater demand for 
natural gas than during the warmer summer months. To meet this variable demand, several means 
of storing natural gas are used in the industry. One of the best methods of storing natural gas is with 
the use of depleted gas reservoirs. Gas is injected during the warm summer months when there is 
an overabundance and produced during the winter months when there is a shortage of supply. Katz 
and Tek have presented a good overview of this subject.11

Katz and Tek listed three primary objectives in the design and operation of a gas stor-
age reservoir: (1) verification of inventory, (2) retention against migration, and (3) assurance of 
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deliverability. Verification of inventory simply means knowing the storage capacity of the reservoir 
as a function of pressure. This suggests that a p/z plot or some other measure of material balance be 
known for the reservoir of interest. Retention against migration refers to a monitoring system ca-
pable of ascertaining if the injected gas remains in the storage reservoir. Obviously, leaks in casing 
and so on would be detrimental to the storage process. The operator needs to be assured that the 
reservoir can be produced during peak demand times in order to provide the proper deliverability. 
A major concern with the deliverability is that water encroachment not interfere with the gas pro-
duction. With these design considerations in mind, it is apparent that a good candidate for a storage 
reservoir would be a depleted volumetric gas reservoir. With a depleted volumetric reservoir, the 
p/z versus Gp curve is usually known and water influx is not a problem.

Ikoku defines three types of gas involved in a gas storage reservoir.12 The first is the base gas, or 
cushion gas, that remains when the base pressure is reached. The base pressure is the pressure at which 
production is stopped and injection begins. The second type of gas is the working gas, or working 
storage, that is produced and injected during the cycle process. The third type is the unused gas that es-
sentially is the unused capacity of the reservoir. Figure 4.5 defines these three types of gas on a p/z plot.

The base pressure, and therefore the amount of base gas, is defined by deliverability 
needs. Sufficient pressure must be maintained in the reservoir for reservoir gas to be delivered 

Unused
gas

0

0

Working
gas

Base
gas

Gp

p/
z

Figure 4.5 p/z plot showing different types of gas in a gas storage reservoir.
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to transporting pipelines. Economics dictates the pressure at which injection of gas during 
the summer months ends. Compression costs must be balanced with the projected supply and 
demand of the winter months. In theory, for a volumetric reservoir, the cycles of injection and 
production simply run up and down the p/z versus Gp curve between the pressure limits just 
discussed.

In certain applications, the use of the delta pressure concept may be advantageous.11 The 
delta pressure is defined as the pressure at maximum storage minus the initial reservoir pressure. 
Under the right conditions, an amount of gas larger than the initial gas in place can be achieved. 
This again is dictated by the economics of the given situation.

Hollis presented an interesting case history of the considerations involved in changing the 
Rough Gas Field in the North Sea over to a storage reservoir.13 Considerations in the design of 
storage and deliverability rates included the probability of a severe winter occurring in the demand 
area. A severe winter was given a probability of 1 in 50. Hollis concluded that the differences be-
tween offshore and onshore storage facilities are due mainly to economic factors and the integrated 
planning that must take place in offshore development.

Storage is a useful application of gas reservoirs. We encourage the reader to pursue the refer-
ences for more detailed information, if it becomes necessary.

Gp

p/
z

Figure 4.6 p/z plot illustrating nonlinear behavior of abnormally pressured reservoir.
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4.6 Abnormally Pressured Gas Reservoirs
Normal pressure gradients observed in gas reservoirs are in the range of 0.4 to 0.5 psi per foot of 
depth. Reservoirs with abnormal pressures may have gradients as high as 0.7 to 1.0 psi per foot of 
depth.14,15,16,17 Bernard has reported that more than 300 gas reservoirs have been discovered in the 
offshore Gulf Coast alone, with initial gradients in excess of 0.65 psi per foot of depth in forma-
tions over 10,000 feet deep.17

When the water and formation compressibility term in the material balance equation can be 
ignored, the normal p/z behavior for a volumetric gas reservoir plots a straight line versus cumula-
tive gas produced (Fig. 4.2). This is not the case for an abnormally pressured gas reservoir, as can 
be seen in Fig. 4.6, which illustrates the p/z behavior for this type of reservoir.

For an abnormally pressured volumetric reservoir, the p/z plot is a straight line during the 
early life of production, but then it usually curves downward during the later stages of production. 
If the early data are used to extrapolate for G or for an abandonment Gp, the extrapolation can yield 
significant errors.

To explain the curvature in the p/z plot for abnormally pressured reservoirs, Harville and 
Hawkins postulated a “rock collapse” theory that used a high rock compressibility at abnormally 
high pressures and a reduced rock compressibility at normal reservoir pressures.14 However, 
working with rock samples taken from abnormally pressured reservoirs, Jogi, Gray, Ashman, and 
Thompson, and Sinha, Holland, Borshcel, and Schatz reported rock compressibilities measured 
at high pressures in the order of 2 to 5 (10)–6 psi–1.18,19 These values are representative of typical 
values at low pressures and suggest that rock compressibilities do not change with pressure. 
Ramagost and Farshad showed that in some cases the p/z data could be adjusted to yield straight-
line behavior by including the water and formation compressibility term.20 Bourgoyne, Hawkins, 
Lavaquial, and Wickenhauser suggested that the nonlinear behavior could be due to water influx 
from shales.21

Bernard has proposed a method of analyzing the p/z curve for abnormally pressured res-
ervoirs to determine initial gas in place and gas reserve as a function of abandonment p/z.17 The 
method uses two approaches. The first involves the early production life when the p/z plot exhibits 
linear behavior. Bernard developed a correlation for actual gas in place as a function of apparent 
gas in place, as shown in Fig. 4.7.

The apparent gas in place is obtained by extrapolating the early, linear p/z data. Then, by en-
tering Fig. 4.7 with the apparent value of the gas in place, the ratio of actual gas in place to apparent 
gas in place can be obtained. The correlation appears to be reasonably accurate for the reservoirs 
Bernard studied. For later production times, when the p/z data exhibit nonlinear behavior, Bernard 
defined a constant C′ according to Eq. (4.23),

 − ′Δ = −p
z

C p p
z

p
z G

G(1 ) i

i

i

i
p  (4.23)

where
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C′ = constant
Δp = total pressure drop in the reservoir, pi – p

In Eq. (4.23), the only unknowns are C′ and G. Bernard suggests they can be found by the follow-
ing procedure: First, calculate A′ and B′ from
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Figure 4.7 Correction for initial gas in place (after Bernard).17
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If there are n data points for p/z and Gp, then C′ and G can be calculated from the following 
equations:

 G B B n B
A B A B n

= ∑ ∑ − ∑
∑ − ∑ ∑

' '/ ( ' )

' ' ' '/

2
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4.7 Limitations of Equations and Errors
The precision of the reserve calculations by the volumetric method depends on the accuracy of the 
data that enter the computations. The precision of the initial gas in place depends on the probable 
errors in the averages of the porosity, connate water, pressure, and gas deviation factor and in the 
error in the determination of the bulk productive volume. With the best of core and log data in rath-
er uniform reservoirs, it is doubtful that the initial gas in place can be calculated more accurately 
than about 5%, and the figure will range upward to 100% or higher, depending on the uniformity 
of the reservoir and the quantity and quality of the data available.

The reserve is the product of the gas in place and the recovery factor. For volumetric reser-
voirs, the reserve of the reservoir as a whole, for any selected abandonment pressure, should be 
known to about the same precision as the initial gas in place. Water-drive reservoirs require, in ad-
dition, the estimate of the volume of the reservoir invaded at abandonment and the average residual 
gas saturation. When the reservoir exhibits permeability stratification, the difficulties are increased 
and the accuracy is therefore reduced. In general, reserve calculations are more accurate for vol-
umetric than for water-drive reservoirs. When the reserves are placed on a well or lease basis, the 
accuracy may be reduced further because of lease drainage, which occurs in both volumetric and 
water-drive reservoirs.

The use of the material balance equation to calculate gas in place involves the terms of the 
gas volume factor. The precision of the calculations is, of course, a function of the probable error 
in these terms. The error in gas production Gp arises from error in gas metering, in the estimate of 
lease use and leakage, and in the estimate of the low-pressure separator or stock-tank gases. Some-
times underground leakage occurs—from the failure in casing cementing, from casing corrosion, 
or, in the case of dual completions, from leakage between the two zones. When gas is commingled 
from two reservoirs at the surface prior to metering, the division of the total between the two res-
ervoirs depends on periodic well tests, which may introduce additional inaccuracies. Meters are 
usually calibrated to an accuracy of 1%, and, therefore, it is doubtful that the gas production under 
the best of circumstances is known closer than 2%. Average accuracies are in the range of a few to 
several percentage points.

Pressure errors are a result of gauge errors and the difficulties in averaging, particularly when 
there are large pressure differences throughout the reservoir. When reservoir pressures are estimated 
from measured wellhead pressures, the errors of this technique enter the calculations. When the field 
is not fully developed, the average pressure is, of course, taken from the developed portion, which is 
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lower than that of the reservoir as a whole. Water production with gas wells is frequently unreported 
when the amount is small; when it is appreciable, it is often estimated from periodic well tests.

Under the best of circumstances, the material balance estimates of the gas in place are seldom 
more accurate than 5% and may range much higher. The estimate of reserves is, of course, one step 
removed.

Problems
4.1 A volumetric gas field has an initial pressure of 4200 psia, a porosity of 17.2%, and connate 

water of 23%. The gas volume factor at 4200 psia is 0.003425 ft3/SCF and at 750 psia is 
0.01852 ft3/SCF.

(a) Calculate the initial in-place gas in standard cubic feet on a unit basis.
(b) Calculate the initial gas reserve in standard cubic feet on a unit basis, assuming an 

abandonment pressure of 750 psia.
(c) Explain why the calculated initial reserve depends on the abandonment pressure selected.
(d) Calculate the initial reserve of a 640-acre unit whose average net productive formation 

thickness is 34 ft, assuming an abandonment pressure of 750 psia.
(e) Calculate the recovery factor based on an abandonment pressure of 750 psia.

4.2 Discovery well 1 and wells 2 and 4 produce gas in the 7500-ft reservoir of the Echo Lake 
Field (Fig. 4.8). Wells 3 and 7 were dry in the 7500-ft reservoir; however, together with 
their electric logs and the one from well 1, the fault that seals the northeast side of the  
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Figure 4.8 Echo Lake Field, subsurface map, 7500-ft reservoir.



114	 Chapter	4	 •	 Single-Phase	Gas	Reservoirs

reservoir was established. The logs of wells 1, 2, 4, 5, and 6 were used to construct the map of  
Fig. 4.8, which was used to locate the gas-water contact and determine the average net sand 
thickness. The reservoir had been producing for 18 months when well 6 was drilled at the 
gas-water contact. The static wellhead pressures of the production wells showed virtually no 
decline during the 18-month period before drilling well 6 and averaged near 3400 psia. The 
following data were available from electric logs, core analysis, and the like:

 Average well depth = 7500 ft
 Average static wellhead pressure = 3400 psia
 Reservoir temperature = 175°F
 Gas specific gravity = 0.700
 Average porosity = 27%
 Average connate water = 22%
 Standard conditions = 14.7 psia and 60°F
 Bulk volume of productive reservoir rock at the time well 6 was drilled = 22,500 ac-ft

(a) Calculate the reservoir pressure.
(b) Estimate the gas deviation factor and the gas volume factor.
(c) Calculate the reserve at the time well 6 was drilled, assuming a residual gas saturation of 30%.
(d) Discuss the location of well 1 with regard to the overall gas recovery.
(e) Discuss the effect of sand uniformity on overall recovery—for example, a uniform 

permeable sand versus a sand in two beds of equal thickness, with respective permea-
bilities of 500 md and 100 md.

4.3 The M Sand is a small gas reservoir with an initial bottom-hole pressure of 3200 psia and 
bottom-hole temperature of 220°F. It is desired to inventory the gas in place at three produc-
tion intervals. The pressure-production history and gas volume factors are as follows:

Pressure (psia)
Cumulative gas production 

(MM SCF) Gas Volume Factor (ft3/SCF)
3200 0 0.0052622

2925 79 0.0057004

2525 221 0.0065311

2125 452 0.0077360

(a) Calculate the initial gas in place using production data at the end of each of the produc-
tion intervals, assuming volumetric behavior.

(b) Explain why the calculations of part (a) indicate a water drive.
(c) Show that a water drive exists by plotting the cumulative production versus p/z.
(d) Based on electric log and core data, volumetric calculations on the M Sand showed that 
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the initial volume of gas in place is 1018 MM SCF. If the sand is under a partial water 
drive, what is the volume of water encroached at the end of each of the periods? There 
was no appreciable water production.

4.4 When the Sabine Gas Field was brought in, it had a reservoir pressure of 1700 psia and a 
temperature of 160°F. After 5.00 MMM SCF was produced, the pressure fell to 1550 psia. 
If the reservoir is assumed to be under volumetric control, using the deviation factors of 
Problem 2.10, calculate the following:

(a) The hydrocarbon pore volume of the reservoir.
(b) The SCF produced when the pressure falls to 1550, 1400, 1100, 500, and 200 psia. Plot 

cumulative recovery in SCF versus p/z.
(c) The SCF of gas initially in place.
(d) From your graph, find how much gas can be obtained without the use of compressors 

for delivery into a pipeline operating at 750 psia.
(e) What is the approximate pressure drop per MMM SCF of production?
(f) Calculate the minimum value of the initial reserve if the produced gas measurement is 

accurate to ±5% and if the average pressures are accurate to ±12 psi when 5.00 MMM 
SCF have been produced and the reservoir pressure has dropped to 1550 psia.

4.5 If, however, during the production of 5.00 MMM SCF of gas in the preceding problem,  
4.00 MM bbl of water encroaches into the reservoir and still the pressure has dropped to 
1550 psia, calculate the initial in-place gas. How does this compare with Problem 4.4(c)?

4.6 (a)  The gas cap of the St. John Oil Field had a bulk volume of 17,000 ac-ft when the reservoir 
pressure had declined to 634 psig. Core analysis shows an average porosity of 18% and an 
average interstitial water of 24%. It is desired to increase the recovery of oil from the field 
by repressuring the gas cap to 1100 psig. Assuming that no additional gas dissolves in the 
oil during repressuring, calculate the SCF required. The deviation factors for both the res-
ervoir gas and the injected gas are 0.86 at 634 psig and 0.78 at 1100 psig, both at 130°F.

(b) If the injected gas has a deviation factor of 0.94 at 634 psig and 0.88 at 1100 psig and 
the reservoir gas deviation factors match those presented in (a), recalculate the injected 
gas required.

(c) Is the assumption that no additional solution gas will enter the reservoir oil a valid one?
(d) Considering the possibility of some additional solution gas and the production of oil 

during the time of injection, will the figure of part (a) be maximum or minimum? Explain.
(e) Explain why the gas deviation factors are higher (closer to unity) for the injected gas in 

part (b) than for the reservoir gas.

4.7 The following production data are available from a gas reservoir produced under volumetric 
control:
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Pressure (psia) Cumulative gas production (MMM SCF)
5000 200

4000 420

The initial reservoir temperature was 237°F, and the reservoir gas gravity is 0.7.

(a) What will be the cumulative gas production at 2500 psia?
(b) What fraction of the initial reservoir gas will be produced at 2500 psia?
(c) What was the initial reservoir pressure?

4.8 (a)  A well drilled into a gas cap for gas recycling purposes is found to be in an isolat-
ed fault block. After 50 MM SCF was injected, the pressure increased from 2500 to  
3500 psia. Deviation factors for the gas are 0.90 at 3500 and 0.80 at 2500 psia, and the 
bottom-hole temperature is 160°F. How many cubic feet of gas storage space are in the 
fault block?

(b) If the average porosity is 16%, average connate water is 24%, and average sand thick-
ness is 12 ft, what is the areal extent of the fault block?

4.9 The initial volume of gas in place in the P Sand reservoir of the Holden Field is calculated 
from electric log and core data to be 200 MMM SCF underlying 2250 productive acres, at 
an initial pressure of 3500 psia and 140°F. The pressure-production history is

Pressure (psia) Production (MMM SCF) Gas deviation factor at 140°F
3500 (initial) 0.0 0.85

2500 75.0 0.82

(a) What is the initial volume of gas in place as calculated from the pressure-production 
history, assuming no water influx?

(b) Assuming uniform sand thickness, porosity, and connate water, if the volume of gas 
in place from pressure-production data is believed to be correct, how many acres of 
extension to the present limits of the P Sand are predicted?

(c) If, on the other hand, the gas in place calculated from the log and core data is believed 
to be correct, how much water influx must have occurred during the 75 MMM SCF of 
production to make the two figures agree?

4.10 Explain why initial calculations of gas in place are likely to be in greater error during the early 
life of depletion reservoirs. Will these factors make the predictions high or low? Explain.

4.11 A gas reservoir under partial water drive produced 12.0 MMM SCF when the average reser-
voir pressure dropped from 3000 psia to 2200 psia. During the same interval, an estimated 
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5.20 MM bbl of water entered the reservoir based on the volume of the invaded area. If 
the gas deviation factor at 3000 psia and bottom-hole temperature of 170°F is 0.88 and at  
2200 psia is 0.78, what is the initial volume of gas in place measured at 14.7 psia and 60°F?

4.12 A gas-producing formation has uniform thickness of 32 ft, a porosity of 19%, and connate 
water saturation of 26%. The gas deviation factor is 0.83 at the initial reservoir pressure of 
4450 psia and reservoir temperature of 175°F.

(a) Calculate the initial in-place gas per acre-foot of bulk reservoir rock.
(b) How many years will it take a well to deplete by 50% a 640-acre unit at the rate of  

3 MM SCF/day?
(c) If the reservoir is under an active water drive so that the decline in reservoir pressure 

is negligible and, during the production of 50.4 MMM SCF of gas, water invades  
1280 acres, what is the percentage of recovery by water drive?

(d) What is the gas saturation as a percentage of total pore space in the portion of the  
reservoir invaded by water?

4.13 Fifty billion standard cubic feet of gas has been produced from a dry gas reservoir since 
its discovery. The reservoir pressure during this production has dropped to 3600 psia. Your 
company, which operates the field, has contracted to use the reservoir as a gas storage res-
ervoir. A gas with a gravity of 0.75 is to be injected until the average pressure reaches  
4800 psia. Assume that the reservoir behaves volumetrically, and determine the amount of 
SCF of gas that must be injected to raise the reservoir pressure from 3600 to 4800 psia. The 
initial pressure and temperature of the reservoir were 6200 psia and 280°F, respectively, and 
the specific gravity of the reservoir gas is 0.75.

4.14 The production data for a gas field are given in the following table. Assume volumetric be-
havior and calculate the following:

(a) Determine the initial gas in place.
(b) What percentage of the initial gas in place will be recovered at p/z of 1000?
(c) The field is to be used as a gas storage reservoir into which gas is injected during 

summer months and produced during the peak demand months of the winter. What is 
the minimum p/z value that the reservoir needs to be brought back up to if a supply of  
50 MMM SCF of gas is required and the abandonment p/z is 1000?

p /z (psia) Gp (MMM SCF)

6553 0.393

6468 1.642

6393 3.226

(continued)
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p /z (psia) Gp (MMM SCF)

6329 4.260

6246 5.504

6136 7.538

6080 8.749

4.15 Calculate the daily gas production, including the condensate and water gas equivalents, for 
a reservoir with the following daily production:

 Separator gas production = 6 MM SCF
 Condensate production = 100 STB
 Stock-tank gas production = 21 M SCF
 Freshwater production = 10 surface bbl
 Initial reservoir pressure = 6000 psia
 Current reservoir pressure = 2000 psia
 Reservoir temperature = 225°F
 Water vapor content of 6000 psia and 225°F = 0.86 bbl/MM SCF
 Condensate gravity = 50 °API
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Gas-Condensate Reservoirs

5.1 Introduction
Gas-condensate production may be thought of as intermediate between oil and gas. Oil reservoirs 
have a dissolved gas content in the range of zero (dead oil) to a few thousand cubic feet per barrel, 
whereas in gas reservoirs, 1 bbl of liquid (condensate) is vaporized in 100,000 SCF of gas or more, 
from which a small or negligible amount of hydrocarbon liquid is obtained in surface separators. 
Gas-condensate production is predominantly gas from which more or less liquid is condensed in 
the surface separators—hence the name gas condensate. The liquid is sometimes called by an old-
er name, distillate, and also sometimes simply oil because it is an oil. Gas-condensate reservoirs 
may be approximately defined as those that produce light-colored or colorless stock-tank liquids 
with gravities above 45 °API at gas-oil ratios in the range of 5000 to 100,000 SCF/STB. Allen has 
pointed out the inadequacy of classifying wells and the reservoirs from which they produce entirely 
on the basis of surface gas-oil ratios—for the classification of reservoirs, as discussed in Chapter 1, 
properly depends on (1) the composition of the hydrocarbon accumulation and (2) the temperature 
and pressure of the accumulation in the Earth.1

As the search for new fields led to deeper drilling, new discoveries consisted predominately 
of gas and gas-condensate reservoirs. Figure 5.1, based on well test data reported in Ira Rine-
hart’s Yearbooks, shows the discovery trend for 17 parishes in southwest Louisiana for 1952–56, 
inclusive.2 The reservoirs were separated into oil and gas or gas-condensate types on the basis of 
well test gas-oil ratios and the API gravity of the produced liquid. Oil discoveries predominated 
at depths less than 8000 ft, but gas and gas-condensate discoveries predominated below 10,000 ft. 
The decline in discoveries below 12,000 ft was due to the fewer number of wells drilled below that 
depth rather than to a drop in the occurrence of hydrocarbons. Figure 5.2 shows the same data for 
the year 1955 with the gas-oil ratio plotted versus depth. The dashed line marked “oil” indicates the 
general trend to increased solution gas in oil with increasing pressure (depth), and the envelop to 
the lower right encloses those discoveries that were of the gas or gas-condensate types.

Muskat, Standing, Thornton, and Eilerts have discussed the properties and behavior of 
gas-condensate reservoirs.3–6 Table 5.1, taken from Eilerts, shows the distribution of the gas-oil 

C h a p t e r  5
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Figure 5.1  Discovery frequency of oil and gas or gas-condensate reservoirs versus depth for 17 par-
ishes in southwest Louisiana, 1952–56, inclusive (data from Ira Rinehart’s Yearbooks).2

ratio and the API gravity among 172 gas and gas-condensate fields in Texas, Louisiana, and Mis-
sissippi.6 These authors found no correlation between the gas-oil ratio and the API gravity of the 
tank liquid for these fields.

In a gas-condensate reservoir, the initial phase is gas, but typically the fluid of commer-
cial interest is the gas condensate. The strategies for maximizing recovery of the condensate 
distinguish gas-condensate reservoirs from single-phase gas reservoirs. For example, in a sin-
gle-phase gas reservoir, reducing the reservoir pressure increases the recovery factor, and a 
water drive is likely to reduce the recovery factor. In a gas-condensate reservoir, reducing the 
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reservoir pressure below the dew-point pressure reduces condensate recovery, and therefore a 
water drive that maintains the reservoir pressure above the dew-point pressure will likely in-
crease condensate recovery. Similarly, strategies for increasing condensate recovery differ from 
those used for oil recovery. In particular, injecting water maintains pressure and displaces oil 
toward producing wells, but for condensate, it is better to use gas as a pressure maintenance 
and displacement fluid. This chapter will aid the engineer in designing a recovery plan for a 
gas-condensate reservoir that will attempt to maximize the production of the more valuable 
components of the reservoir fluid.

Gas-oil ratio, SCF/STB
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Figure 5.2  Plot showing trend of increase of gas-oil ratio versus depth for 17 parishes in  
southwest Louisiana during 1955 (data from Ira Rinehart’s Yearbooks).2
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5.2 Calculating Initial Gas and Oil
The initial gas and oil (condensate) for gas-condensate reservoirs, both retrograde and nonretro-
grade, may be calculated from generally available field data by recombining the produced gas and 
oil in the correct ratio to find the average specific gravity (air = 1.00) of the total well fluid, which is 
presumably being produced initially from a one-phase reservoir. Consider the two-stage separation 
system shown in Fig. 1.3. The average specific gravity of the total well fluid is given by Eq. (5.1):
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where

R
1
, R

3
 = producing gas-oil ratios from the separator (1) and stock tank (3)

γ
1
, γ

3
 = specific gravities of separator and stock-tank gases

γ
o
 = specific gravity of the stock-tank oil (water = 1.00), given by

Table 5.1  Range of Gas- Oil Ratios and Tank Oil Gravities for 172 Gas and Gas- Condensate 
Fields in Texas, Louisiana, and Mississippi

Range of 
liquid- gas 
ratio (GPM)a

Range of 
gas- oil ratio 
(M SCF/STB)

Number	of	fields Total Percent of 
totalTexas Louisiana Mississippi

<0.4 >105 38 12 7 57 33.1

0.4 to 0.8 52.5 to 105 33 18 4 55 32.0

0.8 to 1.2 35.0 to 52.5 12 15 5 32 18.6

1.2 to 1.6 26.2 to 35.0 1 8 1 10 5.8

1.6 to 2.0 21.0 to 26.2 1 3 1 5 2.9

>2.0 <21.0 2 5 6 13 7.6

Total 87 61 24 172 100

Range of stock- tank gravity (°API)
<40 2 1 0 3 1.8

40– 45 4 2 0 6 3.6

45– 50 12 12 0 24 14.6

50– 55 23 17 7 47 28.5

55– 60 24 13 12 49 29.7

60– 65 19 8 3 30 18.2

>65 3 1 2 6 3.6

87 54 24 165 100
a Gallons per 1000 SCF
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Mwo = molecular weight of the stock-tank oil that is given by Eq. (4.20):
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Example 5.1 shows the use of Eq. (5.1) to calculate the initial gas and oil in place per acre-foot 
of a gas-condensate reservoir from the usual production data. The three example problems in this 
chapter represent the type of calculations that an engineer would perform on data generated from 
laboratory tests on reservoir fluid samples from gas-condensate systems. Sample reports containing 
additional example calculations may be obtained from commercial laboratories that conduct PVT 
studies. The engineer dealing with gas-condensate reservoirs should obtain these sample reports 
to supplement the material in this chapter. The gas deviation factor at initial reservoir temperature 
and pressure is estimated from the gas gravity of the recombined oil and gas, as shown in Chapter 
2. From the estimated gas deviation factor and the reservoir temperature, pressure, porosity, and 
connate water, the moles of hydrocarbons per acre-foot can be calculated, and from this, the initial 
gas and oil in place.

Example 5.1 Calculating the Initial Oil and Gas in Place per Acre-Foot for a Gas-Conden-
sate Reservoir

Given
Initial pressure = 2740 psia
Reservoir temperature = 215°F
Average porosity = 25%
Average connate water = 30%
Daily tank oil = 242 STB
Oil gravity, 60°F = 48.0 °API
Daily separator gas = 3100 MCF
Separator gas specific gravity = 0.650
Daily tank gas = 120 MCF
Tank gas specific gravity = 1.20

Solution

 γ o =
+

=141 5

48 0 131 5
0 788

.

. .
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 Mwo
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=
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=5954

8 811
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48 0 8 811
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which, using Fig. 2.2, the gas deviation factor is 0.815 at the initial conditions. Thus the total 
initial gas in place per acre-foot of bulk reservoir is
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 Initial gas in place = 0.951(1342) = 1276 MCF/ac-ft
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Because the gas production is 95.1% of the total moles produced, the total daily gas-condensate 
production in MCF is
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The total daily reservoir voidage by the gas law is
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Figure 5.3  Correlation charts for estimation of the pseudocritical temperature and pressure of 
heptanes plus fractions from molecular weight and specific gravity (after Mathews, 
Roland, and Katz, proc. NGAA). 7
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The gas deviation factor of the total well fluid at reservoir temperature and pressure can also be 
calculated from its composition. The composition of the total well fluid is calculated from the analyses 
of the produced gas(es) and liquid by recombining them in the ratio in which they are produced. When 
the composition of the stock-tank liquid is known, a unit of this liquid must be combined with the proper 
amounts of gas(es) from the separator(s) and the stock tank, each of which has its own composition. 
When the compositions of the gas and liquid in the first or high-pressure separator are known, the 
shrinkage the separator liquid undergoes in passing to the stock tank must be measured or calculated 
in order to know the proper proportions in which the separator gas and liquid must be combined. For 
example, if the volume factor of the separator liquid is 1.20 separator bbl per stock-tank barrel and the 
measured gas-oil ratio is 20,000 SCF of high-pressure gas per bbl of stock-tank liquid, then the separator 
gas and liquid samples should be recombined in the proportions of 20,000 SCF of gas to 1.20 bbl of 
separator liquid, since 1.20 bbl of separator liquid shrinks to 1.00 bbl in the stock tank.

Example 5.2 shows the calculation of initial gas and oil in place for a gas-condensate reser-
voir from the analyses of the high-pressure gas and liquid, assuming the well fluid to be the same 
as the reservoir fluid. The calculation is the same as that shown in Example 5.1, except that the gas 
deviation factor of the reservoir fluid is found from the pseudoreduced temperature and pressure, 
which are determined from the composition of the total well fluid rather than from its specific 

Table 5.2 Calculations for Example 5.2 on Gas- Condensate Fluid
(1) (2) (3) (4) (5) (6) (7) (8)

Mole composition 
of	separator	fluids

(3) × (4) 
lb/mol

Liquid 
bbl/mol 
for each 
compo-

nent

(3) × (6) 
bbl of each  

compo-
nent per 
mole of 

separator 
liquid

Moles of each 
component in 
59.11 moles of 
gas (2) × 59.11

Gas Liquid Molecular 
weight

CO
2

0.012 0 0.7093

C
1

0.9404 0.2024 16.04 3.2465 0.1317 0.0267 55.587

C
2

0.0305 0.0484 30.07 1.4554 0.1771 0.0086 1.8029

C
3

0.0095 0.0312 44.09 1.3756 0.248 0.0077 0.5615

iC
4

0.0024 0.0113 58.12 0.6568 0.2948 0.0033 0.1419

nC
4

0.0023 0.0196 58.12 1.1392 0.284 0.0056 0.136

iC
5

0.0006 0.0159 72.15 1.1472 0.3298 0.0052 0.0355

nC
5

0.0003 0.017 72.15 1.2266 0.3264 0.0055 0.0177

C
6

0.0013 0.0384 86.17 3.3089 0.3706 0.0142 0.0768

C
7
+ 0.0007 0.6158 185 113.923 0.6336a 0.3902 0.0414

Total 1.0000 1.0000  127.4791  0.4671 59.1100
a 185 lb/mol ÷ (0.8343 × 350 lb/bbl) = 0.6336 bbl/mol
b From Fig. 5.3, after Mathews, Roland, and Katz, for molecular weight C

7
+ = 185 and specific gravity = 0.83427
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gravity. Figure 5.3 presents charts for estimating the pseudocritical temperature and pressure of the 
heptanes-plus fraction from its molecular weight and specific gravity.

Example 5.2   Calculating the Initial Gas and Oil in Place from the Compositions of the 
Gas and Liquid from the High-Pressure Separator

Given
Reservoir pressure = 4350 psia
Reservoir temperature = 217°F
Hydrocarbon porosity = 17.4%
Standard conditions = 15.025 psia, 60°F
Separator gas = 842,600 SCF/day
Stock-tank oil = 31.1 STB/day
Molecular weight C

7
+ in separator liquid = 185.0

Specific gravity C
7
+ in separator liquid = 0.8343

Specific gravity separator liquid at 880 psig and 60°F = 0.7675
Separator liquid volume factor = 1.235 bbl/STB at 880 psia, both at 60°F

(9) (10) (11) (12) (13) (14) (15)
Moles of 

each com-
ponent 
in 2.107 
mols of 
liquid  

(3) × 2.107

Moles 
of each 

component 
in 61.217 

mols of gas 
and liquid 

(8) + (9)

Mole  
composi-

tion of total 
well	fluid	 

(10) ÷ 61.217

Critical 
pressure, 

psia

Partial criti-
cal pres-
sure, psia 
(11) × (12)

Critical 
temp., °R

Partial 
critical 

tempera-
ture, °R 

(11) × (14)

0.0000 0.7093 0.0116 1070 12.3981 548 6.3497

0.4265 56.0135 0.9150 673 615.7944 343 313.8447

0.1020 1.9050 0.0311 708 22.0321 550 17.1153

0.0657 0.6277 0.0103 617 6.3265 666 6.8290

0.0238 0.1658 0.0027 529 1.4327 735 1.9907

0.0413 0.1773 0.0029 550 1.5929 766 2.2185

0.0335 0.0685 0.0011 484 0.5416 830 0.9287

0.0358 0.0538 0.0009 490 0.4306 846 0.7435

0.0809 0.1579 0.0026 440 1.1349 914 2.3575

1.2975 1.3385 0.0219 300b 6.5595 1227b 26.8282

2.1070 61.2170 1.0000 668.2434 379.2058
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Compositions of high-pressure gas and liquid = Table 5.2, columns 2 and 3
Molar volume at 15.025 psia and 60°F = 371.2 ft3/mol

Solution
Note that column numbers refer to Table 5.2:

1. Columns 1, 2, and 3 are given. This information typically comes from a lab test per-
formed on a sample taken from the separator. Column 4 is additional information that 
can also be found in Table 2.1. Using this information, calculate the mole proportions 
in which to recombine the separator gas and liquid. Multiply the mole fraction of each 
component in the liquid (column 3) by its molecular weight (column 4) and enter the 
products in column 5. The sum of column 5 is the molecular weight of the separator liq-
uid, 127.48. Next, the ratio of liquid barrel per mole is needed for each component. This 
information is also found in Table 2.1. The last column of Table 2.1 is the estimated  
gal/lb-mol—these data will need to be converted to bbl/mol. The next several steps are 
used to match the quantity of produced liquid to produced gas and determine the com-
position of the entire well fluid rather than just the liquid or gas. Because the specific 
gravity of the separator liquid is 0.7675 at 880 psig and 60°F, the moles per barrel is

 
0 7675 350

127 48
2 107

.

.
.

× = lb/bbl

 lb/mole
 moles/bbl  for the separator liquid

The separator liquid rate is 31.1 STB/day × 1.235 sep. bbl/STB so that the separator gas-
oil ratio is

 
842 600

31 1 1 235
21 940

,

. .
,

×
=  SCF sep. gas/bbl sep. lliquid

Because the 21,940 SCF is 21,940/371.2, or 59.11 mols, the separator gas and 
liquid must be recombined in the ratio of 59.11 mols of gas to 2.107 mols of liquid.

If the specific gravity of the separator liquid is not available, the mole per barrel 
figure may be calculated as follows. Multiply the mole fraction of each component in the 
liquid, column 3, by its barrel per mole figure, column 6, obtained from data in  
Table 2.1, and enter the product in column 7. The sum of column 7, 0.46706, is the num-
ber of barrels of separator liquid per mole of separator liquid, and the reciprocal is 2.141 
mols/bbl (versus 2.107 measured).

2. Now that the ratio of the gas to liquid produced is known, recombine 59.11 mols of gas 
and 2.107 mols of liquid. Multiply the mole fraction of each component in the gas, col-
umn 2, by 59.11 mols, and enter in column 8. Multiply the mole fraction of each compo-
nent in the liquid, column 3, by 2.107 mols, and enter the solution in column 9. Enter the 
sum of the moles of each component in the gas and liquid, column 8, plus column 9, in 
column 10. Divide each figure in column 10 by the sum of column 10, 61.217, and enter 
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the quotients in column 11, which is the mole composition of the total well fluid. Column 
12 is the critical pressure for each component; it is also found in Table 2.1. With that 
information, the partial critical pressure (column 13) can be found. The same will be done 
for columns 14 and 15 for temperature. Calculate the pseudocritical temperature 379.23°R 
and pressure 668.23 psia from the composition by summing the partial temperature and 
partial pressure values for each component. From the pseudocriticals, find the pseu-
doreduced criticals and then the deviation factor at 4350 psia and 217°F, which is 0.963.

3. Find the gas and oil (condensate) in place per acre-foot of net reservoir rock. From the 
gas law, the initial moles per acre-foot at 17.4% hydrocarbon porosity is

 
pV

zRT
= × ×

× ×
=4350 43 560 0 174

0 963 10 73 677
4713

( , . )

. .
 mools/ac-ft

 Gas mole fraction =
+

=59 11

59 11 2 107
0 966

.

. .
.

 
Initial gas in place  = × × =0 966 4713 371 2

1000
1690

. .
MMCF/ac-ft

 Initial oil in place = − ×
×

=( . )

. .

1 0 966 4713

2 107 1 235
661 6.  STB/ac-ft

Because the high-pressure gas is 96.6% of the total mole production, the daily gas- 
condensate production expressed in standard cubic feet is

 ΔGp = =Daily separator gas

Gas mole fraction

842 60, 00

0 966
872 200

.
,=  SCF/day

The daily reservoir voidage at 4350 psia is

 
ΔV = × × × =872 200

677

520

15 025

4350
0 963 3777 3,

.
.  ft /day

5.3 The Performance of Volumetric Reservoirs
The behavior of single-phase gas reservoirs is treated in Chapter 4. Since no liquid phase devel-
ops within the reservoir, where the temperature is above the cricondentherm, the calculations are 
simplified. When the reservoir temperature is below the cricondentherm, however, a liquid phase 
develops within the reservoir when pressure declines below the dew point, owing to retrograde 
condensation, and the treatment is considerably more complex, even for volumetric reservoirs.

One solution is to closely duplicate the reservoir depletion by laboratory studies on a repre-
sentative sample of the initial, single-phase reservoir fluid. The sample is placed in a high-pressure 
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cell at reservoir temperature and initial reservoir pressure. During the depletion, the volume of the 
cell is held constant to duplicate a volumetric reservoir, and care is taken to remove only gas-phase 
hydrocarbons from the cell because, for most reservoirs, the retrograde condensate liquid that 
forms is trapped as an immobile liquid phase within the pore spaces of the reservoir.

Laboratory experiments have shown that, with most rocks, the oil phase is essentially immo-
bile until it builds up to a saturation in the range of 10% to 20% of the pore space, depending on the 
nature of the rock pore spaces and the connate water. Because the liquid saturations for most ret-
rograde fluids seldom exceed 10%, this is a reasonable assumption for most retrograde condensate 
reservoirs. In this same connection, it should be pointed out that, in the vicinity of the wellbore, 
retrograde liquid saturations often build up to higher values so that there is two-phase flow, both gas 
and retrograde liquid. This buildup of liquid occurs as the one-phase gas suffers a pressure drop as 
it approaches the wellbore. Continued flow increases the retrograde liquid saturation until there is 
liquid flow. Although this phenomenon does not affect the overall performance seriously or enter 
into the present performance predictions, it can (1) reduce, sometimes seriously, the flow rate of 
gas-condensate wells and (2) affect the accuracy of well samples taken, assuming one-phase flow 
into the wellbore.

The continuous depletion of the gas phase (only) of the cell at constant volume can be closely 
duplicated by the following more convenient technique. The content of the cell is expanded from 
the initial volume to a larger volume at a pressure a few hundred psi below the initial pressure by 
withdrawing mercury from the bottom of the cell or otherwise increasing the volume. Time is al-
lowed for equilibrium to be established between the gas phase and the retrograde liquid phase that 
has formed and for the liquid to drain to the bottom of the cell so that only gas-phase hydrocarbons 
are produced from the top of the cell. Mercury is injected into the bottom of the cell and gas is 
removed at the top at such a rate as to maintain constant pressure in the cell. Thus the volume of 
gas removed, measured at this lower pressure and cell (reservoir) temperature, equals the volume 
of mercury injected when the hydrocarbon volume, now two phase, is returned to the initial cell 
volume. The volume of retrograde liquid is measured, and the cycle—expansion to a next lower 
pressure followed by the removal of a second increment of gas—is repeated down to any selected 
abandonment pressure. Each increment of gas removed is analyzed to find its composition, and the 
volume of each increment of produced gas is measured at subatmospheric pressure to determine 
the standard volume, using the ideal gas law. From this, the gas deviation factor at cell pressure and 
temperature may be calculated using the real gas law. Alternatively, the gas deviation factor at cell 
pressure and temperature may be calculated from the composition of the increment.

Figure 5.4 and Table 5.3 give the composition of a retrograde gas-condensate reservoir flu-
id at initial pressure and the composition of the gas removed from a pressure-volume-temperature 
(PVT) cell in each of five increments, as previously described. Table 5.3 also gives the volume of 
retrograde liquid in the cell at each pressure and the gas deviation factor and volume of the produced 
gas increments at cell pressure and temperature. As shown in Fig. 5.4, the produced gas composition 
changes as the pressure of the cell decreases. For example, 2500 psia shows a substantial decrease in 
the mole fraction of the heptanes-plus, a smaller decrease for the hexanes, even smaller for pentanes, 
and so on, compared to the 3000 psia composition. The lighter hydrocarbons have a corresponding 
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increase in their mole fraction of the composition over that same interval. The trend is for the heavier 
hydrocarbons to selectively condense in the cell, and, therefore, they are not produced. As the cell 
continues to be depleted, the pressure reaches the point, as shown by point B

2
 in Fig. 1.4, when the 

heavier components begin to revaporize. For this reason, as shown in Fig. 5.4 and Table 5.3, the trend 
from the 1000 psia to the 500 psia increments shows an increase of the mole fraction of the heavier 
hydrocarbons and a decrease in the mole fraction of the lighter hydrocarbons.

The liquid recovery from the gas increments produced from the cell may be measured by pass-
ing the gas through small-scale separators, or it may be calculated from the composition for usual 
field separation methods or for gasoline plant methods.8,9,10 Liquid recovery of the pentanes-plus is 
somewhat greater in gasoline plants than in field separation and much greater for the propanes and 
butanes, commonly called liquefied petroleum gas (LPG). For simplicity, the liquid recovery from the 
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Figure 5.4  Variations in the composition of the produced gas phase material of a retrograde 
gas-condensate fluid with pressure decline (data from Table 5.3).
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gas increments of Table 5.3 is calculated in Example 5.3, assuming 25% of the butanes, 50% of the 
pentanes, 75% of the hexanes, and 100% of the heptanes-plus are recovered as liquid.

Example 5.3  Calculating the Volumetric Depletion Performance of a Retrograde Gas- 
Condensate Reservoir Based on the Laboratory Tests Given in Table 5.3

Given
Initial pressure (dew point) = 2960 psia
Abandonment pressure = 500 psia
Reservoir temperature = 195°F
Connate water = 30%
Porosity = 25%
Standard conditions = 14.7 psia and 60°F
Initial cell volume = 947.5 cm3

Molecular weight of C
7

+ in initial fluid = 114 lb/lb-mol
Specific gravity of C

7
+ in initial fluid = 0.755 at 60°F

Compositions, volumes, and deviation factors given in Table 5.3

Assume the same molecular weight and specific gravity for the C
7
+ content for all produced gas. 

Also assume liquid recovery from the gas is 25% of the butanes, 50% of the pentanes, 75% of the 
hexanes, and 100% of the heptanes and heavier gases.

Solution
Note that column numbers refer to Table 5.4.

1. Calculate the increments of gross production in M SCF per ac-ft of net, bulk reservoir rock. 
First, calculate VHC, the hydrocarbon volume per acre-ft of reservoir. Enter the following in 
column 2:

 VHC = 43,560 × 0.25 × (1 – 0.30) = 7623 ft3/ac-ft

For the increment produced from 2960 to 2500 psia, for example, the hydrocarbon 
volume will be multiplied by the ratio of the produced gas (from Table 5.3) to the cell 
volume given. That volume is then converted to standard units as shown.

 ΔV = × =7623
175 3

947 5
1410

.

.

 cu cm

 cu cm
 ft /ac-ft a3 tt 2500 psia and 195°F

 

G pV
zRTp = = × ×

× ×
379 4

1000

379 4 2500 1410

1000 0 794 10

. .

. .773 655
239 7

×
= .  MSCF/ac-ft

Find the cumulative gross gas production, Gp = ΣΔGp, and enter in column 3.
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Table 5.3 Volume, Composition, and Gas Deviation Factors for a Retrograde Condensate Fluid
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)

Pressure 
(psia)

Composition of produced gas increments (mole fraction) Produced 
gas (cm3 
at 195 °F 
and cell 

pressure)

Retrograde liq-
uid volume (cm3 

cell volume, 
947.5 cm3)

Retro-
grade 

volume 
(percent 
of hydro-
carbon 
volume)

Gas devia-
tion factor 
(at 195°F 
and cell 

pressure)

C1 C2 C3 C4 C5 C6 C7
+

2960 0.752 0.077 0.044 0.031 0.022 0.022 0.052 0.0 0.0 0.0 0.771

2500 0.783 0.077 0.043 0.028 0.019 0.016 0.034 175.3 62.5 6.6 0.794

2000 0.795 0.078 0.042 0.027 0.017 0.014 0.027 227.0 77.7 8.2 0.805

1500 0.798 0.079 0.042 0.027 0.016 0.013 0.025 340.4 75.0 7.9 0.835

1000 0.793 0.080 0.043 0.028 0.017 0.013 0.026 544.7 67.2 7.1 0.875

500 0.768 0.082 0.048 0.033 0.021 0.015 0.033 1080.7 56.9 6.0 0.945
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Table 5.4 Gas and Liquid Recoveries in Percentage and per Acre- Foot for Example 5.3
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)

Pres-
sure 
(psia)

Increments 
of gross 
gas pro-

duction (M 
SCF)

Cumulative 
gross gas 
production 

(M SCF), 
Σ(2)

Residue 
gas in each 
increment 
(M SCF)

Cumulative 
residue gas 
production 

(M SCF), 
Σ(4)

Liquid in 
each incre-
ment (bbl)

Cumula-
tive liquid 
production 
(bbl), Σ(6)

Average 
gas- oil ra-
tio of each 
increment 
(SCF res-
idue gas 
per bbl), 
(4) ÷ (6)

Cumu-
lative 

gross gas 
recovery 
(percent-
age), (3) × 
100/1580

Cumula-
tive res-
idue gas 
recovery 
(percent-
age), (5) × 
100/1441

Cumu-
lative 
liquid 

recovery 
(percent-
age), (7) 

× 100/ 
143.2

2960 0 0 0 0 0 0 0 0 0

2500 239.7201 239.7201 224.7376 224.7376 15.3182 15.3182 14,671 15.1722 15.5959 10.6971

2000 248.3352 488.0553 235.2356 459.9731 13.2680 28.5863 17,729 30.8896 31.9204 19.9625

1500 279.2951 767.3504 265.4700 725.4431 13.9622 42.5485 19,013 48.5665 50.3430 29.7127

1000 297.9476 1065.2980 282.6778 1008.1209 15.4188 57.9673 18,333 67.4239 69.9598 40.4800

500 295.5682 1360.8662 276.9474 1285.0683 18.8721 76.8394 14,675 86.1308 89.1789 53.6588



5.3 The Performance of Volumetric Reservoirs  137

2. Calculate the M SCF of residue gas and the barrels of liquid obtained from each 
increment of gross gas production. Enter in columns 4 and 6. Assume that 25% of C

4
, 

50% of C
5
, 75% of C

6
, and all C

7
+ are recovered as stock-tank liquid. For example, in 

the 239.7 M SCF produced from 2960 to 2500 psia, the mole fraction recovered as 
liquid is

 ΔnL = 0.25 × 0.028 + 0.50 × 0.019 + 0.75 × 0.016 + 0.034

 = 0.0070 + 0.0095 + 0.0120 + 0.034 = 0.0625 mole fraction

As the mole fraction also equals the volume fraction in gas, the M SCF recovered 
as liquid from 239.7 M SCF is

 ΔGL = 0.0070 × 239.7 + 0.0095 × 239.7 + 0.0120 × 239.7 + 0.034 × 239.7

 = 1.681 + 2.281 + 2.881 + 8.163 = 14.981M SCF

The gas volume can be converted to gallons of liquid using the gal/M SCF figures 
of Table 2.1 for C

4
, C

5
, and C

6
. The average of the iso- and normal compounds is used for 

C
4
 and C

5
.

For C
7
+,

 
114

0 379 8 337

 lb/lb-mol

 M SCF/lb-mol  lb/gal 0.. .× × 7755
 gal/M SCF= 47 71.

0.3794 is the molar volume at standard conditions of 14.7 psia and 60°F. Then the total 
liquid recovered from 239.7M SCF is 1.681 × 32.04 + 2.281 × 36.32 + 2.881 × 41.03 + 
8.163 × 47.71 = 53.9 + 82.8 + 118.2 + 389.5 = 644.4 gal = 15.3 STB. The residue gas 
recovered from the 239.7 M SCF is 239.7 × (1 – 0.0625) = 224.7 M SCF. Calculate the 
cumulative residue gas and stock-tank liquid recoveries from columns 4 and 6 and enter 
in columns 5 and 7, respectively.

3. Calculate the gas-oil ratio for each increment of gross production in units of residue gas 
per barrel of liquid. Enter in column 8. For example, the gas-oil ratio of the increment 
produced from 2960 to 2500 psia is

 224 7 1000

15 3
14 686

.

.
,

× =  SCF/STB

4. Calculate the cumulative recovery percentages of gross gas, residue gas, and liquid. Enter 
in columns 9, 10, and 11. The initial gross gas in place is
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 379 4

1000

379 4 2960 7623

1000 0 771 10 73

. .

. .

pV
zRT

= × ×
× × × 6655

1580=  M SCF/ac-ft

Of this, the liquid mole fraction is 0.088 and the total liquid recovery is 3.808 
gal/M SCF of gross gas, which are calculated from the initial composition in the same 
manner shown in part 2. Then

 G = (1 – 0.088) × 1580 = 1441 M SCF residue gas/ac-ft

 N = × =3 808 1580

42
143 2

.
.  STB/ac-ft

At 2500 psia, then

 Gross gas recovery percent = 
10 23 7

158
1 2

× =.
. %

 
Residue gas recovery percent = 

10 22 7

144
1 6

× =.
. %

 
Liquid recovery percent = 

100 15 3

143 2
10 7

× =.

.
. %

The results of the laboratory tests and calculations of Example 5.3 are plotted versus pressure 
in Fig. 5.5. The gas-oil ratio rises sharply from 10,060 SCF/bbl to about 19,000 SCF/bbl near 1600 
psia. Maximum retrograde liquid and maximum gas-oil ratios do not occur at the same pressure 
because, as pointed out previously, the retrograde liquid volume is much larger than its equivalent 
obtainable stock-tank volume, and there is more stock-tank liquid in 6.0% retrograde liquid volume 
at 500 psia than in 7.9% at 1500 psia. Revaporization below 1600 psia helps reduce the gas-oil 
ratio. However, there is some doubt that revaporization equilibrium is reached in the reservoir; the 
field gas-oil ratios generally remain higher than that predicted. Part of this is probably a result of 
the lower separator efficiency of liquid recovery at the lower pressure and higher separator tem-
peratures. Lower separator temperatures occur at higher wellhead pressures, owing to the greater 
cooling of the gas by free expansion in flowing through the choke. Although the overall recovery 
at 500-psia abandonment pressure is 86.1%, the liquid recovery is only 53.7%, owing to retrograde 
condensation. The cumulative production plots are slightly curved because of the variation in the 
gas deviation factor with pressure and with the composition of the reservoir fluid.

The volumetric depletion performance of a retrograde condensate fluid, such as given in 
Example 5.3, may also be calculated from the initial composition of the single-phase reservoir 
fluid, using equilibrium ratios. An equilibrium ratio (K) is the ratio of the mole fraction (y) of any 
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component in the vapor phase to the mole fraction (x) of the same component in the liquid phase, 
or K = y/x. These ratios depend on the temperature and pressure and, unfortunately, on the compo-
sition of the system. If a set of equilibrium ratios can be found that are applicable to a given con-
densate system, then it is possible to calculate the mole distribution between the liquid and vapor 
phases at any pressure and reservoir temperature and also the composition of the separate vapor 
and liquid phases, as shown in Fig. 5.4. From the composition and total moles in each phase, it is 
also possible to calculate with reasonable accuracy the liquid and vapor volumes at any pressure.

The prediction of retrograde condensate performance using equilibrium ratios is a specialized 
technique. Standing and Rodgers, Harrison, and Regier gave methods for adjusting published equi-
librium ratio data for condensate systems to apply to systems of different compositions.4,8,11,12,13,14 
They also gave step-by-step calculation methods for volumetric performance, starting with a unit 
volume of the initial reservoir vapor of known composition. An increment of vapor phase material 
is assumed to be removed from the initial volume at constant pressure, and the remaining fluid is 
expanded to the initial volume. The final pressure, the division in volume between the vapor and 
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Figure 5.5  Gas-oil ratios, retrograde liquid volumes, and recoveries for the depletion performance 
of a retrograde gas-condensate reservoir (data from Tables 5.3 and 5.4).
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retrograde liquid phases, and the individual compositions of the vapor and liquid phases are then 
calculated using the adjusted equilibrium ratios. A second increment of vapor is removed at the 
lower pressure, and the pressure, volumes, and compositions are calculated as before. An account is 
kept of the produced moles of each component so that the total moles of any component remaining 
at any pressure are known by subtraction from the initial amount. This calculation may be contin-
ued down to any abandonment pressure, just as in the laboratory technique.

Standing points out that the prediction of condensate reservoir performance from equilibrium 
ratios alone is likely to be in considerable error and that some laboratory data should be available to 
check the accuracy of the adjusted equilibrium ratios.4 Actually, the equilibrium ratios are changing 
because the composition of the system remaining in the reservoir or cell changes. The changes in 
the composition of the heptanes-plus particularly affect the calculations. Rodgers, Harrison, and 
Regier point out the need for improved procedures for developing the equilibrium ratios for the 
heavier hydrocarbons to improve the overall accuracy of the calculation.8

Jacoby, Koeller, and Berry studied the phase behavior of eight mixtures of separator oil 
and gas from a lean gas-condensate reservoir at recombined ratios in the range of 2000 to 25,000 
SCF/STB and at several temperatures in the range of 100°F to 250°F.15 The results are useful in 
predicting the depletion performance of gas-condensate reservoirs for which laboratory studies 
are not available. They show that there is a gradual change in the surface production performance 
from the volatile oil to the rich gas-condensate type of reservoir and that a laboratory examination 
is necessary to distinguish between the dew-point and bubble-point reservoirs in the range of 2000 
to 6000 SCF/STB gas-oil ratios.

5.4 Use of Material Balance
The laboratory test on the retrograde condensate fluid in Example 5.3 is itself a material balance 
study of the volumetric performance of the reservoir from which the sample was taken. The ap-
plication of the basic data and the calculated data of Example 5.3 to a volumetric reservoir is 
straightforward. For example, suppose the reservoir had produced 12.05 MMM SCF of gross well 
fluid when the average reservoir pressure declined from 2960 psia initial to 2500 psia. According 
to Table 5.4, the recovery at 2500 psia under volumetric depletion is 15.2% of the initial gross gas 
in place, and therefore the initial gross gas in place is

 G = × =12 05 10

0 152
79 28

9.

.
.  MMM SCF

Because Table 5.4 shows a recovery of 80.4% down to an abandonment pressure of 500 psia, the 
initial recoverable gross gas or the initial reserve is

 Initial reserve = 79.28 × 109 × 0.804 = 63.74 MMM SCF

Since 12.05MMM SCF has already been recovered, the reserve at 2500 psia is
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 Reserve at 2500 psia = 63.74 – 12.05 = 51.69 MMM SCF

The accuracy of these calculations depends, among other things, on the sampling accuracy and 
the degree of which the laboratory test represents the volumetric performance. Generally there are 
pressure gradients throughout a reservoir to indicate that the various portions of the reservoir are 
in varying stages of depletion. This is due to greater withdrawals in some portions and/or to lower 
reserves in some portions because of lower porosities and/or lower net productive thicknesses. As a 
consequence, the gas-oil ratios of the wells differ, and the average composition of the total reservoir 
production at any prevailing average reservoir pressure does not exactly equal the composition of 
the total cell production at the same pressure.

Although the gross gas production history of a volumetric reservoir follows the laboratory 
tests more or less closely, the division of the production into residue gas and liquid follows with 
less accuracy. This is due to the differences in the stage of depletion of various portions of the res-
ervoir, as explained in the preceding paragraph, and also to the differences between the calculated 
liquid recoveries in the laboratory tests and the actual efficiency of separators in recovering liquid 
from the fluid in the field.

The previous remarks apply only to volumetric single-phase gas-condensate reservoirs. Un-
fortunately, most retrograde gas-condensate reservoirs that have been discovered are initially at 
their dew-point pressures rather than above them. This indicates the presence of an oil zone in 
contact with the gas-condensate cap. The oil zone may be negligibly small or commensurate with 
the size of the cap, or it may be much larger. The presence of a small oil zone affects the accuracy 
of the calculations based on the single-phase study and is more serious for a larger oil zone. When 
the oil zone is of a size at all commensurate with the gas cap, the two must be treated together as a 
two-phase reservoir, as explained in Chapter 7.

Many gas-condensate reservoirs are produced under a partial or total water drive. When the 
reservoir pressure stabilizes or stops declining, as occurs in many reservoirs, recovery depends on the 
value of the pressure at stabilization and the efficiency with which the invading water displaces the gas 
phase from the rock. The liquid recovery is lower for the greater retrograde condensation because the 
retrograde liquid is generally immobile and is trapped together with some gas behind the invading wa-
terfront. This situation is aggravated by permeability variations because the wells become “drowned” 
and are forced off production before the less permeable strata are depleted. In many cases, the recovery 
by water drive is less than by volumetric performance, as explained in Chapter 4, section 3.4.

When an oil zone is absent or negligible, the material balance Eq. (4.13) may be applied 
to retrograde reservoirs under both volumetric and water-drive performance, just as for the sin-
gle-phase (nonretrograde) gas reservoirs for which it was developed:

 G(Bg – Bgi) + We = GpBg + BwWp (4.13)

This equation may be used to find either the water influx, We, or the initial gas in place, G. The 
equation contains the gas deviation factor z at the lower pressure. It is included in the gas volume 
factor Bg in Eq. (4.13). Because this deviation factor applies to the gas-condensate fluid remaining 
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in the reservoir, when the pressure is below the dew-point pressure in retrograde reservoirs, it is 
a two-phase gas deviation factor. The actual volume in Eq. (2.7) includes the volume of both the 
gas and liquid phases, and the ideal volume is calculated from the total moles of gas and liquid, 
assuming ideal gas behavior. For volumetric performance, this two-phase deviation factor may 
be obtained from such laboratory data as obtained in Example 5.3. For example, from the data of 
Table 5.5, the cumulative gross gas production down to 2000 psia is 485.3M SCF/ac-ft out of an 
initial content of 1580 M SCF/ac-ft. Since the initial hydrocarbon pore volume is 7623 ft3/ac-ft 
(Example 5.3), the two-phase volume factor for the fluid remaining in the reservoir at 2000 psia 
and 195°F as calculated using the gas law is

 z pV
G G R Tp

= ×
−

= × ×
−

379 4 379 4 2000 7623

1580 485 3

.

( ) '

.

( . )110 10 73 655
0 7523 × ×

=
.

.

Table 5.5 gives the two-phase gas deviation factors for the fluid remaining in the reservoir at pres-
sures down to 500 psia, calculated as before for the gas-condensate fluid of Example 5.3. These 
data are not strictly applicable when there is some water influx because they are based on cell per-
formance in which vapor equilibrium is maintained between all the gas and liquid remaining in the 
cell, whereas in the reservoir, some of the gas and retrograde liquids are enveloped by the invading 
water and are prevented from entering into equilibrium with the hydrocarbons in the rest of the 
reservoir. The deviation factors in Table 5.5, column 4, may be used with volumetric reservoirs and, 
with some reduction in accuracy, with water-drive reservoirs.

When laboratory data such as those given in Example 5.3 have not been obtained, the gas 
deviation factors of the initial reservoir gas may be used to approximate those of the remaining 

Table 5.5  Two- Phase and Single- Phase Gas Deviation Factors for the Retrograde Gas- 
Condensate Fluid of Example 5.3

(1) (2) (3) (4) (5) (6)
Gas deviation factors

Pressure 
(psia)

Gp
a (M 

SCF/ac- ft)
(G–  Gp)a (M 
SCF/ac- ft) Two-	phaseb Initial gasc Produced gasa

2960 0.0 1580.0 0.771 0.780 0.771

2500 240.1 1339.9 0.768 0.755 0.794

2000 485.3 1094.7 0.752 0.755 0.805

1500 751.3 828.7 0.745 0.790 0.835

1000 1022.1 557.9 0.738 0.845 0.875

500 1270.8 309.2 0.666 0.920 0.945
a Data from Table 5.4 and Example 5.3.
b Calculated from the data of Table 5.4 and Example 5.3.
c Calculated from initial gas composition using correlation charts.
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reservoir fluid. These are best measured in the laboratory but may be estimated from the initial gas 
gravity or well-stream composition using the pseudoreduced correlations. Although the measured 
deviation factors for the initial gas of Example 5.3 are not available, it is believed that they are 
closer to the two-phase factors in column 4 than those given in column 5 of Table 5.5, which are 
calculated using the pseudoreduced correlations, since the latter method presumes single-phase 
gases. The deviation factors of the produced gas phase are given in column 6 for comparison.

5.5	 	Comparison	between	the	Predicted	and	Actual	Production	
Histories of Volumetric Reservoirs

Allen and Roe have reported the performance of a retrograde condensate reservoir that produces from 
the Bacon Lime Zone of a field located in East Texas.13 The production history of this reservoir is 
shown in Figs. 5.6 and 5.7. The reservoir occurs in the lower Glen Rose Formation of Cretaceous age 
at a depth of 7600 ft (7200 ft subsea) and comprises some 3100 acres. It is composed of approximately 
50 ft of dense, crystalline, fossiliferous dolomite, with an average permeability of 30 to 40 millidarcys 
in the more permeable stringers and an estimated average porosity of about 10%. Interstitial water 
is approximately 30%. The reservoir temperature is 220°F, and the initial pressure was 3691 psia at  
7200 ft subsea. Because the reservoir was very heterogeneous regarding porosity and permeability, 
and because very poor communication between wells was observed, cycling (section 5.6) was not 
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Figure 5.6  Production history of the Bacon Lime Zone of an eastern Texas gas-condensate reser-
voir (after Allen and Roe, trans. AlME).13
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Cumulative wet gas recovery, million standard MCF
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Figure 5.7  Calculated and measured pressure and p/z values versus cumulative gross gas  
recovery from the Bacon Lime Zone of an eastern Texas gas-condensate reservoir 
(after Allen and Roe, trans. AlME).13

considered feasible. The reservoir was therefore produced by pressure depletion, using three-stage 
separation to recover the condensate. The recovery at 600 psia was 20,500 MM SCF and 830,000 bbl 
of condensate, or a cumulative (average) gas-oil ratio of 24,700 SCF/bbl, or 1.70 GPM (gallons per 
MCF). Since the initial gas-oil ratios were about 12,000 SCF/bbl (3.50 GPM), the condensate recovery 
of 600 psia was 100 × 1.7/3.5, or 48.6% of the liquid originally contained in the produced gas. Theo-
retical calculations based on equilibrium ratios predicted a recovery of only 1.54 GPM (27,300 gas-oil 
ratio), or 44% recovery, which is about 10% lower.

The difference between the actual and predicted recoveries may have been due to sampling 
errors. The initial well samples may have been deficient in the heavier hydrocarbons, owing to ret-
rograde condensation of liquid from the flowing fluid as it approached the wellbore (section 5.3). 
Another possibility suggested by Allen and Roe is the omission of nitrogen as a constituent of the 
gas from the calculations. A small amount of nitrogen, always below 1 mol %, was found in several 
of the samples during the life of the reservoir. Finally, they suggested the possibility of retrograde 
liquid flow in the reservoir to account for a liquid recovery higher than that predicted by their theo-
retical calculations, which presume the immobility of the retrograde liquid phase. Considering the 
many variables that influence both the calculated recovery using equilibrium ratios and the field 
performance, the agreement between the two appears good.

Figure 5.8 shows good general agreement between the butanes-plus content calculated from 
the composition of the production from two wells and the content calculated from the study based on 
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equilibrium ratios. The liquid content expressed in butanes-plus is higher than the stock-tank GPM 
(Fig. 5.7) because not all the butanes—or, for that matter, all the pentanes-plus—are recovered in the 
field separators. The higher actual butanes-plus content down to 1600 psia is undoubtedly a result 
of the same causes given in the preceding paragraph to explain why the actual overall recovery of 
stock-tank liquid exceeded the recovery based on equilibrium ratios. The stock-tank GPM in Fig. 5.7 
shows no revaporization; however, the well-stream compositions below 1600 psia in Fig. 5.8 clearly 
show revaporization of the butanes-plus, and therefore certainly of the pentanes-plus, which make up 
the majority of the separator liquid. The revaporization of the retrograde liquid in the reservoir below 
1600 psia is evidently just about offset by the decrease in separator efficiency at lower pressures.

Figure 5.8 also shows a comparison between the calculated reservoir behavior based on 
the differential process and the flash process. In the differential process, only the gas is produced 
and is therefore removed from contact with the liquid phase in the reservoir. In the flash process, 
all the gas remains in contact with the retrograde liquid, and for this, the volume of the system 
must increase as the pressure declines. Thus the differential process is one of constant volume and 
changing composition, and the flash process is one of constant composition and changing volume. 
Laboratory work and calculations based on equilibrium ratios are simpler with the flash process, 
where the overall composition of the system remains constant; however, the reservoir mechanism 
for the volumetric depletion of retrograde condensate reservoirs is essentially a differential process. 
The laboratory work and the use of equilibrium ratios discussed in section 5.3 and demonstrated 
in Example 5.3 approaches the differential process by a series of step-by-step flash processes. 
Figure 5.8 shows the close agreement between the flash and differential calculations down to 1600 
psia. Below 1600 psia, the well performance is closer to the differential calculations because the 
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reservoir mechanism largely follows the differential process, provided that only gas phase materi-
als are produced from the reservoir (i.e., the retrograde liquid is immobile).

Figure 5.9 shows the good agreement between the reservoir field data and the laboratory data 
for a small (one well), noncommercial, gas-condensate accumulation in the Paradox limestone for-
mation at a depth of 5775 ft in San Juan County, Utah. This afforded Rodgers, Harrison, and Regier 
a unique opportunity to compare laboratory PVT studies and studies based on equilibrium ratios with 
actual field depletion under closely controlled and observed conditions.8 In the laboratory, a 4000 cm3 
cell was charged with representative well samples at reservoir temperature and initial reservoir pres-
sure. The cell was pressure depleted so that only the gas phase was removed, and the produced gas 
was passed through miniature three-stage separators, which were operated at optimum field pressures 
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and temperatures. The calculated performance was also obtained, as explained previously, from equa-
tions involving equilibrium ratios, assuming the differential process. Rodgers et al. concluded that the 
model laboratory study could adequately reproduce and predict the behavior of condensate reservoirs. 
Also, they found that the performance could be calculated from the composition of the initial reser-
voir fluid, provided representative equilibrium ratios are available.

Table 5.6 shows a comparison between the initial compositions of the Bacon Lime and Para-
dox limestone formation fluids. The lower gas-oil ratios for the Bacon Lime are consistent with the 
Bacon Lime fluid’s much larger concentration of the pentanes and heavier gases.

5.6 Lean Gas Cycling and Water Drive
Because the liquid content of many condensate reservoirs is a valuable and important part of the 
accumulation and because through retrograde condensation a large fraction of this liquid may be 
left in the reservoir at abandonment, the practice of lean gas cycling has been adopted in many con-
densate reservoirs. In gas cycling, the condensate liquid is removed from the produced (wet) gas, 
usually in a gasoline plant, and the residue, or dry gas, is returned to the reservoir through injection 
wells. The injected gas maintains reservoir pressure and retards retrograde condensation. At the 
same time, it drives the wet gas toward the producing wells. Because the removed liquids represent 
part of the wet gas volume, unless additional dry (makeup) gas is injected, reservoir pressure will 
decline slowly. At the conclusion of cycling (i.e., when the producing wells have been invaded by 
the dry gas), the reservoir is then pressure depleted (blown down) to recover the gas plus some of 
the remaining liquids from the portions not swept.

Although lean gas cycling appears to be an ideal solution to the retrograde condensate prob-
lem, a number of practical considerations make it less attractive. First, there is the deferred income 
from the sale of the gas, which may not be produced for 10 to 20 years. Second, cycling requires 
additional expenditures, usually some more wells, a gas compression and distribution system to 
the injection wells, and a liquid recovery plant. Third, it must be realized that even when reservoir 
pressure is maintained above the dew point, the liquid recovery by cycling may be considerably 
less than 100%.

Cycling recoveries can be broken down into three separate recovery factors, or efficiencies. 
When dry gas displaces wet gas within the pores of the reservoir rock, the microscopic displacement 
efficiency is in the range of 70% to 90%. Then, owing to the location and flow rates of the produc-
tion and injection wells, there are areas of the reservoir that are not swept by dry gas at the time the 
producing wells have been invaded by dry gas, resulting in sweep efficiencies in the range of 50% to 
90% (i.e., 50% to 90% of the initial pore volume is invaded by dry gas). Finally, many reservoirs are 
stratified in such a way that some stringers are much more permeable than others, so that the dry gas 
sweeps through them quite rapidly. Although considerable wet gas remains in the lower permeability 
(tighter) stringers, dry gas will have entered the producing wells in the more permeable stringers, 
eventually reducing the liquid content of the gas to the plant to an unprofitable level.

Now suppose a particular gas-condensate reservoir has a displacement efficiency of 80%, 
a sweep efficiency of 80%, and a permeability stratification factor of 80%. The product of these 
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separate factors is given an overall condensate recovery by cycling of 51.2%. Under these condi-
tions, cycling may not be particularly attractive because retrograde condensate losses by depletion 
performance seldom exceed 50%. However, during pressure depletion (blowdown) of the reservoir 
following cycling, some additional liquid may be recovered from both the swept and unswept 
portions of the reservoir. Also, liquid recoveries of propane and butane in gasoline plants are much 
higher than those from stage separation of low-temperature separation, which would be used if 
cycling was not adopted. From what has been said, it is evident that the question of whether to 
cycle involves many factors that must be carefully studied before a proper decision can be reached.

Cycling is also adopted in nonretrograde gas caps overlying oil zones, particularly when the 
oil is itself underlain by an active body of water. If the gas cap is produced concurrently with the 
oil, as the water drives the oil zone into the shrinking gas cap zone, unrecoverable oil remains not 
only in the original oil zone but also in that portion of the gas cap invaded by the oil. On the other 
hand, if the gas cap is cycled at essentially initial pressure, the active water drive displaces the oil 
into the producing oil wells with maximum recovery. In the meantime, some of the valuable liquids 
from the gas cap may be recovered by cycling. Additional benefits will accrue, of course, if the gas 
cap is retrograde. Even when water drive is absent, the concurrent depletion of the gas cap and the 
oil zone results in lowered oil recoveries, and increased oil recovery is produced by depleting the 
oil zone first and allowing the gas cap to expand and sweep through the oil zone.

When gas-condensate reservoirs are produced under an active water drive such that reser-
voir pressure declines very little below the initial pressure, there is little or no retrograde conden-
sation, and the gas-oil ratio of the production remains substantially constant. The recovery is the 
same as in nonretrograde gas reservoirs under the same conditions and depends on (1) the initial 

Table 5.6  Comparison of the Compositions of the Initial Fluids in the Bacon Lime and Paradox 
Formations

Bacon Lime Paradox formation
Nitrogen ? 0.0099

Carbon dioxide 0.0135 0.0000

Methane 0.7690 0.7741

Ethane 0.0770 0.1148

Propane 0.0335 0.0531

Butane 0.0350 0.0230

Pentane 0.0210 0.0097

Hexane 0.0150 0.0054

Heptanes- plus 0.0360 0.0100

Total 1.0000 1.0000

Molecular weight C
7
+ 130 116.4

Specific gravity C
7
+ 

(60°F)
0.7615 0.7443
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connate water, Swi; (2) the residual gas saturation, Sgr, in the portion of the reservoir invaded by 
water; and (3) the fraction, F, of the initial reservoir volume invaded by water. The gas volume 
factor Bgi in ft3/SCF remains substantially constant because reservoir pressure does not decline, 
so the fractional recovery is

 Recovery =
− −

−
=
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where Vi is the initial gross reservoir volume, Sgr is the residual gas saturation in the flooded 
area, Swi is the initial connate water saturation, and F is the fraction of the total volume invaded.  
Table 4.3 shows that residual gas saturations lie in range of 20% to 50% following water displace-
ment. The fraction of the total volume invaded at any time or at abandonment depends primarily on 
well location and the effect of permeability stratification in edgewater drives and well spacing and 
the degree of water coning in bottomwater drives.

Table 5.7 shows the recovery factors calculated from Eq. (5.4), assuming a reasonable range 
of values for the connate water, residual gas saturation, and the fractional invasion by water at aban-
donment. The recovery factors apply equally to gas and gas-condensate reservoirs because, under 
active water drive, there is no retrograde loss.

Table 5.7 Recovery Factors for Complete Water- Drive Reservoirs Based on Eq. (5.4)
Sgr Sw F = 40 F = 60 F = 80 F = 90 F = 100

20 10 31.1 46.7 62.2 70.0 77.8

20 30.0 45.0 60.0 67.5 75.0

30 28.6 42.8 57.1 64.3 71.4

40 26.7 40.0 53.4 60.0 66.7

30 10 26.7 40.0 53.4 60.0 66.7

20 25.0 37.5 50.0 56.3 62.5

30 22.8 34.3 45.7 51.4 57.1

40 20.0 30.0 40.0 45.0 50.0

40 10 22.2 33.3 44.4 50.0 55.6

20 20.0 30.0 40.0 45.0 50.0

30 17.1 25.7 34.2 38.5 42.8

40 13.3 20.0 26.6 30.0 33.3

50 10 17.7 26.6 35.5 40.0 44.4

20 15.0 22.5 30.0 33.8 37.5

30 11.4 17.1 22.8 25.7 28.5

40 6.7 10.0 13.6 15.0 16.7
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Table 5.8 shows a comparison of gas-condensate recovery for the reservoir of Example 5.3 
by (1) volumetric depletion, (2) water drive at initial pressure of 2960 psia, and (3) partial water 
drive where the pressure stabilizes at 2000 psia. The initial gross fluid, gas, and condensate, and the 
recoveries by depletion performance at an assumed abandonment pressure of 500 psia, are obtained 
from Example 5.3 and Tables 5.3 and 5.4. Under complete water drive, the recovery is 57.1% for a 
residual gas saturation of 20%, a connate water of 30%, and a fractional invasion of 80% at aban-
donment, as may be found by Eq. (5.4) or Table 5.7. Because there is no retrograde loss, this figure 
applies equally to the gross gas, gas, and condensate recovery.

When a partial water drive exists and the reservoir pressure stabilizes at some pressure, 
here 2000 psia, the recovery is approximately the sum of the recovery by pressure depletion 
down to the stabilization pressure, plus the recovery of the remaining fluid by complete water 
drive at the stabilization pressure. Because the retrograde liquid at the stabilization pressure is 
immobile, it is enveloped by the invading water, and the residual hydrocarbon saturation (gas 
plus retrograde liquid) is about the same as for gas alone, or 20% for this example. The recovery 
figures of Table 5.8 by depletion down to 2000 psia are obtained from Table 5.4. The additional 
recovery by water drive at 2000 psia may be explained using the figures of Table 5.9. At 2000 
psia, the retrograde condensate volume is 625 ft3/ac-ft, or 8.2% of the initial hydrocarbon pore 
volume of 7623 ft3/ac-ft, 8.2% being found from the PVT data given in Table 5.3. If the residual 
hydrocarbon (both gas and condensate) saturation after water invasion is assumed to be 20%, as 
previously assumed for the residual gas saturation by complete water drive, the water volume af-
ter water drive is 80% of 10,890, or 8712 ft3/ac-ft. The remaining 20% (2178 ft3/ac-ft), assuming 

Table 5.8  Comparison of Gas- Condensate Recovery by Volumetric Performance, Complete  
Water Drive, and Partial Water Drive (Based on the Data of Tables 5.3 and 5.4 and  
Example 5.3. Sw = 30%; Sgr = Sor + Sgr = 20%; F = 80%)

Gas recovery Gross recovery
Recovery 
mechanism

Conden-
sate bbl/

ac- ft

Recovery 
percentage

MCF/ac- ft Percentage MCF/ac- ft Percentage

Initial in place 143.2 100.0 1441 100.0 1580 100.0

Depletion to 
500 psia

71.6 50.0 1200 83.3 1271 80.4

Water drive at 
2960 psia

81.8 57.1 823 57.1 902 57.1

(a) Depletion to 
2000 psia

28.4 19.8 457 31.7 485 30.7

(b) Water drive 
at 2000 psia

31.2 21.8 553 38.4 584 37.0

Total by partial 
water drive,  
(a) + (b)

59.6 41.6 1010 70.1 1069 67.7
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pressure stabilizes at 2000 psia, will consist of 625 ft3/ac-ft of condensate liquid and 1553 ft3/
ac-ft of free gas. The reservoir vapor at 2000 psia prior to water drive is

 2000 6998 379 4

1000 0 805 10 73 655
938 5

× ×
× × ×

=.

. .
.  M SCF//ac-ft

The fractional recovery of this vapor phase by complete water drive at 2000 psia is

 6998 1553

6998
0 778

− = .  or 77.8%

If F = 0.80—or only 80% of each acre-foot, on the average, is invaded by water at abandonment—
the overall recovery reduces to 0.80 × 0.778, or 62.2% of the vapor content at 2000 psia, or 584 M 
SCF/ac-ft. Table 5.4 indicates that, at 2000 psia, the ratio of gross gas to residue gas after separation 
is 245.2 to 232.3 and that the gas-oil ratio on a residue gas basis is 17,730 SCF/bbl. Thus 584 M 
SCF of gross gas contains residue gas in the amount of

 584
232 3

245 2
553× =.

.
 M SCF/ac-ft

and tank or surface condensate liquid in the amount of

 553 1000

17 730
31 2

× =
,

.  bbl/ac-ft

Table 5.8 indicates that for the gas-condensate reservoir of Example 5.3, using the assumed 
values for F and Sgr, best overall recovery is obtained by straight depletion performance. Best conden-
sate recovery is by active water drive because no retrograde liquid forms. The value of the products 
obtained depends, of course, on the relative unit prices at which the gas and condensate are sold.

Table 5.9  Volumes of Water, Gas, and Condensate in 1 Acre- Foot of Bulk Rock for the Reservoir 
in Example 5.3

Initial reservoir 
volumes (ft3/ac- ft)

Volumes after depletion 
to 2000 psia (ft3/ac- ft)

Volumes	after	water	drive	
at 2000 psia (ft3/ac- ft)

Water 3267 3267 8712

Gas 7623 6998 1553

Condensate . . . 625 625

Total 10,890 10,890 10,890
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5.7 Use of Nitrogen for Pressure Maintenance
One of the major disadvantages associated with the use of lean gas in gas-cycling applications is 
that the income that would be derived from the sale of the lean gas is deferred for several years. For 
this reason, the use of nitrogen has been suggested as a replacement for the lean gas.16 However, 
one might expect the phase behavior of nitrogen and a wet gas to exhibit different characteristics 
from that of lean gas and the same wet gas. Researchers have found that mixing nitrogen and a 
typical wet gas causes the dew point of the resulting mixture to be higher than the dew point of the 
original wet gas.17,18 This is also true for lean gas, but the dew point is raised higher with nitrogen.17 
If, in a reservoir situation, the reservoir pressure is not maintained higher than this new dew point, 
then retrograde condensation will occur. This condensation may be as much or more than what 
would occur if the reservoir was not cycled with gas. Studies have shown, however, that very little 
mixing occurs between an injected gas and the reservoir gas in the reservoir.17,18 Mixing occurs as 
a result of molecular diffusion and dispersion forces, and the resulting mixing zone width is usu-
ally only a few feet.19,20 The dew point may be raised in this local area of mixing, but this will be 
a very small volume and, as a result, only a small amount of condensate may drop out. Vogel and 
Yarborough have also shown that, under certain conditions, nitrogen revaporizes the condensate.18 
The conclusion from these studies indicates that nitrogen can be used as a replacement for lean gas 
in cycling operations with the potential for some condensate formation that should be minimal in 
most applications.

Kleinsteiber, Wendschlag, and Calvin conducted a study to determine the optimum plan of 
depletion for the Anschutz Ranch East Unit, which is located in Summit County, Utah, and Uinta 
County, Wyoming.21 The Anschutz Ranch East Field, discovered in 1979, is one of the largest 
hydrocarbon accumulations found in the Western Overthrust Belt. Tests have indicated that the 
original in-place hydrocarbon content was over 800 million bbl of oil equivalent. Laboratory ex-
periments conducted on several surface-recombined samples indicated that the reservoir fluid was 
a rich gas condensate. The fluid had a dew point only 150 to 300 psia below the original reservoir 
pressure of 5310 psia. The dew-point pressure was a function of the structural position in the reser-
voir, with fluid near the water-oil contact having a dew point about 300 psia lower than the original 
pressure and field near the crest having a dew point only about 150 psia lower. The liquid satura-
tion, observed in constant composition expansion tests, accumulated very rapidly below the dew 
point, suggesting that depletion of the reservoir and the subsequent drop in reservoir pressure could 
cause the loss of significant amounts of condensate. Because of this potential loss of valuable hy-
drocarbons, a project was undertaken to determine the optimum method of production.21

To begin the study, a modified Redlich-Kwong equation of state was calibrated with the 
laboratory phase behavior data that had been obtained.17,22 The equation of state was then used in a 
compositional reservoir simulator. Several depletion schemes were considered, including primary 
depletion and partial or full pressure maintenance. Wet hydrocarbon gas, dry hydrocarbon gas, 
carbon dioxide, combustion flue gas, and nitrogen were all considered as potential gases to inject. 
Carbon dioxide and flue gas were eliminated due to lack of availability and high cost. The results 
of the study led to the conclusion that full pressure maintenance should be used. Liquid recoveries 
were found to be better with dry hydrocarbon gas than with nitrogen. However, when nitrogen 
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injection was preceded by a 10% to 20% buffer of dry hydrocarbon gas, the liquid recoveries were 
nearly the same. When an economic analysis was coupled with the simulation study, the decision 
was to conduct a full-pressure maintenance program with nitrogen as the injected gas. A 10% pore 
volume buffer, consisting of 35% nitrogen and 65% wet hydrocarbon gas, was to be injected before 
the nitrogen to improve the recovery of liquid condensate.

The approach taken in the study by Kleinsteiber, Wendschlag, and Calvin would be appro-
priate for the evaluation of any gas-condensate reservoir. The conclusions regarding which injected 
material is best or whether a buffer would be necessary may be different for a reservoir gas of 
different composition.

Problems
5.1 A gas-condensate reservoir initially contains 1300M SCF of residue (dry or sales gas) per acre-

foot and 115 STB of condensate. Gas recovery is calculated to be 85% and condensate recovery 
58% by depletion performance. Calculate the value of the initial gas and condensate reserves per 
acre-foot if the condensate sells for $95.00/bbl and the gas sells for $6.00 per 1000 std ft3.

5.2 A well produces 45.3 STB of condensate and 742 M SCF of sales gas daily. The condensate 
has a molecular weight of 121.2 and a gravity of 52.0 °API at 60°F.

(a) What is the gas-oil ratio on a dry gas basis?
(b) What is the liquid content expressed in barrels per million standard cubic feet on a dry 

gas basis?
(c) What is the liquid content expressed in GPM on a dry gas basis?
(d) Repeat parts (a), (b), and (c), expressing the figures on a wet, or gross, gas basis.

5.3 The initial daily production from a gas-condensate reservoir is 186 STB of condensate, 3750 
M SCF of high-pressure gas, and 95 M SCF of stock-tank gas. The tank oil has a gravity of 
51.2 °API at 60°F. The specific gravity of the separator gas is 0.712, and the specific gravity 
of the stock-tank gas is 1.30. The initial reservoir pressure is 3480 psia, and reservoir tem-
perature is 220°F. Average hydrocarbon porosity is 17.2%. Assume standard conditions of 
14.7 psia and 60°F.

(a) What is the average gravity of the produced gases?
(b) What is the initial gas-oil ratio?
(c) Estimate the molecular weight of the condensate.
(d) Calculate the specific gravity (air = 1.00) of the total well production.
(e) Calculate the gas deviation factor of the initial reservoir fluid (vapor) at initial reservoir 

pressure.
(f) Calculate the initial moles in place per acre-foot.
(g) Calculate the mole fraction that is gas in the initial reservoir fluid.
(h) Calculate the initial (sales) gas and condensate in place per acre-foot.
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5.4 (a)  Calculate the gas deviation factor for the gas-condensate fluid, the composition of 
which is given in Table 1.3 at 5820 psia and 265°F. Use the critical values of C

8
 for the 

C
7+

 fraction.
(b) If half the butanes and all the pentanes and heavier gases are recovered as liquids, calcu-

late the gas-oil ratio of the initial production. Compare with the measured gas-oil ratio.

5.5 Calculate the composition of the reservoir retrograde liquid at 2500 psia for the data of 
Tables 5.3 and 5.4 and Example 5.3. Assume the molecular weight of the heptanes-plus 
fraction to be the same as for the initial reservoir fluid.

5.6 Estimate the gas and condensate recovery for the reservoir of Example 5.3 under partial 
water drive if reservoir pressure stabilizes at 2500 psia. Assume a residual hydrocarbon 
saturation of 20% and F = 52.5%.

5.7 Calculate the recovery factor by cycling in a condensate reservoir if the displacement effi-
ciency is 85%, the sweep efficiency is 65%, and the permeability stratification factor is 60%.

5.8 The following data are taken from a study on a recombined sample of separator gas and 
separator condensate in a PVT cell with an initial hydrocarbon volume of 3958.14 cm3. The 
wet gas gal/MSCF (GPM) and the residue gas-oil ratios were calculated using equilibrium 
ratios for production through a separator operating at 300 psia and 70°F. The initial reser-
voir pressure was 4000 psia, which was also close to the dew-point pressure, and reservoir 
temperature was 186°F.

(a) On the basis of an initial reservoir content of 1.00 MM SCF of wet gas, calculate the 
wet gas, residue gas, and condensate recovery by pressure depletion for each pressure 
interval.

(b) Calculate the dry gas and condensate initially in place in 1.00 MM SCF of wet gas.
(c) Calculate the cumulative recovery and the percentage of recovery of wet gas, residue 

gas, and condensate by depletion performance at each pressure.
(d) Calculate the recoveries at an abandonment pressure of 605 psia on an acre-foot basis 

for a porosity of 10% and a connate water of 20%.

Composition in mole percentages
Pressure 

(psia)
4000 3500 2900 2100 1300 605

CO
2

0.18 0.18 0.18 0.18 0.19 0.21

N
2

0.13 0.13 0.14 0.15 0.15 0.14

C
1

67.72 63.10 65.21 69.79 70.77 66.59

C
2

14.10 14.27 14.10 14.12 14.63 16.06
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Composition in mole percentages
Pressure 

(psia)
4000 3500 2900 2100 1300 605

C
3

8.37 8.25 8.10 7.57 7.73 9.11

iC
4

0.98 0.91 0.95 0.81 0.79 1.01

nC
4

3.45 3.40 3.16 2.71 2.59 3.31

iC
5

0.91 0.86 0.84 0.67 0.55 0.68

nC
5

1.52 1.40 1.39 0.97 0.81 1.02

C
6

1.79 1.60 1.52 1.03 0.73 0.80

C
7 +

6.85 5.90 4.41 2.00 1.06 1.07

Molecular 
weight C

7+

143 138 128 116 111 110

Gas 
deviation 
factor for 
wet gas at 

186°F

0.867 0.799 0.748 0.762 0.819 0.902

Wet gas 
production 

(cm3) at 
cell P and T

0 224.0 474.0 1303 2600 5198

Wet gas 
GPM 

(calculated)

5.254 4.578 3.347 1.553 0.835 0.895

Residue 
gas- oil ratio

7127 8283 11,621 26,051 49,312 45,872

Retrograde 
liquid, 

percentage 
of cell 
volume

0 3.32 19.36 23.91 22.46 18.07

5.9 If the retrograde liquid for the reservoir of Problem 5.8 becomes mobile at 15% retrograde 
liquid saturation, what effect will this have on the condensate recovery?

5.10 If the initial pressure of the reservoir of Problem 5.8 had been 5713 psia with the dew point 
at 4000 psia, calculate the additional recovery of wet gas, residue gas, and condensate per 
acre-foot. The gas deviation factor at 5713 psia is 1.107, and the GPM and GOR between 
5713 and 4000 psia are the same as at 4000 psia.



156	 Chapter	5	 •	 Gas-Condensate	Reservoirs

5.11 Calculate the value of the products by each mechanism in Table 5.8 assuming (1) $85.00 
per STB for condensate and $5.50 per M SCF for gas; (2) $95.00 per STB and $6.00 per M 
SCF; and (3) $95.00 per STB and $6.50 per M SCF.

5.12 In a PVT study of a gas-condensate fluid, 17.5 cm3 of wet gas (vapor), measured at cell pres-
sure of 2500 psia and temperature of 195°F, was displaced into an evacuated low-pressure 
receiver of 5000 cm3 volume that was maintained at 250°F to ensure that no liquid phase 
developed in the expansion. If the pressure of the receiver rises to 620 mm Hg, what will 
be the deviation factor of the gas in the cell at 2500 psia and 195°F, assuming the gas in the 
receiver behaves ideally?

5.13 Using the assumptions of Example 5.3 and the data of Table 5.3, show that the condensate 
recovery between 2000 and 1500 psia is 14.0 STB/ac-ft and the residue gas-oil ratio is 
19,010 SCF/bbl.

5.14 A stock-tank barrel of condensate has a gravity of 55 °API. Estimate the volume in ft3 oc-
cupied by this condensate as a single-phase gas in a reservoir at 2740 psia and 215°F. The 
reservoir wet gas has a gravity of 0.76.

5.15 A gas-condensate reservoir has an areal extent of 200 acres, an average thickness of 15 ft, 
an average porosity of 0.18, and an initial water saturation of 0.23. A PVT cell is used to 
simulate the production from the reservoir, and the following data are collected:

Pressure (psia) Wet gas produced 
(cc)

z wet	gas Condensate produced from 
separator (moles)

4000 (dew point) 0 0.75 0

3700 400 0.77 0.0003

3300 450 0.81 0.0002

The initial cell volume was 1850 cc, and the initial gas contained 0.002 mols of con-
densate. The initial pressure is 4000 psia, and the reservoir temperature is 200°F. Calcu-
late the amount of dry gas (SCF) and condensate (STB) recovered at 3300 psia from the 
reservoir. The molecular weight and specific gravity of the condensate are 145 and 0.8, 
respectively.

5.16 Production from a gas-condensate reservoir is listed below. The molecular weight and 
the specific gravity of the condensate are 150 and 0.8, respectively. The initial wet gas in 
place was 35 MMM SCF, and the initial condensate was 2 MM STB. Assume a volumetric 
reservoir and that the recoveries of condensate and water are identical, and determine the 
following:
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(a) What is the percentage of recovery of residue gas at 3300 psia?
(b) Can a PVT cell experiment be used to simulate the production from this reservoir? 

Why or why not?

Pressure (psia) 4000 3500 3300

Compressibility of wet gas (z) 0.85 0.80 0.83

Wet gas produced during pressure 
increment (SCF)

0 2.4 MMM 2.2 MMM

Liquid condensate produced during 
pressure increment (STB)

0 80,000 70,000

Water produced during pressure increment 
(STB)

0 5000 4375

5.17 A PVT cell is used to simulate a gas-condensate reservoir. The initial cell volume is 1500 cc, 
and the initial reservoir temperature is 175°F. Show by calculations that the PVT cell will or 
will not adequately simulate the reservoir behavior. The data generated by the PVT experi-
ments as well as the actual production history are as follows:

Pressure (psia) 4000 3600 3000

Wet gas produced in pressure increment (cc) 0 300 700

Compressibility of produced gas 0.70 0.73 0.77

Actual production history (M SCF) 0 1000 2300
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Undersaturated Oil Reservoirs

6.1 Introduction
At the beginning of this text, the various hydrocarbon reservoirs were subdivided into four types. 
This chapter contains a discussion on reservoirs that have only liquid phases initially present. The 
next chapter will consider oil reservoirs that have an initial gas cap. These two reservoir types differ 
significantly from the gas reservoirs. The differences stem from the composition of the reservoir 
fluids and result in a distinct primary production method—that of depletion drive. Compared to 
volumetric gas drive, depletion drive is a weaker primary production method and more factors, 
such as rock and water compressibility, must be considered in order to accurately predict the be-
havior of the reservoir. The same method, the material balance, will be used in this prediction; it 
will, however, require additional terms.

Oil in place for oil reservoirs can be calculated in two ways. If available, well and seismic 
data can be used to calculate the oil in place using techniques like those explained in Chapter 4. 
Alternately, oil and gas production data combined with pressure and saturation data can be used in 
a material balance employing equations from Chapter 3.

6.1.1 Oil Reservoir Fluids
Oil reservoir fluids are mainly complex mixtures of the hydrocarbon compounds, which frequently 
contain impurities such as nitrogen, carbon dioxide, and hydrogen sulfide. The composition in 
mole percentages of several typical reservoir liquids is given in Table 6.1, together with the tank 
gravity of the crude oil, the gas-oil ratio of the reservoir mixture, and other characteristics of the 
fluids.1 The composition of the tank oils obtained from the reservoir fluids are quite different from 
the composition of the reservoir fluids, owing mainly to the release of most of the methane and 
ethane from solution and the vaporization of sizeable fractions of the propane, butanes, and pen-
tanes, as pressure is reduced in passing from the reservoir to the stock tank. The table shows a good 
correlation between the gas-oil ratios of the fluids and the percentages of methane and ethane they 
contain over a range of gas-oil ratios, from only 22 SCF/STB up to 4053 SCF/STB.

C h a p t e r  6
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Table 6.1 Reservoir Fluid Compositions and Properties (after Kennerly, Courtesy Core Laboratories, Inc.)1

Component 
or property

California Wyoming South Texas North Texas West Texas South 
Louisiana

Methane 22.62 1.08 48.04 25.63 28.63 65.01

Ethane 1.69 2.41 3.36 5.26 10.75 7.84

Propane 0.81 2.86 1.94 10.36 9.95 6.42

iso- Butane 0.51 0.86 0.43 1.84 4.36 2.14

n- Butane 0.38 2.83 0.75 5.67 4.16 2.91

iso- Pentane 0.19 1.68 0.78 3.14 2.03 1.65

n- Pentane 0.19 2.17 0.73 1.91 3.83 0.83

Hexanes 0.62 4.51 2.79 4.26 2.35 1.19

Heptanes- plus 72.99 81.60 41.18 41.93 33.94 12.01

Density 
heptanes- plus 
(g/cc)

0.957 0.920 0.860 0.843 0.792 0.814

Molecular 
weight, 
heptanes- plus

360 289 198 231 177 177

Sampling 
depth (ft)

2980 3160 8010 4520 12,400 10,600

Reservoir 
temperature 
(°F)

141 108 210 140 202 241

Saturation 
pressure 
(psig)

1217 95 3660 1205 1822 4730

GOR (SCF/
STB)

105 22 750 480 895 4053

Formation 
volume factor 
(bbl/STB)

1.065 1.031 1.428 1.305 1.659 3.610

Tank oil 
gravity 
(°API)

16.3 25.1 34.8 40.6 50.8 43.5

Gas gravity 
(air = 1.00)

0.669 . . . 0.715 1.032 1.151 0.880



6.1 Introduction  161

Several methods are available for collecting samples of reservoir fluids. The samples may be 
taken with subsurface sampling equipment lowered into the well on a wire line, or samples of the 
gas and oil may be collected at the surface and later recombined in proportion to the gas-oil ratio 
measured at the time of sampling. Samples should be obtained as early as possible in the life of the 
reservoir, preferably at the completion of the discovery well, so that the sample approaches as nearly 
as possible the original reservoir fluid. The type of fluid collected in a sampler is dependent on the 
well history prior to sampling. Unless the well has been properly conditioned before sampling, it 
is impossible to collect representative samples of the reservoir fluid. A complete well-conditioning 
procedure has been described by Kennedy and Reudelhuber.1,2 The information obtained from the 
usual fluid sample analysis includes the following properties:

1. Solution and evolved gas-oil ratios and liquid phase volumes
2. Formation volume factors, tank oil gravities, and separator and stock-tank gas-oil ratios for 

various separator pressures
3. Bubble-point pressure of the reservoir fluid
4. Compressibility of the saturated reservoir oil
5. Viscosity of the reservoir oil as a function of pressure
6. Fractional analysis of a casing head gas sample and of the saturated reservoir fluid

If laboratory data are not available, satisfactory estimations for a preliminary analysis can often be 
made from empirical correlations, like those considered in Chapter 2, that are based on data usually 
available. These data include the gravity of the tank oil, the specific gravity of the produced gas, 
the initial producing gas-oil ratio, the viscosity of the tank oil, the reservoir temperature, and the 
initial reservoir pressure.

In most reservoirs, the variations in the reservoir fluid properties among samples taken from 
different portions of the reservoir are not large, and they lie within the variations inherent in the 
techniques of fluid sampling and analysis. In some reservoirs, on the other hand, particularly those 
with large closures, there are large variations in the fluid properties. For example, in the Elk Ba-
sin Field, Wyoming and Montana, under initial reservoir conditions, there was 490 SCF of gas in 
solution per barrel of oil in a sample taken near the crest of the structure but only 134 SCF/STB  
in a sample taken on the flanks of the field, 1762 ft lower in elevation.3 This is a solution gas gradi-
ent of 20 SCF/STB per 100 ft of elevation. Because the quantity of solution gas has a large effect 
on the other fluid properties, large variations also occur in the fluid viscosity, the formation volume 
factor, and the like. Similar variations have been reported for the Weber sandstone reservoir of the 
Rangely Field, Colorado, and the Scurry Reef Field, Texas, where the solution gas gradients were 
25 and 46 SCF/STB per 100 ft of elevation, respectively.4,5 These variations in fluid properties 
may be explained by a combination of (1) temperature gradients, (2) gravitational segregation, and  
(3) lack of equilibrium between the oil and the solution gas. Cook, Spencer, Bobrowski, and Chin, 
and McCord have presented methods for handling calculations when there are significant varia-
tions in the fluid properties.5,6
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6.2  Calculating Oil in Place and Oil Recoveries Using Geological, 
Geophysical, and Fluid Property Data

One of the important functions of the reservoir engineer is the periodic calculation of the reservoir 
oil (and gas) in place and the recovery anticipated under the prevailing reservoir mechanism(s). In 
some companies, this work is done by a group that periodically renders an account of the compa-
ny’s reserves together with the rates at which they can be recovered in the future. The company’s 
financial position depends primarily on its reserves, the rate at which it increases or loses them, and 
the rates at which they can be recovered. A knowledge of the reserves and rates of recovery is also 
important in the sale or exchange of oil properties. The calculation of reserves of new discoveries 
is particularly important because it serves as a guide to sound development programs. Likewise, an 
accurate knowledge of the initial contents of reservoirs is invaluable to the reservoir engineer who 
studies the reservoir behavior with the aim of calculating and/or improving primary recoveries—
for it eliminates one of the unknown quantities in equations.

Oil reserves are usually obtained by multiplying the oil in place by a recovery factor, where 
the recovery factor is the estimated fraction of the oil in place that will be produced through a 
particular production or reservoir drive mechanism. They can also be estimated from decline curve 
studies and by applying appropriate barrel-per-acre-foot recovery figures obtained from experience 
or statistical studies of well or reservoir production data. The oil in place is calculated either (1) by 
the use of geological, geophysical, and fluid property data or (2) by material balance studies, both 
of which were presented for gas reservoirs in Chapter 4 and will be given for oil reservoirs in this 
and following chapters. In the latter case, recovery factors are determined from (1) displacement 
efficiency studies and (2) correlations based on statistical studies of particular types of reservoir 
mechanisms.

The first method for estimating oil in place starts with an estimate of the bulk reservoir 
volume using the techniques considered in Chapter 4. Then log and core analysis data are used to 
determine the bulk volume, porosity, and fluid saturations, and fluid analysis data are used to de-
termine the oil volume factor. Under initial conditions, 1 ac-ft of bulk oil productive rock contains 
the following:

 Interstitial water = 7758 × φ × Sw

 Reservoir oil = 7758 × φ × (1 – Sw)

 Stock-tank oil =
 

7758     (1  × × −φ S
B

w

oi

)

where 7758 barrels is the equivalent of 1 ac-ft, φ is the porosity as a fraction of the bulk volume, 
Sw is the interstitial water as a fraction of the pore volume, and Boi is the initial formation volume 
factor of the reservoir oil. Using somewhat average values (φ = 0.20, Sw = 0.20, and Boi = 1.24), the 
initial stock-tank oil in place per acre-foot is on the order of 1000 STB/ac-ft, or
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 Stock-tank oil = 7785 0 20 1 0 20

1 24

× × −. ( . )

.

 = 1000 STB/ac-ft

For oil reservoirs under volumetric control, there is no water influx to replace the produced 
oil, so it must be replaced by the swelling of the oil phase or expanding gas, the saturation of which 
increases as the oil saturation decreases. If Sg is the gas saturation and Bo the oil volume factor at 
abandonment, then at abandonment conditions, 1 ac-ft of bulk rock contains the following:

 Interstitial water = 7758 × φ × Sw

 Reservoir gas = 7758 × φ × Sg

 Reservoir oil = 7758 × φ × (1 – Sw – Sg)

 Stock-tank oil = 
7758     ( )× × − −φ 1 S S

B
w g

o

Then the recovery in stock-tank barrels per acre-foot is

 Recovery = 77 58 × φ
 

( ) ( )1 1− −
− −









S
B

S S
B

w

oi

w g

o
 (6.1)

and the fractional recovery in terms of stock-tank barrels is

 Fractional recovery = 1 –
 

( )

( )

1
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The total free gas saturation to be expected at abandonment can be estimated from the oil and water 
saturations as reported in core analysis.7 This expectation is based on the assumption that, while 
being removed from the well, the core is subjected to fluid removal by the expansion of the gas 
liberated from the residual oil and that this process is somewhat similar to the depletion process in 
the reservoir. In a study of the well-spacing problem, Craze and Buckley collected a large amount 
of statistical data on 103 oil reservoirs, 27 of which were considered to be producing under volu-
metric control.8,9 The final gas saturation in most of these reservoirs ranged from 20% to 40% of the 
pore space, with an average saturation of 30.4%. Recoveries may also be calculated for depletion 
performance from a knowledge of the properties of the reservoir rock and fluids.

In the case of reservoirs under hydraulic control, where there is no appreciable decline in 
reservoir pressure, water influx is either inward and parallel to the bedding planes, as found in thin, 
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relatively steep dipping beds (edgewater drive), or upward where the producing oil zone (column) 
is underlain by water (bottomwater drive). The oil remaining at abandonment in those portions of 
the reservoir invaded by water, in barrels per acre-foot, is as follows:

 Reservoir oil = 7758 × φ × Sor

 Stock-tank oil = 
7758      × ×φ S

B
or

oi

where Sor is the residual oil saturation remaining after water displacement. Since it was assumed 
that the reservoir pressure was maintained at its initial value by the water influx, no free gas satura-
tion develops in the oil zone, and the oil volume factor at abandonment remains Boi. The recovery 
by active water drive then is

 Recovery = 
7758 1× − −φ( )S S

B
w or

oi
STB/ac-ft  (6.3)

and the recovery factor is

 Recovery = 
( )

( )

1

1

− −
−

S S
S

w or

w
 (6.4)

It is generally believed that the oil content of cores, reported from the analysis of cores taken 
with a water-based drilling fluid, is a reasonable estimation of the unrecoverable oil because the 
core has been subjected to a partial water displacement (by the mud filtrate) during coring and 
to displacement by the expansion of the solution gas as the pressure on the core is reduced to 
atmospheric pressure.10 If this figure is used for the resident oil saturation in Eqs. (6.3) and (6.4), 
it should be increased by the formation volume factor. For example, a residual oil saturation of 
20% from core analysis indicates a residual reservoir saturation of 30% for an oil volume factor of 
1.50 bbl/STB. The residual oil saturation may also be estimated using the data of Table 4.2, which 
should be applicable to residual oil saturations as well as gas saturations (i.e., in the range of 25% 
to 40% for the consolidated sandstones studied).

In the reservoir analysis made by Craze and Buckley, some 70 of the 103 fields analyzed 
produced wholly or partially under water-drive conditions, and the residual oil saturations ranged 
from 17.9% to 60.9% of the pore space.8 According to Arps, the data apparently relate according to 
the reservoir oil viscosity and permeability.7 The average correlation between oil viscosity and re-
sidual oil saturation, both under reservoir conditions, is shown in Table 6.2. Also included in Table 
6.2 is the deviation of this trend against average formation permeability. For example, the residual 
oil saturation under reservoir conditions for a formation containing 2 cp oil and having an average 
permeability of 500 md is estimated at 37 + 2, or 39% of the pore space.
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Because Craze and Buckley’s data were arrived at by comparing recoveries from the reser-
voir as a whole with the estimated initial content, the residual oil calculated by this method includes 
a sweep efficiency as well as the residual oil saturation—that is, the figures are higher than the 
residual oil saturations in those portions of the reservoir invaded by water at abandonment. This 
sweep efficiency reflects the effect of well location, the bypassing of some of the oil in the less 
permeable strata, and the abandonment of some leases before the flooding action in all zones is 
complete, owing to excessive water-oil ratios, in both edgewater and bottomwater drives.

In a statistical study of Craze and Buckley’s water-drive recovery data, Guthrie and Green-
berger, using multiple correlation analysis methods, found the following correlation between  
water-drive recovery and five variables that affect recovery in sandstone reservoirs.11

 RF = 0.114 + 0.272 log k + 0.256 Sw – 0.136 log μo – 1.5384φ – 0.00035 h (6.5)

For k = 1000 md, Sw = 0.25, μo = 2.0 cp, φ = 0.20, and h = 10 ft,

 RF = 0.114 + 0.272 × log 1000 + 0.256 × 0.25 – 0.136

 log 2 – 1.538 × 0.20 – 0.00035 × 10

Table 6.2  Correlation between Reservoir Oil Viscosity, Average Reservoir Permeability, and  
Residual Oil Saturation (after Craze and Buckley and Arps)7,8

Reservoir oil viscosity (in cp) Residual oil saturation (percentage of pore space)
0.2 30

0.5 32

1.0 34.5

2.0 37

5.0 40.5

10.0 43.5

20.0 64.5

Average reservoir permeability (in md) Deviation of residual oil saturation from  
viscosity trend (percentage of pore space)

50 +12

100 +9

200 +6

500 +2

1000 – 1

2000 – 4.5

5000 – 8.5
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 0.642, or 64.2% (of initial stock-tank oil)
where

RF = recovery factor

A test of the equation showed that 50% of the fields had recoveries within ± 6.2% recovery of that 
predicted by Eq. (6.5), 75% were within ± 9.0% recovery, and 100% were within ± 19.0% recov-
ery. For instance, it is 75% probable that the recovery from the foregoing example is 64.2 ± 9.0%.

Although it is usually possible to determine a reasonably accurate recovery factor for a 
reservoir as a whole, the figure may be wholly unrealistic when applied to a particular lease or 
portion of a reservoir, owing to the problem of fluid migration in the reservoir, also referred to as 
lease drainage. For example, a flank lease in a water-drive reservoir may have 50,000 STB of re-
coverable stock-tank oil in place but will divide its reserve with all updip wells in line with it. The 
degree to which migration may affect the ultimate recoveries from various leases is illustrated in  
Fig. 6.1.12 If the wells are located on 40-acre units, if each well has the same daily allowable, if 
there is uniform permeability, and if the reservoir is under an active water drive so that the water 
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Figure 6.1 Effect of water drive on oil migration (after Buckley, AlME).12
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advances along a horizontal surface, then the recovery from lease A is only one-seventh of the 
recoverable oil in place, whereas lease G recovers one-seventh of the recoverable oil under lease 
A, one-sixth under lease B, one-fifth under lease C, and so on. Lease drainage is generally less 
severe with other reservoir mechanisms, but it occurs to some extent in all reservoirs.

6.3 Material Balance in Undersaturated Reservoirs
The material balance equation for undersaturated reservoirs was developed in Chapter 3:

 N(Bt – Bti) + NBti

c S c
S

pw wi f

wi

+
−









1

Δ  + We = Np[Bt + (Rp – Rsoi)Bg] + BwWp (3.8)

Neglecting the change in porosity of rocks with the change of internal fluid pressure, which is 
treated later, reservoirs with zero or negligible water influx are constant volume or volumetric 
reservoirs. If the reservoir oil is initially undersaturated, then initially it contains only connate 
water and oil, with their solution gas. The solubility of gas in reservoir waters is generally 
quite low and is considered negligible for the present discussion. Because the water production 
from volumetric reservoirs is generally small or negligible, it will be considered zero. From 
initial reservoir pressure down to the bubble point, then, the reservoir oil volume remains a con-
stant, and oil is produced by liquid expansion. Incorporating these assumptions into Eq. (3.8),  
the following is obtained:

 N(Bt – Bti) = Np[Bt + (Rp – Rsoi)Bg] (6.6)

While the reservoir pressure is maintained above the bubble-point pressure and the oil remains 
undersaturated, only liquid will exist in the reservoir. Any gas that is produced on the surface will 
be gas coming out of solution as the oil moves up through the wellbore and through the surface 
facilities. All this gas will be gas that was in solution at reservoir conditions. Therefore, during this 
period, Rp will equal Rso and Rso will equal Rsoi, since the solution gas-oil ratio remains constant (see 
Chapter 2). The material balance equation becomes

 N(Bt – Bti) = NpBt (6.7)

This can be rearranged to yield fractional recovery, RF, as

 RF
N
N

B B
B

p t ti

t
= = −

 (6.8)

The fractional recovery is generally expressed as a fraction of the initial stock-tank oil in place. 
The pressure-volume-temperature (PVT) data for the 3–A–2 reservoir of a field is given in Fig. 6.2.
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The formation volume factor plotted in Fig. 6.2 is the single-phase formation volume factor, 
Bo. The material balance equation has been derived using the two-phase formation volume factor, 
Bt. Bo and Bt are related by Eq. (2.29):

 Bt = Bo + Bg(Rsoi – Rso) (2.29)

It should be apparent that Bt = Bo above the bubble-point pressure because Rso is constant and 
equal to Rsoi.

The reservoir fluid has an oil volume factor of 1.572 bbl/STB at the initial pressure 4400 psia 
and 1.600 bbl/STB at the bubble-point pressure of 3550 psia. Then, by volumetric depletion, the 
fractional recovery of the stock-tank oil at 3550 psia by Eq. (6.8) is

 RF = − =1 600 1 572

1 600
0 0175

. .

.
.  or 1.75%

If the reservoir produced 680,000 STB when the pressure dropped at 3550 psia, then the initial oil 
in place by Eq. (6.7) is

 N = ×
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Figure 6.2 PVT data for the 3–A–2 reservoir at 190°F.
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Below 3550 psia, a free gas phase develops; and for a volumetric, undersaturated reservoir 
with no water production, the hydrocarbon pore volume remains constant, or

 Voi = Vo + Vg (6.9)

Figure 6.3 shows schematically the changes that occur between initial reservoir pressure and some 
pressure below the bubble point. The free-gas phase does not necessarily rise to form an artificial 
gas cap, and the equations are the same if the free gas remains distributed throughout the reservoir 
as isolated bubbles. Equation (6.6) can be rearranged to solve for N and the fractional recovery, RF, 
for any undersaturated reservoir below the bubble point.

 N
N B R R B

B B
p t p soi g

t ti
=

+ −
−

[ ( ) ]

( )
 (6.10)

 RF
N
N

B B
B R R B

p t ti

t p soi g
= = −

+ −
( )

[ ( ) ]
 (6.11)

The net cumulative produced gas-oil ratio (Rp) is the quotient of all the gas produced from the res-
ervoir (Gp) and all the oil produced (Np). In some reservoirs, some of the produced gas is returned 
to the same reservoir, so that the net produced gas is only that which is not returned to the reservoir. 
When all the produced gas is returned to the reservoir, Rp is zero.

An inspection of Eq. (6.11) indicates that all the terms except the produced gas-oil ratio (Rp) 
are functions of pressure only and are the properties of the reservoir fluid. Because the nature of the 
fluid is fixed, it follows that the fractional recovery RF is fixed by the PVT properties of the reser-
voir fluid and the produced gas-oil ratio. Since the produced gas-oil ratio occurs in the denominator 
of Eq. (6.11), large gas-oil ratios give low recoveries and vice versa.

N STB + N RSI SCF

PB P

Free gas

Production
Np STB and

Np Rp SCF

(N – NP) STB

+ (N – NP) RS SCF

Figure 6.3  Diagram showing the formation of a free-gas phase in a volumetric reservoir below the 
bubble point.
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Example 6.1  Calculating the Effect of the Produced Gas-Oil Ratio (R
p
) on Fractional  

Recovery in Volumetric, Undersaturated Reservoirs

Given
The PVT data for the 3–A–2 reservoir (Fig. 6.2)

Cumulative GOR at 2800 psia = 3300 SCF/STB

Reservoir temperature = 190°F = 650°R

Standard conditions = 14.7 psia and 60°F

Solution
The following values are determined graphically from Fig 6.2. R

soi
 is the GOR at the initial res-

ervoir condition of p = 4400 psia and R
soi

 = 1100 SCF/STB. B
oi 

is the formation volume factor at 

initial reservoir conditions of p = 4400 psia and B
oi
 = 1.572 bbl/STB. At 2800 psia, R

so 
is the GOR 

at 900 SCF/STB and B
o 
is the formation volume factor at 1.520 bbl/STB. R

p 
was given as the 

cumulative GOR at 2800 psia. B
g 
and B

t
 at 2800 psia are calculated as follows from Eqs. (2.16) 

and (2.29):

 B
zT

p
0.00504 0.00504

(0.87)650

2800
0.00102 bbl/SCFg = = =

 B
t
 = B

o
 + B

g
(R

soi
 – R

so
)

 B
t
 = 1.520 + 0.00102(1100 – 900) = 1.724 bbl/STB

Then, using Eq. (6.11) at 2800 psia,

 RF = −
−

1.724 1.572

1.724 + 0.00102(3300  1100)
 

 = 0.0383, or 3.83%

If two-thirds of the produced gas had been returned to the reservoir, at the same pressure (i.e., 

2800 psia), R
p 
would be 1100 SCF/STB and the fractional recovery would have been

 
RF = −

−
1.724 1.572

1.724 + 0.00102(1100  1100)
 

 = 0.088, or 8.8%
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Equation (6.10) may be used to find the initial oil in place. For example, if 1.486 MM STB had 
been produced down to 2800 psia, for Rp = 3300 SCF/ STB, the initial oil in place is

 
N = × + −

−
1 486 10 1 724 0 00102 3300 1100

1 724 1 57

6. [ . . ( )]

. . 22

 = 38.8 MM STB

The calculations of Example 6.1 for the 3–A–2 reservoir show that, for Rp = 3300 SCF/STB, the 
recovery at 2800 psia is 3.83% and that, if Rp had been only 1100 SCF/STB, the recovery would 
have been 8.80%. Neglecting in each case the 1.75% recovery by liquid expansion down to the 
bubble-point pressure, the effect of reducing the gas-oil ratio by one-third is approximately to tri-
ple the recovery. The produced gas-oil ratio can be controlled by working over high gas-oil ratio 
wells, by shutting in or reducing the producing rates of high ratio wells, and/or by returning some 
or all of the produced gas to the reservoir. If gravitational segregation occurs during production 
so that a gas cap forms, as shown in Fig. 6.3, and if the producing wells are completed low in 
the formation, their gas-oil ratios will be lower and recovery will be improved. Simply from the 
material balance point of view, by returning all produced gas to the reservoir, it is possible to 
obtain 100% recoveries. From the point of view of flow dynamics, however, a practical limit is 
reached when the reservoir gas saturation rises to values in the range of 10% to 40% because 
the reservoir becomes so permeable to gas that the returned gas moves rapidly from the injec-
tion wells to the production wells, displacing with it only a small quantity of oil. Thus although 
gas-oil ratio control is important in solution gas-drive reservoirs, recoveries are inherently low 
because the gas is produced faster than the oil. Outside the energy stored up in the liquid above 
the bubble point, the energy for producing the oil is stored up in the solution gas. When this gas 
has been produced, the only remaining natural source of energy is gravity drainage, and there 
may be a considerable period in which the oil drains downward to the wells from which it is 
pumped to the surface.

In the next section, a method is presented that allows the material balance equation to be used 
as a predictive tool. The method was used by engineers performing calculations on the Canyon 
Reef Reservoir in the Kelly-Snyder Field.

6.4 Kelly-Snyder Field, Canyon Reef Reservoir
The Canyon Reef reservoir of the Kelly-Snyder Field, Texas, was discovered in 1948. During 
the early years of production, there was much concern about the very rapid decline in reservoir 
pressure; however, reservoir engineers were able to show that this was to be expected of a volu-
metric undersaturated reservoir with an initial pressure of 3112 psig and a bubble-point pressure 
of only 1725 psig, both at a datum of 4300 ft subsea.13 Their calculations further showed that 
when the bubble-point pressure is reached, the pressure decline should be much less rapid, and 
that the reservoir could be produced without pressure maintenance for many years thereafter 
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without prejudice to the pressure maintenance program eventually adopted. In the meantime, 
with additional pressure drop and production, further reservoir studies could evaluate the po-
tentialities of water influx, gravity drainage, and intrareservoir communication. These, together 
with laboratory studies on cores to determine recovery efficiencies of oil by depletion and by 
gas and water displacement, should enable the operators to make a more prudent selection of 
the pressure maintenance program to be used or should demonstrate that a pressure maintenance 
program would not be successful.

Although additional and revised data have become available in subsequent years, the fol-
lowing calculations, which were made in 1950 by reservoir engineers, are based on data avail-
able in 1950. Table 6.3 gives the basic reservoir data for the Canyon Reef reservoir. Geologic and 
other evidence indicated that the reservoir was volumetric (i.e., that there would be negligible 
water influx), so the calculations were based on volumetric behavior. If any water entry should 
occur, the effect would be to make the calculations more optimistic—that is, there would be 
more recovery at any reservoir pressure. The reservoir was undersaturated, so the recovery from 

Table 6.3  Reservoir Rock and Fluid Properties for the Canyon Reef Reservoir of the Kelly- Snyder 
Field, Texas (Courtesy The Oil and Gas Journal)14

Initial reservoir pressure 3112 psig (at 4300 ft subsea)

Bubble- point pressure 1725 psig (at 4300 ft subsea)

Average reservoir temperature 125°F

Average porosity 7.7%

Average connate water 20%

Critical gas saturation (estimated) 10%

Differential liberation analyses of a bottom- hole sample from the Standard Oil Company of Texas 
at 125°F

Pressure (psig) Bo (bbl/STB) Bg (bbl/SCF) Solution GOR 
(SCF/STB)

Bt (bbl/STB)

3112 1.4235 . . . 885 1.4235

2800 1.4290 . . . 885 1.4290

2400 1.4370 . . . 885 1.4370

2000 1.4446 . . . 885 1.4446

1725 1.4509 . . . 885 1.4509

1700 1.4468 0.00141 876 1.4595

1600 1.4303 0.00151 842 1.4952

1500 1.4139 0.00162 807 1.5403

1400 1.3978 0.00174 772 1.5944
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initial pressure to bubble-point pressure is by liquid expansion and the fractional recovery at the 
bubble point is

 RF B B
B

t ti

t
= − = − =1 4509 1 4235

1 4509
0 0189

. .

.
.  or 1.89%

Based on an initial content of 1.4235 reservoir barrels or 1.00 STB, this is recovery of 0.0189 
STB. Because the solution gas remains at 885 SCF/STB down to 1725 psig, the producing gas-
oil ratio and the cumulative produced gas-oil ratio should remain near 885 SCF/STB during this 
pressure decline.

Below 1725 psig, a free gas phase develops in the reservoir. As long as this gas phase 
remains immobile, it can neither flow to the wellbores nor migrate upward to develop a gas cap 
but must remain distributed throughout the reservoir, increasing in size as the pressure declines. 
Because pressure changes much less rapidly with reservoir voidage for gases than for liquids, 
the reservoir pressure declines at a much lower rate below the bubble point. It was estimated that 
the gas in the Canyon Reef reservoir would remain immobile until the gas saturation reached a 
value near 10% of the pore volume. When the free gas begins to flow, the calculations become 
quite complex (see Chapter 10); but as long as the free gas is immobile, calculations may be 
made assuming that the producing gas-oil ratio R at any pressure will equal the solution gas-oil 
ratio Rso at the pressure, since the only gas that reaches the wellbore is that in solution, the free 
gas being immobile. Then the average producing (daily) gas-oil ratio between any two pressures 
p

1
 and p

2
 is approximately

 R R Rso so
avg = +1 2

2
 (6.12)

and the cumulative gas-oil ratio at any pressure is
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On the basis of 1.00 STB of initial oil, the production at bubble-point pressure Npb is 0.0189 STB. 
The average producing gas-oil ratio between 1725 and 1600 psig will be

 Ravg  SCF/STB1
885 842

2
864= + =
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The cumulative recovery at 1600 psig N
p1

 is unknown; however, the cumulative gas-oil ratio R
p
 may 

be expressed by Eq. (6.13) as

 R
N

Np
p

p
1

1

1

0 0189 885 0 0189 864
=

× + −. ( . )  

This value of R
p1

 may be placed in Eq. (6.11) together with the PVT values at 1600 psig as
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 = 0.0486 STB at 1600 psig

In a similar manner, the recovery at 1400 psig may be calculated, the results being valid only if 
the gas saturation remains below the critical gas saturation, assumed to be 10% for the present 
calculations.

When N
p
 stock-tank barrels of oil have been produced from a volumetric undersaturated res-

ervoir and the average reservoir pressure is p, the volume of the remaining oil is (N – N
p
)B

o
. Since 

the initial pore volume of the reservoir V
p
 is

 V
NB

Sp
oi

wi

=
−( )1

 (6.14)

and since the oil saturation is the oil volume divided by the pore volume,

 S
N N B S

NBo
p o wi

oi

=
− −( ) ( )

( )

1
 (6.15)

On the basis of N = 1.00 STB initially, N
p
 is the fractional recovery RF, or N

p
/N, and Eq. (6.15) can 

be written as

 S RF S
B

Bo wi
o

oi

= − −






( )( )1 1  (6.16)

where S
wi

 is the connate water, which is assumed to remain constant for volumetric reservoirs. Then 
at 1600 psig, the oil saturation is

 S
o
 = (l – 0.0486)(l – 0.20)

1 4303

1 4235

.

.
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 = 0.765

The gas saturation is (1 –So – Swi), or

 Sg = 1 – 0.765 – 0.200 = 0.035

Figure 6.4 shows the calculated performance of the Kelly-Snyder Field down to a pressure 
of 1400 psig. Calculations were not continued beyond this point because the free gas sat-
uration had reached approximately 10%, the estimated critical gas saturation for the reservoir. 
The graph shows the rapid pressure decline above the bubble point and the predicted flatten-
ing below the bubble point. The predictions are in good agreement with the field performance, 
which is calculated in Table 6.4 using field pressures and production data, and a value of  
2.25 MMM STB for the initial oil in place. The producing gas-oil ratio, column 2, increases instead 
of decreasing, as predicted by the previous theory. This is due to the more rapid depletion of some 
portions of the reservoir—for example, those drilled first, those of low net productive thickness, 
and those in the vicinity of the wellbores. For the present predictions, it is pointed out that the 
previous calculations would not be altered greatly if a constant producing gas-oil ratio of 885 SCF/
STB (i.e., the initial dissolved ratio) had been assumed throughout the entire calculation.

The initial oil under a 40-acre unit of the Canyon Reef reservoir for a net formation thickness 
of 200 feet is
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Figure 6.4 Material balance calculations and performance, Canyon Reef reservoir, Kelly-Snyder Field.
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 N = × × × × −7758  40  200  0.077  (1  0.20)

1 4235.

 = 2.69 MM STB

Then, at the average daily well rate of 92 BOPD in 1950, the time to produce 11.35% of the initial 
oil (i.e., at 1400 psig when the gas saturation is calculated to be near 10%) is

 t = × ×
×

≅0 1135 2 69 10

92 365
9 1

6. .
.  years

By means of this calculation, the reservoir engineers were able to show that there was no imme-
diate need for a curtailment of production and that there was plenty of time in which to make 
further reservoir studies and carefully considered plans for the optimum pressure maintenance 
program. Following comprehensive and exhaustive studies by engineers, the field was unitized in 
March 1953 and placed under the management of an operating committee. This group proceeded 
to put into operation a pressure maintenance program consisting of (1) water injection into wells 
located along the longitudinal axis of the field and (2) shutting in the high gas-oil ratio wells 
and transferring their allowables to low gas-oil ratio wells. The high-ratio wells were shut in as 
soon as the field was unitized, and water injection was started in 1954. The operation has gone 
as planned, and approximately 50% of the initial oil in place has been recovered, in contrast to 
approximately 25% by primary depletion, an increase of approximately 600 MM STB of recov-
erable oil.15

Table 6.4  Recovery from Kelly- Snyder Canyon Reef Reservoir Based on Production Data 
and Measured Average Reservoir Pressures, and Assuming an Initial Oil Content of  
2.25 MMM STB

(1) (2) (3) (4) (5)
Pressure interval 

(psig)
Average 

producing 
gas- oil 

ratio (SCF/
STB)

Incremental 
oil production 

(MM STB)

Cumulative oil  
production  
(MM STB)

Percentage recovery 
(N = 2.25 MMM STB)

3312 to 1771 896 60.421 60.421 2.69

1771 to 1713 934 11.958 72.379 3.22

1713 to 1662 971 13.320 85.699 3.81

1662 to 1570 1023 20.009 105.708 4.70

1570 to 1561 1045 11.864 117.572 5.23
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6.5 The Gloyd-Mitchell Zone of the Rodessa Field
Many reservoirs are of the volumetric undersaturated type and their production, therefore, is con-
trolled largely by the solution gas-drive mechanism. In many cases, the mechanism is altered to a 
greater or lesser extent by gravitational segregation of the gas and oil, by small water drives, and 
by pressure maintenance, all of which improve recovery. The important characteristics of this type 
of production may be summarized as follows and observed in the graph of Fig. 6.5 for the Gloyd- 
Mitchell zone of the Rodessa Field. Above the bubble point, the reservoir is produced by liquid 
expansion, and there is a rapid decline in reservoir pressure that accompanies the recovery of a 
fraction of 1% to a few percentage points of the initial oil in place. The gas-oil ratios remain low 
and generally near the value of the initial solution gas-oil ratio. Below the bubble point, a gas phase 
develops that, in most cases, is immobile until the gas saturation reaches the critical gas saturation 
in the range of a few percentage points to 20%. During this period, the reservoir produces by gas 
expansion, which is characterized by a much slower decline in pressure and gas-oil ratios near or in 
some cases even below the initial solution gas-oil ratio. After the critical gas saturation is reached, 
free gas begins to flow. This reduces the oil flow rate and depletes the reservoir of its main source of 
energy. By the time the gas saturation reaches a value usually in the range of 15% to 30%, the flow 
of oil is small compared with the gas (high gas-oil ratios), and the reservoir gas is rapidly depleted. 
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At abandonment, the recoveries are usually in the range of 10% to 25% by the solution gas-drive 
mechanism alone, but they may be improved by gravitational segregation and the control of high 
gas-oil ratio wells.

The production of the Gloyd-Mitchell zone of the Rodessa Field, Louisiana, is a good exam-
ple of a reservoir that produced during the major portion of its life by the dissolved gas-drive mech-
anism.16 Reasonably accurate data on this reservoir relating to oil and gas production, reservoir 
pressure decline, sand thickness, and the number of producing wells provide an excellent example 
of the theoretical features of the dissolved gas-drive mechanism. The Gloyd-Mitchell zone is prac-
tically flat and produced oil of 42.8 °API gravity, which, under the original bottom-hole pressure of 
2700 psig, had a solution gas-oil ratio of 627 SCF/STB. There was no free gas originally present, 
and there is no evidence of an active water drive. The wells were produced at high rates and had a 
rapid decline in production. The behavior of the gas-oil ratios, reservoir pressures, and oil produc-
tion had the characteristics expected of a dissolved gas drive, although there is some evidence that 
there was a modification of the recovery mechanism in the later stages of depletion. The ultimate 
recovery was estimated at 20% of the initial oil in place.

Many unsuccessful attempts were made to decrease the gas-oil ratios by shutting in the wells, 
by blanking off upper portions of the formation in producing wells, and by perforating only the 
lowest sand members. The failure to reduce the gas-oil ratios is typical of the dissolved gas-drive 
mechanism, because when the critical gas saturation is reached, the gas-oil ratio is a function of 
the decline in reservoir pressure or depletion and is not materially changed by production rate or 
completion methods. Evidently there was negligible gravitational segregation by which an artificial 
gas cap develops and causes abnormally high gas-oil ratios in wells completed high on the structure 
or in the upper portion of the formation.

Table 6.5 gives the number of producing wells, average daily production, average gas-oil ratio, 
and average pressure for the Gloyd-Mitchell zone. The daily oil production per well, monthly oil pro-
duction, cumulative oil production, monthly gas production, cumulative gas production, and cumulative 
gas-oil ratios have been calculated from these figures. The source of data is of interest. The number of 
producing wells at the end of any period is obtained either from the operators in the field, from the com-
pletion records as filed with the state regulatory body, or from the periodic potential tests. The average 
daily oil production is available from the monthly production reports filed with the state regulatory com-
mission. Accurate values for the average daily gas-oil ratios can be obtained only when all the produced 
gas is metered. Alternatively, this information is obtained from the potential tests. To obtain the average 
daily gas-oil ratio from potential tests during any month, the gas-oil ratio for each well is multiplied by 
the daily oil allowable or daily production rate for the same well, giving the total daily gas production. 
The average daily gas-oil ratio for any month is the total daily gas production from all producing wells 
divided by the total daily oil production from all the wells involved. For example, if the gas-oil ratio of 
well A is 1000 SCF/STB and the daily rate is 100 bbl/day and the ratio of well B is 4000 SCF/STB and 
the daily rate is 50 bbl/day, then the average daily gas-oil ratio R of the two wells is

 R = 
       

 2000 SCF/STB
1000 100 4000 50

150

× + × =
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Table 6.5 Average Monthly Production Data, Gloyd- Mitchell Zone of the Rodessa Field
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)

Months 
after start of 
production

Number 
of	wells

Average 
daily oil 
(barrels)

Average 
daily GOR 
(SCF/STB)

Average 
pressure 

(psig)

Daily oil 
per	well,	
(3) ÷ (2)

Monthly oil 
(barrels), 
30.4 × (3)

Cumulative 
oil (bar-

rels), Σ(7)

Monthly 
gas (M 

SCF), (4) 
× (7)

Cumulative 
gas (M SCF), 

Σ(9)

Cumula-
tive GOR 

(SCF/STB), 
10 ÷ (8)

1 2 400 625 2700a 200 12,160 12,160 7,600 7,600 625

2 1 500 750 500 15,200 27,360 11,400 19,000 694

3 3 700 875 233 21,280 48,640 18,620 37,620 773

4 4 1,300 1,000 2490 325 39,520 88,160 39,520 77,140 875

5 4 1,200 950 300 36,480 124,640 34,656 111,796 897

6 6 1,900 1,000 316 57,760 182,400 57,760 169,556 930

7 12 3,600 1,200 2280 300 109,440 291,840 131,328 300,884 1031

8 16 4,900 1,200 306 148,960 440,800 178,752 479,636 1088

9 21 6,100 1,400 290 185,440 626,240 259,616 739,252 1181

10 28 7,500 1,700 2070 268 228,000 854,240 387,600 1,127M 1319

11 48 9,800 1,800 204 297,920 1,152,160 536,256 1,663M 1443

12 55 11,700 1,900 213 355,680 1,507,840 675,792 2,339M 1551

13 59 9,900 2,100 1860 168 300,960 1,808,800 632,016 2,971M 1643

14 65 10,000 2,400 154 304,000 2,112,800 729,600 3,701M 1752

15 74 10,200 2,750 138 310,080 2,422,880 852,720 4,554M 1880

16 79 11,400 3,200 1650b 144 346,560 2,769,440 1,108,992 5,662M 2045

17 87 10,800 4,100 124 328,320 3,097,760 1,346,112 7,008M 2262

18 91 9,200 4,800 101 279,680 3,377,440 1,342,464 8,351M 2473

19 93 9,000 5,300 1250 97 273,600 3,651,040 1,450,080 9,801M 2684

20 96 8,300 5,900 1115 86 252,320 3,903,360 1,488,688 11,290M 2892

21 93 7,200 6,800 1000 77 218,880 4,122,240 1,488,384 12,778M 3100

22 93 6,400 7,500 900 69 194,560 4,316,800 1,459,200 14,237M 3298

(continued)



180

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)
Months 

after start of 
production

Number 
of	wells

Average 
daily oil 
(barrels)

Average 
daily GOR 
(SCF/STB)

Average 
pressure 

(psig)

Daily oil 
per	well,	
(3) ÷ (2)

Monthly oil 
(barrels), 
30.4 × (3)

Cumulative 
oil (bar-

rels), Σ(7)

Monthly 
gas (M 

SCF), (4) 
× (7)

Cumulative 
gas (M SCF), 

Σ(9)

Cumula-
tive GOR 

(SCF/STB), 
10 ÷ (8)

23 95 5,800 7,600 825 61 176,320 4,493,120 1,340,032 15,577M 3467

24 94 5,400 7,700 740 57 164,160 4,657,280 1,264,032 16,841M 3616

25 95 5,000 7,800 725 53 152,000 4,809,280 1,185,600 18,027M 3748

26 92 4,400 7,500 565 48 133,760 4,943,040 1,003,200 19,030M 3850

27 94 4,200 7,300 530 45 127,680 5,070,720 932,064 19,962M 3937

28 94 4,000 7,300 500 43 121,600 5,192,320 887,680 20,850M 4016

29 93 3,400 6,800 450 37 103,360 5,295,680 702,848 21,553M 4070

30 95 3,200 6,300 405 34 97,280 5,392,960 612,864 22,165M 4110

31 91 3,100 6,100 350 34 94,240 5,487,200 574,864 22,740M 4144

32 93 2,900 5,700 310 31 88,160 5,575,360 502,512 23,243M 4169

33 92 3,000 5,300 390 33 91,200 5,666,560 483,360 23,726M 4187

34 88 2,900 5,100 300 33 88,160 5,754,720 449,616 24,176M 4201

35 87 2,000 4,900 280 23 60,800 5,815,520 297,920 24,474M 4208

36 90 2,400 4,800 310 27 72,960 5,888,480 350,208 24,824M 4216

37 88 2,100 4,500 300 24 63,840 5,952,320 287,280 25,111M 4219

38 88 2,200 4,500 325 25 66,880 6,019,200 300,960 25,412M 4222

39 87 2,100 4,300 300 24 63,840 6,083,040 274,512 25,687M 4223

40 82 2,000 4,000 275 24 60,800 6,143,840 243,200 25,930M 4220

41 85 2,100 3,600 225 25 63,840 6,207,680 229,824 26,160M 4214

Table 6.5 Average Monthly Production Data, Gloyd- Mitchell Zone of the Rodessa Field (continued)
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This figure is lower than the arithmetic average ratio of 2500 SCF/STB. The average gas-oil ratio 
of a large number of wells, then, can be expressed by 

 R R q
q

o

o
avg = ∑ ×

∑
 (6.17)

where R and qo are the individual gas-oil ratios and stock-tank oil production rates.
Figure 6.5 shows, plotted in block diagram, the number of producing wells, the daily gas-

oil ratio, and the daily oil production per well. Also, in a smooth curve, pressure is plotted against 
time. The initial increase in daily oil production is due to the increase in the number of producing 
wells and not to the improvement in individual well rates. If all the wells had been completed and 
put on production at the same time, the daily production rate would have been a plateau, during 
the time all the wells could make their allowables, followed by an exponential decline, which is 
shown beginning at 16 months after the start of production. Since the daily oil allowable and daily 
production of a well are dependent on the bottom-hole pressure and gas-oil ratio, the oil recovery 
is larger for wells completed early in the life of a field. Because the controlling factor in this type of 
mechanism is gas flow in the reservoir, the rate of production has no material effect on the ultimate 
recovery, unless some gravity drainage occurs. Likewise, well spacing has no proven effect on re-
covery; however, well spacing and production rate directly affect the economic return.

The rapid increase in gas-oil ratios in the Rodessa Field led to the enactment of a gas-conserva-
tion order. In this order, oil and gas production were allocated partly on a volumetric basis to restrict 
production from wells with high gas-oil ratios. The basic ratio for oil wells was set at 2000 SCF/STB. 
For leases on which the wells produced more than 2000 SCF/STB, the allowable in barrels per day 
per well, based on acreage and pressure, was multiplied by 2000 and divided by the gas-oil ratio of 
the well. This cut in production produced a double hump in the daily production curve.

In addition to a graph showing the production history versus time, it is usually desirable 
to have a graph that shows the production history plotted versus the cumulative produced oil. 
Figure 6.6 is such a plot for the Gloyd-Mitchell zone data and is also obtained from Table 6.5. 
This graph shows some features that do not appear in the time graph. For example, a study of 
the reservoir pressure curve shows the Gloyd-Mitchell zone was producing by liquid expansion 
until approximately 200,000 bbl were produced. This was followed by a period of production 
by gas expansion with a limited amount of free gas flow. When approximately 3 million bbl had 
been produced, the gas began to flow much more rapidly than the oil, resulting in a rapid in-
crease in the gas-oil ratio. In the course of this trend, the gas-oil ratio curve reached a maximum, 
then declined as the gas was depleted and the reservoir pressure approached zero. The decline 
in gas-oil ratio beginning after approximately 4.5 million bbl were produced was due mainly to 
the expansion of the flowing reservoir gas as pressure declined. Thus the same gas-oil ratio in 
standard cubic feet per day gives approximately twice the reservoir flow rate at 400 psig as at 
800 psig; hence, the surface gas-oil ratio may decline and yet the ratio of the rate of flow of gas 
to the rate of flow of oil under reservoir conditions continues to increase. It may also be reduced 
by the occurrence of some gravitational segregation and also, from a quite practical point of 
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view, by the failure of operators to measure or report gas production on wells producing fairly 
low volumes of low-pressure gas.

The results of a differential gas-liberation test on a bottom-hole sample from the Gloyd zone 
show that the solution gas-oil ratio was 624 SCF/STB, which is in excellent agreement with the initial 
producing gas-oil ratio of 625 SCF/STB.17 In the absence of gas-liberation tests on a bottom-hole 
sample, the initial gas-oil ratio of a properly completed well in either a dissolved gas drive, gas cap 
drive, or water-drive reservoir is usually a reliable value to use for the initial solution gas-oil ratio of 
the reservoir. As can be seen in Fig. 6.6, the extrapolations of the pressure, oil rate, and producing 
gas-oil ratio curves on the cumulative oil plot all indicate an ultimate recovery of about 7 million bbl. 
However, no such extrapolation can be made on the time plot (see Fig. 6.5). It is also of interest that, 
whereas the daily producing rate is exponential on the time plot, it is close to a straight line on the 
cumulative oil plot.

The average gas-oil ratio during any production interval and the cumulative gas-oil ratio may 
be indicated by integrals and shaded areas on a typical daily gas-oil ratio versus cumulative stock-
tank oil production curve, as shown in Fig. 6.7. If R represents the daily gas-oil ratio at any time, 
and Np the cumulative stock-tank production at the same time, then the production during a short 
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interval of time is dNp and the total volume of gas produced during that production interval is R dNp. 
The gas produced over a longer period when the gas-oil ratio is changing is given by

 ΔG R dNp pN

N

p

p= ∫  
1

2  (6.18)

The shaded area between Npl
 and Np2

 is proportional to the gas produced during the interval. The 
average daily gas-oil ratio during the production interval equals the area under the gas-oil ratio 
curve between Npl

 and Np2
 in units given by the coordinate scales, divided by the oil produced in 

the interval (Np2
 – Np1

), and

 R
R dN

N N
pN

N

p p

p

p

avg

 

( )
=

−

∫
1

2

2 1

 (6.19)

The cumulative gas-oil ratio, Rp, is the total net gas produced up to any period divided by the total 
oil produced up to that period, or

 R
R dN
Np

p
N

p

p

= ∫  
0

2

 (6.20)
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Figure 6.7 Typical daily gas-oil ratio curve for a dissolved gas drive reservoir.
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The cumulative produced gas-oil ratio was calculated in this manner in column 11 of Table 6.5. 
For example, at the end of the third period,

 Rp = × + × + ×
+

625 12 160 750 15 200 875 21 280

12 160 15 20

, , ,

, , 00 21 280
773

+
=

,
 SCF/STB

6.6 Calculations, Including Formation and Water Compressibilities
In Chapter 2, it was shown that both formation and water compressibilities are functions of pres-
sure. This suggests that there are in fact no volumetric reservoirs—that is, those in which the hydro-
carbon pore volume of the reservoir remains constant. Hall showed the magnitude of the effect of 
formation compressibility on volumetric reservoir calculations.18 The term volumetric, however, is 
retained to indicate those reservoirs in which there is no water influx but in which volumes change 
slightly with pressure, due to the effects just mentioned.

The effect of compressibilities above the bubble point on calculations for N are examined 
first. Equation (3.8), with Rp = Rsoi above the bubble point, becomes

 N B B N B
c S c

S
p W N B Bt ti ti

w wi f

wi
e p t( )− +

+
−









 + = + 

 

1
Δ ww pW  (6.21)

This equation may be rearranged to solve for N:

 N
N B W B W

B B B
c S c

S
p

p t e w p

t ti ti
w wi f

wi

=
− +

− +
+

−










 

1
Δ

 (6.22)

Although this equation is entirely satisfactory, often an oil compressibility, co, is introduced with 
the following defining relationship:

 c V V
V p p

B B
B po

o oi

oi i

o oi

oi
= −

−
= −

( ) Δ

and

 Bo = Boi + Boico
Δp  (6.23)

The definition of co uses the single-phase formation volume factor, but it should be apparent that 
as long as the calculations are being conducted above the bubble point, Bo = Bt. If Eq. (6.23) is 
substituted into the first term in Eq. (6.21), the result is
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 N(Bti – Bti) + NBtico Δp  + N Bti

c S c
S

pw wi f

wi

 +
−









1

Δ  = NpBt – We + BwWp (6.24)

Multiplying both the numerator and the denominator of the term containing co by So and realizing 
that above the bubble point there is no gas saturation, So = 1 – Swi, Eq. (6.24) becomes

 NBti
c S p

S
o o

wi

Δ
1 −











 + N Bti
c S c

S
pw wi f

wi

 +
−









1

Δ  = NpBt – We + BwWp
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 NBti

c S c S c
S

po o w wi f

wi

+ +
−











 

1
Δ  = NpBt – We + BwWp (6.25)

The expression in brackets of Eq. (6.25) is called the effective fluid compressibility, ce, which in-
cludes the compressibilities of the oil, the connate water, and the formation, or

 c
c S c S c

Se
o o w wi f

wi
=

+ +
−1

 (6.26)

Finally, Eq. (6.25) may be written as

 NBticeΔ
p  = NpBt – We + BwWp (6.27)

For volumetric reservoirs, We = 0 and Wp is generally negligible, and Eq. (6.27) can be rearranged 
to solve for N:

 N
N

c p
B
B

p

e

t

ti
=





Δ

 (6.28)

Finally, if the formation and water compressibilities, cf and cw, both equal zero, then ce is simply co 
and Eq. (6.28) reduces to Eq. (6.8), derived in section 6.3 for production above the bubble point.

 
N
N

B B
B

p t ti

t
= −

Example 6.3 shows the use of Eqs. (6.22) and (6.28) to find the initial oil in place from the pres-
sure-production data of a reservoir that all geologic evidence indicates is volumetric (i.e., it is 
bounded on all sides by impermeable rocks). Because the equations are basically identical, they 
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give the same calculation of initial oil, 51.73 MM STB. A calculation is also included to show 
that an error of 61% is introduced by neglecting the formation and water compressibilities.

Example 6.2 Calculating Initial Oil in Place in a Volumetric, Undersaturated Reservoir

Given
Bti = 1.35469 bbl/STB
Bt at 3600 psig = 1.37500 bbl/STB
Connate water = 0.20
cw = 3.6 (10)–6 psi–1

Bw at 3600 psig = 1.04 bbl/STB
cf = 5.0 (10)–6 psi–1

pi = 5000 psig
Np = 1.25 MM STB
 Δp  at 3600 psig = 1400 psi
Wp = 32,000 STB
We = 0

Solution
Substituting into Eq. (6.22)

 N = +

−

1 250 000 1 37500 32 000 1 04

1 37500 1 3546

, , ( . ) , ( . )

. . 99 1 35469
3 6 10 0 20 5 0 10

1 0 20

6 6

+ +
−











− −

.
. ( )( . ) . ( )

.
(( )1400

 = 51.73 MM STB

the average compressibility of the reservoir oil is

 c B B
B po
o oi

oi
= − = −

−
=

Δ
1 375 1 35469

1 35469 5000 3600

. .

. ( )
110 71 10 6 1. ( )  psi− −

and the effective fluid compressibility by Eq. (6.26) is

 ce = + + =
−

−[ . ( . ) . ( . ) . ]

.
. ( )

0 8 10 71 0 2 3 6 5 0 10

0 8
17 86 10

6

 66 1 psi−

Then the initial oil in place by Eq. (6.28) with the Wp term from Eq. (6.27) included is
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 N = −
1,250,000(1.37500) + 32,000(1.04)

17.86(10) (6 11400)1.35469
 MM  STB= 51 73.

If the water and formation compressibilities are neglected, ce = co, and the initial oil in place is 
calculated to be

 
N = −

1,250,000(1.37500) + 32,000(1.04)

17.71(10) (6 11400)1.35469
 MM  STB= 86 25.

As can be seen from the example calculations, the inclusion of the compressibility terms signifi-
cantly affects the value of N. This is true above the bubble point where the oil-producing mecha-
nism is depletion, or the swelling of reservoir fluids. After the bubble point is reached, the water 
and rock compressibilities have a much smaller effect on the calculations because the gas com-
pressibility is so much greater.

When Eq. (3.8) is rearranged and solved for N, we get the following:

 N
N B R R B W B W

B B B
c S c

p t p soi g e w p

t ti ti
w wi f

=
+ − − +

− +
+

[ ( ) ]

 

11 −








S

p
wi

Δ
 (6.29)

This is the general material balance equation written for an undersaturated reservoir below the bub-
ble point. The effects of water and formation compressibilities are accounted for in this equation. 
Example 6.3 compares the calculations for recovery factor, Np/N, for an undersaturated reservoir 
with and without including the effects of the water and formation compressibilities.

Example 6.3  Calculating Np/N for an Undersaturated Reservoir with No Water Production 
and Negligible Water Influx

Note the calculation is performed with and without including the effect of compressibilities. Assume 
that the critical gas saturation is not reached until after the reservoir pressure drops below 2200 psia.

Given
pi = 4000 psia
cw = 3 × 10–6 psi–1

pb = 2500 psia
cf = 5 × 10–6 psi–1

Sw = 30%
φ = 10%
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Pressure (psia) Rso (SCF/STB) Bg (bbl/SCF) Bt (bbl/SCF)

4000 1000 0.00083 1.3000

2500 1000 0.00133 1.3200

2300 920 0.00144 1.3952

2250 900 0.00148 1.4180

2200 880 0.00151 1.4412

Solution
The calculations are performed first by including the effect of compressibilities. Equation (6.22), 
with Wp 

equal to zero and We neglected, is then rearranged and used to calculate the recovery at 
the bubble point.
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Below the bubble point, Eqs. (6.29) and (6.13) are used to calculate the recovery:
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 equals the average value of the solution GOR during the pressure increment.

 Rave1
1000 920

2
960= + =

Solving these three equations for Np/N yields
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p = 0 08391.

Repeating the calculations for the pressure increment 2250–2200 psia, the Np/N is found to be

 

N
N

p = 0 11754.

Now, the calculations are performed by assuming that the effect of including the compressibility terms 
is negligible. For this case, at the bubble point, the recovery can be calculated by using Eq. (6.8):

 

N
N

B B
B

p t ti

t
= − = − =1 32 1 30

1 32
0 01515

. .

.
.

Below the bubble point, Eqs. (6.11) and (6.13) are used to calculate Np/N
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Solving these three equations yields

 

N
N

p = 0 07051.

Repeating the calculations for the pressure increment 2300–2250 psia,

 

N
N

p = 0 08707.

For the pressure increment 2250–2200 psia,

 
N
N

p = 0 10377.

Figure 6.8 is a plot of the results for the two different cases—that is, with and without considering 
the compressibility term.

The calculations suggest there is a very significant difference in the results of the two cases, 
down to the bubble point. The difference is the result of the fact that the rock and water compressibil-
ities are on the same order of magnitude as the oil compressibility. By including them, the fractional 
recovery has been significantly affected. The case that used the rock and water compressibilities 
comes closer to simulating real production above the bubble point from this type of reservoir. This is 
because the actual mechanism of oil production is the expansion of the oil, water, and rock phases; 
there is no free gas phase.

Below the bubble point, the magnitude of the fractional recoveries calculated by the two 
schemes still differ by about what the difference was at the bubble point, suggesting that below the 
bubble point, the compressibility of the gas phase is so large that the water and rock compressibil-
ities do not contribute significantly to the calculated fractional recoveries. This corresponds to the 
actual mechanism of oil production below the bubble point, where gas is coming out of solution 
and free gas is expanding as the reservoir pressure declines.

The results of the calculations of Example 6.4 are meant to help the reader to understand the 
fundamental production mechanisms that occur in undersaturated reservoirs. They are not meant 
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to suggest that the calculations can be made easier by ignoring terms in equations for particular 
reservoir situations. The calculations are relatively easy to perform, whether or not all terms are 
included. Since nearly all calculations are conducted with the use of a computer, there is no need 
to neglect terms from the equations.

Problems
6.1 Using the letter symbols for reservoir engineering, write expressions for the following terms 

for a volumetric, undersaturated reservoir:

(a) The initial reservoir oil in place in stock-tank barrels
(b) The fractional recovery after producing Np STB
(c) The volume occupied by the remaining oil (liquid) after producing Np STB
(d) The SCF of gas produced
(e) The SCF of initial gas
(f) The SCF of gas in solution in the remaining oil
(g) By difference, the SCF of escaped or free gas in the reservoir after producing Np STB
(h) The volume occupied by the escaped, or free, gas
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Figure 6.8 Pressure versus fractional recovery for the calculations of Problem 6.4
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6.2 The physical characteristics of the 3–A–2 reservoir are given in Fig. 6.2:

(a) Calculate the percentage of recovery, assuming this reservoir could be produced at a 
constant cumulative produced gas-oil ratio of 1100 SCF/STB, when the pressure falls to 
3550, 2800, 2000, 1200, and 800 psia. Plot the percentage of recovery versus pressure.

(b) To demonstrate the effect of increased GOR on recovery, recalculate the recoveries, 
assuming that the cumulative produced GOR is 3300 SCF/STB. Plot the percentage of 
recovery versus pressure on the same graph used for the previous problem.

(c) To a first approximation, what does tripling the produced GOR do to the percentage of 
recovery?

(d) Does this make it appear reasonable that, to improve recovery, high-ratio (GOR) wells 
should be worked over or shut in when feasible?

6.3 If 1 million STB of oil have been produced from the 3–A–2 reservoir at a cumulative produced 
GOR of 2700 SCF/STB, causing the reservoir pressure to drop from the initial reservoir pres-
sure of 4400 psia to 2800 psia, what is the initial stock-tank oil in place?

6.4 The following data are taken from an oil field that had no original gas cap and no water 
drive:

 Oil pore volume of reservoir = 75 MM ft3

 Solubility of gas in crude = 0.42 SCF/STB/psi
 Initial bottom-hole pressure = 3500 psia
 Bottom-hole temperature = 140°F
 Bubble-point pressure of the reservoir = 2400 psia
 Formation volume factor at 3500 psia = 1.333 bbl/STB
 Compressibility factor of the gas at 1500 psia and 140°F = 0.95
 Oil produced when pressure is 1500 psia = 1.0 MM STB
 Net cumulative produced GOR = 2800 SCF/STB

(a) Calculate the initial STB of oil in the reservoir.
(b) Calculate the initial SCF of gas in the reservoir.
(c) Calculate the initial dissolved GOR of the reservoir.
(d) Calculate the SCF of gas remaining in the reservoir at 1500 psia.
(e) Calculate the SCF of free gas in the reservoir at 1500 psia.
(f) Calculate the gas volume factor of the escaped gas at 1500 psia at standard conditions 

of 14.7 psia and 60°F.
(g) Calculate the reservoir volume of the free gas at 1500 psia.
(h) Calculate the total reservoir GOR at 1500 psia.
(i) Calculate the dissolved GOR at 1500 psia.
(j) Calculate the liquid volume factor of the oil at 1500 psia.
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(k) Calculate the total, or two-phase, oil volume factor of the oil and its initial complement 
of dissolved gas at 1500 psia.

6.5 (a)  Continuing the calculations of the Kelly-Snyder Field, calculate the fractional recovery 
and the gas saturation at 1400 psig.

(b) What is the deviation factor for the gas at 1600 psig and 125°F?

6.6 The R Sand is a volumetric oil reservoir whose PVT properties are shown in Fig. 6.9. When 
the reservoir pressure dropped from an initial pressure of 2500 psia to an average pressure of 
1600 psia, a total of 26.0 MM STB of oil was produced. The cumulative GOR at 1600 psia 
is 954 SCF/STB, and the current GOR is 2250 SCF/STB. The average porosity for the field 
is 18%, and average connate water is 18%. No appreciable amount of water was produced, 
and standard conditions were 14.7 psia and 60°F.

(a) Calculate the initial oil in place.
(b) Calculate the SCF of evolved gas remaining in the reservoir at 1600 psia.
(c) Calculate the average gas saturation in the reservoir at 1600 psia.
(d) Calculate the barrels of oil that would have been recovered at 1600 psia if all the pro-

duced gas had been returned to the reservoir.
(e) Calculate the two-phase volume factor at 1600 psia.
(f) Assuming no free gas flow, calculate the recovery expected by depletion drive perfor-

mance down to 2000 psia.
(g) Calculate the initial SCF of free gas in the reservoir at 2500 psia.
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Figure 6.9 PVT data for the R Sand reservoir at 150°F.
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6.7 If the reservoir of Problem 6.6 had been a water-drive reservoir, in which 25 × 106 bbl of 
water had encroached into the reservoir when the pressure had fallen to 1600 psia, calculate 
the initial oil in place. Use the same current and cumulative GORs, the same PVT data, and 
assume no water production.

6.8 The following production and gas injection data pertain to a reservoir.

Cumulative oil production, 
Np (MM STB)

Average daily gas- oil 
ratio, R (SCF/STB)

Cumulative gas injected, GI 
(MM SCF)

0 300 0

1 280 0

2 280 0

3 340 0

4 560 0

5 850 0

6 1120 520

7 1420 930

8 1640 1440

9 1700 2104

10 1640 2743

(a) Calculate the average producing GOR during the production interval from 6 MM STB 
to 8 MM STB.

(b) What is the cumulative produced GOR when 8 MM STB has been produced?
(c) Calculate the net average producing GOR during the production interval from 6 MM 

STB to 8 MM STB.
(d) What is the net cumulative produced GOR when 8 MM STB has been produced?
(e) Plot on the same graph the average daily GOR, the cumulative produced gas, the net cu-

mulative produced gas, and the cumulative injected gas versus cumulative oil production.

6.9 An undersaturated reservoir producing above the bubble point had an initial pressure of 
5000 psia, at which pressure the oil volume factor was 1.510 bbl/STB. When the pressure 
dropped to 4600 psia, owing to the production of 100,000 STB of oil, the oil volume factor 
was 1.520 bbl/STB. The connate water saturation was 25%, water compressibility 3.2 × 10–6 
psi–1, and based on an average porosity of 16%, the rock compressibility was 4.0 × 10–6 psi–1. 
The average compressibility of the oil between 5000 and 4600 psia relative to the volume at 
5000 psia was 17.00 × 10–6 psi–1.

(a) Geologic evidence and the absence of water production indicated a volumetric reser-
voir. Assuming this was so, what was the calculated initial oil in place?
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(b) It was desired to inventory the initial stock-tank barrels in place at a second produc-
tion interval. When the pressure had dropped to 4200 psia, formation volume factor 
1.531 bbl/STB, 205 M STB had been produced. If the average oil compressibility was  
17.65 × 10–6 psi–1, what was the initial oil in place?

(c) When all cores and logs had been analyzed, the volumetric estimate of the initial oil in 
place was 7.5 MM STB. If this figure is correct, how much water entered the reservoir 
when the pressure declined to 4600 psia?

6.10 Estimate the fraction recovery from a sandstone reservoir by water drive if the permeability 
is 1500 md, the connate water is 20%, the reservoir oil viscosity is 1.5 cp, the porosity is 
25%, and the average formation thickness is 50 ft.

6.11 The following PVT data are available for a reservoir, which from volumetric reserve estima-
tion is considered to have 275 MM STB of oil initially in place. The original pressure was 
3600 psia. The current pressure is 3400 psia, and 732,800 STB have been produced. How 
much oil will have been produced by the time the reservoir pressure is 2700 psia?

Pressure (psia)
Solution gas oil ratio 

(SCF/STB) Formation volume factor (bbl/STB)
3600 567 1.310

3200 567 1.317

2800 567 1.325

2500 567 1.333

2400 554 1.310

1800 434 1.263

1200 337 1.210

600 223 1.140

200 143 1.070

6.12 Production data, along with reservoir and fluid data, for an undersaturated reservoir follow. 
There was no measurable water produced, and it can be assumed that there was no free gas 
flow in the reservoir. Determine the following:

(a) Saturations of oil, gas, and water at a reservoir pressure of 2258.
(b) Has water encroachment occurred and, if so, what is the volume?

 Gas specific gravity = 0.78
 Reservoir temperature = 160°F
 Initial water saturation = 25%
 Original oil in place = 180 MM STB
 Bubble-point pressure = 2819 psia
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The following expressions for Bo and Rso, as functions of pressure, were determined 
from laboratory data:

 Bo = 1.00 + 0.00015p (in bbl/STB)
 Rso = 50 + 0.42p (in SCF/STB)

Pressure (psia) Cumulative 
oil produced 

(STB)

Cumulative gas 
produced (SCF)

Instantaneous GOR (SCF/STB)

2819 0 0 1000

2742 4.38 MM 4.38 MM 1280

2639 10.16 MM 10.36 MM 1480

2506 20.09 MM 21.295 MM 2000

2403 21.02 MM 30.26 MM 2500

2258 34.29 MM 41.15 MM 3300

6.13 The following table provides fluid property data for an initially undersaturated lens 
type of oil reservoir. The initial connate water saturation was 25%. Initial reservoir 
temperature and pressure were 97°F and 2110 psia, respectively. The bubble-point 
pressure was 1700 psia. Average compressibility factors between the initial and bub-
ble-point pressures were 4.0 × 10–6 psi–1 and 3.1 × 10–6 psi–1 for the formation and 
water, respectively. The initial oil formation volume factor was 1.256 bbl/STB. The 
critical gas saturation is estimated to be 10%. Determine the recovery versus pressure 
curve for this reservoir.

Pressure (psia)
Oil formation volume 

factor (bbl/STB)
Solution GOR 

(SCF/STB)
Gas formation volume 

factor (ft3/SCF)
1700 1.265 540 0.007412

1500 1.241 490 0.008423

1300 1.214 440 0.009826

1100 1.191 387 0.011792

900 1.161 334 0.014711

700 1.147 278 0.019316

500 1.117 220 0.027794

6.14 The Wildcat reservoir was discovered in 1970. The reservoir had an initial pressure 
of 3000 psia, and laboratory data indicated a bubble-point pressure of 2500 psia. The 
connate water saturation was 22%. Calculate the fractional recovery, Np/N, from initial 
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conditions down to a pressure of 2300 psia. State any assumptions you make relative to 
the calculations.

 Porosity = 0.165
 Formation compressibility = 2.5 × 10–6 psi–1

 Reservoir temperature = 150°F

Pressure 
(psia) Bo (bbl/STB) Rso (SCF/S TB) z Bg (bbl/SCF)

Viscosity ratio 
(μo/μg)

3000 1.315 650 0.745 0.000726 53.91

2500 1.325 650 0.680 0.000796 56.60

2300 1.311 618 0.663 0.000843 61.46
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Saturated Oil Reservoirs

7.1 Introduction
The final reservoir type is the saturated oil reservoir and is distinguished by the presence of both liquid 
and gas in the reservoir. The material balance equations discussed in Chapter 6, for undersaturated oil 
reservoirs, apply to volumetric and water-drive reservoirs in which there are no initial gas caps. However, 
the equations apply to reservoirs in which an artificial gas-cap forms, owing either to gravitational segre-
gation of the oil and free gas phases below the bubble point or to the injection of gas, usually in the higher 
structural portions of the reservoir. When there is an initial gas cap (i.e., the oil is initially saturated), there 
is negligible liquid expansion energy. However, the energy stored in the dissolved gas is supplemented by 
that in the cap, and it is not surprising that recoveries from gas-cap reservoirs are generally higher than 
from those without caps, other things remaining equal. This chapter will begin with a review of the factors 
that affect the overall recovery of saturated oil reservoirs and the application of the material balance used 
throughout the text. Drive indices, introduced in Chapter 3, are revisited, as they are most applicable to 
these types of reservoirs and quantitatively demonstrate the proportional effect of a given mechanism 
on the production. The Havlena-Odeh method will be applied to provide a tool for early prediction of 
reservoir behavior, followed by tools to understand and predict gas-liquid separation. The chapter will 
conclude with a discussion of volatile reservoirs and the concept of a maximum efficient rate (MER).

7.1.1 Factors Affecting Overall Recovery
In gas-cap drives, as production proceeds and reservoir pressure declines, the expansion of the gas dis-
places oil downward toward the wells. This phenomenon is observed in the increase of the gas-oil ratios 
in successively lower wells. At the same time, by virtue of its expansion, the gas cap retards pressure 
decline and therefore the liberation of solution gas within the oil zone, thus improving recovery by 
reducing the producing gas-oil ratios of the wells. This mechanism is most effective in those reservoirs 
of marked structural relief, which introduces a vertical component of fluid flow, whereby gravitational 
segregation of the oil and free gas in the sand may occur.1 The recoveries from volumetric gas-cap res-
ervoirs will typically be higher than the recoveries for undersaturated reservoirs and will be even higher 
for large gas caps, continuous uniform formations, and good gravitational segregation characteristics.

C h a p t e r  7
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7.1.1.1 Large Gas Caps
The size of the gas cap is usually expressed relative to the size of the oil zone by the ratio m, as 
defined in Chapter 3.

7.1.1.2 Continuous Uniform Formations
Continuous uniform formations reduce the channeling of the expanding gas cap ahead of the oil 
and the bypassing of oil in the less permeable portions.

7.1.1.3 Good Gravitational Segregation Characteristics
These characteristics include primarily (1) pronounced structure, (2) low oil viscosity, (3) high 
permeability, and (4) low oil velocities.

Water drive and hydraulic control are terms used in designating a mechanism that involves the move-
ment of water into the reservoir as gas and oil are produced. Water influx into a reservoir may be edge-
water or bottomwater, the latter indicating that the oil is underlain by a water zone of sufficient thickness 
so that the water movement is essentially vertical. The most common source of water drive is a result 
of expansion of the water and the compressibility of the rock in the aquifer; however, it may result from 
artesian flow. The important characteristics of a water-drive recovery process are the following:

1. The volume of the reservoir is constantly reduced by the water influx. This influx is a source 
of energy in addition to the energy of liquid expansion above the bubble point and the energy 
stored in the solution gas and in the free, or cap, gas.

2. The bottom-hole pressure is related to the ratio of water influx to voidage. When the voidage 
only slightly exceeds the influx, there is only a slight pressure decline. When the voidage 
considerably exceeds the influx, the pressure decline is pronounced and approaches that for 
gas-cap or dissolved gas-drive reservoirs, as the case may be.

3. For edgewater drives, regional migration is pronounced in the direction of the higher struc-
tural areas.

4. As the water encroaches in both edgewater and bottomwater drives, there is an increasing 
volume of water produced, and eventually water is produced by all wells.

5. Under favorable conditions, the oil recoveries can be quite high.

7.2 Material Balance in Saturated Reservoirs
The general Schilthuis material balance equation was developed in Chapter 3 and is as follows:
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Equation (3.7) can be rearranged and solved for N, the initial oil in place:
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If the expansion term due to the compressibilities of the formation and connate water can be ne-
glected, as they usually are in a saturated reservoir, then Eq. (7.1) becomes
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Example 7.1 shows the application of Eq. (7.2) to the calculation of initial oil in place for a water- 
drive reservoir with an initial gas cap. The calculations are done once by converting all barrel units 
to cubic feet units and then a second time by converting all cubic feet units to barrel units. It does 
not matter which set of units is used, only that each term in the equation is consistent. Problems 
sometimes arise because gas formation volume factors are reported either in ft3/SCF or in bbl/SCF. 
Typically, when applying the material balance equation for a liquid reservoir, gas formation volume 
factors are reported in bbl/SCF. Use care to ensure that the units are correct.

Example 7.1   Calculating the Stock-Tank Barrels of Oil Initially-in-Place in a Combination 
Drive Reservoir

Given
Volume of bulk oil zone = 112,000 ac-ft
Volume of bulk gas zone = 19,600 ac-ft
Initial reservoir pressure = 2710 psia
Initial formation volume factor = 1.340 bbl/STB
Initial gas volume factor = 0.006266 ft3/SCF
Initial dissolved GOR = 562 SCF/STB
Oil produced during the interval = 20 MM STB
Reservoir pressure at the end of the interval = 2000 psia
Average produced GOR = 700 SCF/STB
Two-phase formation volume factor at 2000 psia = 1.4954 bbl/STB
Volume of water encroached = 11.58 MM bbl
Volume of water produced = 1.05 MM STB
Formation volume factor of the water = 1.028 bbl/STB
Gas volume factor at 2000 psia = 0.008479 ft3/SCF



202	 Chapter	7	 •	 Saturated	Oil	Reservoirs

Solution
In the use of Eq. (7.2),

Bti = 1.3400 × 5.615 = 7.5241 ft3/STB
Bt = 1.4954 × 5.615 = 8.3967 ft3/STB
We = 11.58 × 5.615 = 65.02 MM ft3

Bw = 1.028 × 5.615 = 5.772 ft3/STB
BwWp = 1.028 × 5.615 x 1.05 = 6.06 MM res ft3

Assuming the same porosity and connate water for the oil and gas zones,

 m
GB
NB

Volume of bulk oil

Volume of bulk gas

19,600

112,000
0.175gi

oi
= = = =

Substituting in Eq. (7.2) with all barrel units converted to cubic feet units,
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 = 99.0 MM STB

The calculation will be repeated using Eq. (7.2), with Bt in barrels per stock-tank barrel, Bg in 
barrels per standard cubic foot, and We and Wp in barrels.

 N     +   .  = × − −20 10 1 700 562 0 001510 16 [ .4954 ( ) ] 1.588    .   

   + .

+ × ×

− +

1 05 1 028 10

1 4954 1 3400 0 175
1

6.

. .
..

.

3400

0 001116
0 001510 0 001116



 − .   .  ( )

 = 99.0 MM STB

7.2.1 The Use of Drive Indices in Material Balance Calculations
In Chapter 3, the concept of drive indices, first introduced to the reservoir engineering literature by 
Pirson, was developed.2 To illustrate the use of these drive indices, calculations are performed on the 
Conroe Field, Texas. Figure 7.1 shows the pressure and production history of the Conroe Field, and 
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Fig. 7.2 gives the gas and two-phase oil formation volume factor for the reservoir fluids. Table 7.1 
contains other reservoir and production data and summarizes the calculations in column form for 
three different periods.
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Table 7.1  Material Balance Calculation of Water Influx or Oil in Place for Oil Reservoirs below the 
Bubble- Point Pressure

For the Conroe Field,
Bti = 7.37 ft3/STB
Bgi = 0.00637 ft3/SCF (14.4 psia and 60°F)

 
m = =181 225

810 000
0 224

,

,
.

 ac-ft

 ac-ft
mBti/Bgi = 259 SCF/STB
Rsoi = 600 SCF/STB

Line 
number

Quantity Units Months after start of production
12 18 24 30 36

1 Np MM STB 9.070 22.34 32.03 40.18 48.24

2 Rp SCF/STB 1630 1180 1070 1025 995

3 p psig 2143 2108 2098 2087 2091

4 Bg ft3/SCF 0.00676 0.00687 0.00691 0.00694 0.00693

5 Bt ft3/STB 7.46 7.51 7.51 7.53 7.52

6 NpRp MM SCF 14,800 34,400 48,100

7 Rp–  Rsoi SCF/STB 1030 470 395

8 (Rp–  Rsoi) 
Bg

ft3/STB 6.95 3.24 2.74

9 (5) + (8) ft3/STB 14.41 10.75 10.26

10 Bg–  Bgi ft3/SCF 0.00039 0.00054 0.00056

11 (10) × 
(mBti/Bgi)

ft3/STB 0.101 0.137 0.145

12 Bt–  Bti ft3/STB 0.09 0.14 0.15

13 (11) + 
(12)

ft3/STB 0.191 0.277 0.295

14 (1) × (9) MM ft3 131 345 495

15 We–  Wp MM ft3 51.5 178 320

16 (14) –  (15) MM ft3 79.5 167 175

17 N = (16)/
(13)

MM STB 415 602 594

18 DDI Fraction 0.285 0.244 0.180

19 SDI Fraction 0.320 0.239 0.174

20 WDI Fraction 0.395 0.516 0.646
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The use of such tabular forms is common in many calculations of reservoir engineering in 
the interest of standardizing and summarizing calculations that may not be reviewed or repeated for 
intervals of months or sometimes longer. The use of spreadsheets makes these calculations much 
easier and maintains the tabular form. They also enable an engineer to take over the work of a prede-
cessor with a minimum of briefing and study. Tabular forms also have the advantage of providing at a 
glance the component parts of a calculation, many of which have significance themselves. The more 
important factors can be readily distinguished from the less important ones, and trends in some of the 
component parts often provide insight into the reservoir behavior. For example, the values of line 11 
in Table 7.1 show the expansion of the gas cap of the Conroe Field as the pressure declines. Line 17 
shows the values of the initial oil in place calculated at three production intervals. These values and 
others calculated elsewhere are plotted versus cumulative production in Fig. 7.3, which also includes 
the recovery at each period, expressed as the percentage of cumulative oil in the initial oil in place, 
as calculated at that period. The increasing values of the initial oil during the early life of the field 
may be explained by some of the limitations of the material balance equation discussed in Chapter 3, 
particularly the average reservoir pressure. Lower values of the average reservoir pressure in the more 
permeable and in the developed portion of the reservoir cause the calculated values of the initial oil 
to be low, through the effect on the oil and gas volume factors. The indications of Fig. 7.3 are that the 
reservoir contains approximately 600 MM STB of initial oil and that reliable values of the initial oil 
are not obtained until about 5% of the oil has been produced. This is not a universal figure but depends 
on a number of factors, particularly the amount of pressure decline. For the Conroe Field, the drive 
indices have been calculated at each of three periods, as given in lines 18, 19, and 20 of Table 7.1. For 
example, at the end of 12 months, the calculated initial oil in place is 415 MM STB, and the value of 
Np[Bt + (Rp – Rsoi)Bg] given in line 14 is 131 MM ft3. Then, from Eq. (3.11),
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These figures indicate that, during the first 12 months, 39.5% of the production was by water 
drive, 32.0% by gas-cap expansion, and 28.5% by depletion drive. At the end of 36 months, as the 
pressure stabilized, the current mechanism was essentially 100% water drive and the cumulative 
mechanism increased to 64.6% water drive. If figures for recovery by each of the three mechanisms 
could be obtained, the overall recovery could be estimated using the drive indices. An increase in 
the depletion drive and gas-drive indices would be reflected by declining pressures and increasing 
gas-oil ratios and might indicate the need for water injection to supplement the natural water influx 
and to turn the recovery mechanism more toward water drive.

7.3 Material Balance as a Straight Line
In Chapter 3, section 3.4, the method developed by Havlena-Odeh of applying the general material 
balance equation was presented.4,5 The Havlena-Odeh method is particularly advantageous for use 
early in the production life of a reservoir, as it adds constraints that aid in understanding how the 
reservoir is behaving. This understanding allows for more accurate prediction of production rates, 
pressure decline, and overall recovery. This method defines several new variables (see Chapter 3) 
and rewrites the material balance equation as Eq. (3.13):

 F = NEo + N(1 + m)BtiEf,w + NmB
B

ti

gi













Eg + We (3.13)



7.3 Material Balance as a Straight Line  207

This equation is then reduced for a particular application and arranged into a form of a straight 
line. When this is done, the slope and intercept often yield valuable assistance in determining such 
parameters as N and m. The usefulness of this approach is illustrated by applying the method to the 
data from the Conroe Field example discussed in the last section.

For the case of a saturated reservoir with an initial gas cap, such as the Conroe Field, and 
neglecting the compressibility term, Ef,w, Eq. (3.13) becomes

 F NE NmB
B

E Wo
ti

gi
g e= + +  (7.3)

If N is factored out of the first two terms on the right-hand side and both sides of the equation are 
divided by the expression remaining after factoring, we get

 

F

E mB
B

E
N W

E mB
B

Eo
ti

gi
g

e

o
ti

gi
g+

= +
+  (7.4)

For the example of the Conroe Field in the previous section, the water production values were not 
known. For this reason, two dummy parameters are defined as F′ = F – WpBw and W′e = We – WpBw. 
Equation (7.4) then becomes

 

′

+
= + ′

+

F

E mB
B

E
N W

E mB
B

Eo
ti

gi
g

e

o
ti

gi
g  (7.5)

Equation (7.5) is now in the desired form. If a plot of F′/(Eo + mBtiEg/Bgi) as the ordinate and W′e/(Eo 
+ mBtiEg/Bgi) as the abscissa is constructed, a straight line with slope equal to 1 and intercept equal 
to N is obtained. Table 7.2 contains the calculated values of the ordinate, line 5, and abscissa, line 
7, using the Conroe Field data from Table 7.1. Figure 7.4 is a plot of these values.

If a least squares regression analysis is done on all three data points calculated in Table 7.2, 
the result is the solid line shown in Fig. 7.4. The line has a slope of 1.21 and an intercept, N, of 396 
MM STB. This slope is significantly larger than 1, which is what we should have obtained from the 
Havlena-Odeh method. If we now ignore the first data point, which represents the earliest produc-
tion, and determine the slope and intercept of a line drawn through the remaining two points (the 
dashed line in Fig. 7.4), we get 1.00 for a slope and 600 MM STB for N, the intercept. This value of 
the slope meets the requirement for the Havlena-Odeh method for this case. We should now raise 
the question, can we justify ignoring the first point? If we realize that the production represents less 
than 5% of the initial oil in place and the fact that we have met the requirement for the slope of 1 
for this case, then there is justification for not including the first point in our analysis. We conclude 
from our analysis that the initial oil in place is 600 MM STB for the Conroe Field.
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Table 7.2 Tabulated Values from the Conroe Field for Use in the Havlena- Odeh Method
Line 

number
Quantity Units Months after start of production

12 24 36
1 F′ MM ft3 131 345 495

2 Eo ft3/STB 0.09 0.14 0.15

3 Eg ft3/SCF 0.00039 0.00054 0.00056

4 E m
B
B
Eo

ti

gi
g+ ft3/STB 0.191 0.280 0.295

5 (1)/(4) MM STB 686 1232 1678

6 W′e MM ft3 51.5 178 320

7 (6)/(4) MM STB 270 636 1085
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production periods.
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The reader may take issue with the fact that an analysis was done on only two points. Clearly, 
it would have been better to use more data points, but none were available in this particular exam-
ple. As more production data are collected, then the plot in Fig. 7.4 can be updated and the calcula-
tion for N reviewed. The important point to remember is that if the Havlena-Odeh method is used, 
the condition of the slope and/or intercept must be met for the particular case that is being worked. 
This imposes another restriction on the data and can be used to justify the exclusion of some data, 
as was done in the case of the Conroe Field example.

7.4  The Effect of Flash and Differential Gas Liberation  
Techniques and Surface Separator Operating Conditions  
on Fluid Properties

Fluid property data are extremely important pieces of information used in reservoir engineering 
calculations. It therefore becomes crucial to be knowledgeable about methods for obtaining these 
data. It is also important to relate those methods to what is occurring in the reservoir as gas evolves 
and then separates from the liquid phase. This section contains a discussion of two laboratory gas 
liberation processes as well as a discussion of the effect of surface separator operating pressures 
and temperatures.

For heavy crudes whose dissolved gases are almost entirely methane and ethane, the manner of 
separation is relatively unimportant. For lighter crudes and heavier gases (i.e., for reservoir fluids with 
larger fractions of the intermediate hydrocarbons—mainly propane, butanes, and pentanes), the man-
ner of separation raises some important questions. The nature of the difficulty lies mainly with these 
intermediate hydrocarbons that are, relatively speaking, intermediate between true gases and true 
liquids. They are therefore divided between the gas and liquid phases in proportions that are affected 
by the manner of separation. The situation may be explained with reference to two well-defined, iso-
thermal, gas-liberation processes commonly used in laboratory pressure-volume-temperature (PVT) 
studies. In the flash liberation process, all the gas evolved during a reduction in pressure remains 
in contact and presumably in equilibrium with the liquid phase from which it is liberated. In the 
differential process, on the other hand, the gas evolved during a pressure reduction is removed from 
contact with the liquid phase as rapidly as it is liberated. Figure 7.5 shows the variation of solution 
gas with pressure for the differential process and the specific gravity of the gas that is being liberated 
at any pressure. Since the specific gravity of the gas is quite constant down to about 800 psia, it can 
be inferred that very close to the same quantity of gas would have been liberated by the flash process, 
down to 800 psia and at the same temperature. Below 800 psia, the vaporization of the intermediate 
hydrocarbons begins to be appreciable for the fluid of Fig. 7.5. In more volatile crudes, it begins at 
higher pressures and vice versa. The vaporization is indicated by the rise in the gas gravity and by 
the increasing rate of gas liberation, indicated by the steepening of the slope dRso/dp. If all the gas 
liberated down to, say, 400 psia remains in contact with the liquid phase, as in the flash process, more 
gas is liberated because the intermediate hydrocarbons in the liquid phase vaporize into the entire gas 
space in contact with the liquid until equilibrium is reached. Because gas is removed as rapidly as 
it is formed in the differential process, less vaporization of the intermediates occurs. The release of 
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solution gas at lower pressures by the flash process, at the same temperature, is further accelerated 
because the loss of more of the intermediate hydrocarbons reduces the gas solubility. In some flash 
processes, the temperature is reduced at some pressure during the gas liberation process, whereas dif-
ferential liberations are generally run at reservoir temperature. Because of the increased gas solubility 
and the lower volatility of the intermediates at lower temperatures, the quantity of gas released by the 
flash process is lower at the lower temperatures and is commonly less than the quantity released by 
the differential process at reservoir temperature.

Table 7.3 gives the PVT data obtained from a laboratory study of a reservoir fluid sample at res-
ervoir temperature of 220°F. The volumes given in the second column are the result of the flash gas-lib-
eration process and are shown plotted in Fig. 7.6. Below the bubble-point pressure at 2695 psig, the 
volumes include the volume of the liberated gas and are therefore two-phase volume factors. Since the 
stock-tank oil remaining at atmospheric pressure depends on the pressure, temperature, and separation 
stages by which the gas is liberated at lower pressures, the volumes are reported relative to the volume 
at the bubble-point pressure, Vb. To relate the reservoir volumes to the stock-tank oil volumes, additional 
tests are performed on other samples using small-scale separators, which are operated in the range of 
pressures and temperatures used in the field separation of the gas and oil. Table 7.4 shows the results of 
four laboratory tests at separator pressures of 0, 50, 100, and 200 psig and separator temperatures from 
74°F to 77°F. The temperatures are lower for the lower separator pressures because of the greater cool-
ing effect of the gas expansion and the greater vaporization of the intermediate hydrocarbon components 
at the lower pressures. At 100 psig and 76°F, the tests indicate that 505 SCF are liberated at the separator 
and 49 SCF in the stock tank, or a total of 554 SCF/STB. Then the initial solution gas-oil ratio, Rsoi, 
is 554 SCF/STB. The tests also show that, under these separation conditions, 1.335 bbl of fluid at the 
bubble-point pressure yield 1.000 STB of oil. Hence, the formation volume factor at the bubble-point 
pressure is 1.335 bbl/STB, and the two-phase flash formation volume factor at 1773 psig is
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sample from the Magnolia Field, Arkansas (after Carpenter, Schroeder, and Cook, US 
Bureau of Mines).6
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 Btf = 1.335 × 1.1814 = 1.577 bbl/STB
The data in Table 7.4 indicate that both oil gravity and recovery can be improved by using an 

optimum separator pressure of 100 psig and by reducing the loss of liquid components, particularly 
the intermediate hydrocarbons, to the separated gas. In reference to material balance calculations, 

Table 7.3 Reservoir Fluid Sample Tabular Data (after Kennerly, courtesy Core Laboratories, Inc.)
Pressure 
(psig)

Flash liberation 
at 220°F, relative 

volume of oil 
and gas (V/Vb)

Differential liberation at 220°F
Liberated gas- oil 
ratio (SCF/bbl) of 

residual oil

Solution gas- oil
ratio (SCF/bbl) of 

residual oil

Relative oil volume 
(V/Vr)

5000 0.9739 1.355

4700 0.9768 1.359

4400 0.9799 1.363

4100 0.9829 1.367

3800 0.9862 1.372

3600 0.9886 1.375

3400 0.9909 1.378

3200 0.9934 1.382

3000 0.9960 1.385

2900 0.9972 1.387

2800 0.9985 1.389

2695 1.0000 0 638 1.391

2663 1.0038

2607 1.0101

2512 42 596 1.373

2503 1.0233

2358 1.0447

2300 89 549 1.351

2197 1.0727

2008 150 488 1.323

2000 1.1160 152 486 1.322

1773 1.1814

1702 213 425 1.295

1550 1.2691

1351 1.3792

1315 290 348 1.260

1010 351 287 1.232

(continued)
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Pressure 
(psig)

Flash liberation 
at 220°F, relative 

volume of oil 
and gas (V/Vb)

Differential liberation at 220°F
Liberated gas- oil 
ratio (SCF/bbl) of 

residual oil

Solution gas- oil
ratio (SCF/bbl) of 

residual oil

Relative oil volume 
(V/Vr)

992 1.7108

711 2.2404

705 412 226 1.205

540 2.8606

410 3.7149

405 474 164 1.175

289 5.1788

150 539 99 1.141

0 638 0 1.066

Residual volume at 60°F = 1.000

Residual oil gravity = 28.8 °API

Specific gravity of liberated gas = 1.0626
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Figure 7.6  Flash liberation PVT data for a reservoir fluid at 220°F (after Kennerly, courtesy Core 
Laboratories, Inc.).

Table 7.3  Reservoir Fluid Sample Tabular Data (after Kennerly, courtesy Core Laboratories, Inc.) 
(continued)
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they also indicate that the volume factors and solution gas-oil ratios depend on how the gas and 
oil are separated at the surface. When differing separation practices are used in the various wells 
owing to operator preference or to limitations of the flowing wellhead pressures, further complica-
tions are introduced. Figure 7.7 shows the variation in oil shrinkage with separator pressure for a 
west central Texas and a south Louisiana field. Each crude oil has an optimum separator pressure 
at which the shrinkage is a minimum and stock-tank oil gravity a maximum. For example, in the 
case of the west central Texas reservoir oil, there is an increased recovery of 7% when the operating 
separator pressure is increased from atmospheric pressure to 70 psig. The effect of using two stages 
of separation with the South Louisiana reservoir oil is shown by the triangle.

The effect of changes in separator pressures and temperatures on gas-oil ratios, oil gravi-
ties, and shrinkage in reservoir oil was determined for the Scurry Reef Field by Cook, Spencer, 
Bobrowski, and Chin.7,8 The data obtained from field and laboratory tests showed that the amount 
of gas liberated from the oil produced was affected materially by changes in both separator tem-
peratures and pressures. For example, when the separator temperature was reduced to 62.5°F, the 
gas-oil ratio decreased from 1068 SCF/STB to 844 SCF/STB and the production increased from  
125 STB/day to 135 STB/day. This was a decrease in gas-oil ratio of 21% and a production in-
crease of 8%. Therefore, to yield the same volume of stock-tank oil, the production of 8% more 
reservoir fluid was needed when the separator was operating at the higher temperature.

Table 7.3 also gives the solution gas and oil volume factors for the same reservoir fluid by 
differential liberation at 220°F, all the way down to atmospheric pressure, whereas the flash tests 
were stopped at 289 psig, owing to limitations of the volume of the PVT cell. Figure 7.8 shows a 
plot of the oil (liquid) volume factor and the liberated gas-oil ratios relative to a barrel of residual 
oil (i.e., the oil remaining at 1 atm and 60°F after a differential liberation down to 1 atm at 220°F). 
The volume change from 1.066 at 220°F to 1.000 at 60°F is a measure of the coefficient of thermal 
expansion of the residual oil. In some cases, a barrel of residual oil by the differential process is 
close to a stock-tank barrel by a particular flash process, and the two are taken as equivalent. In the 
present case, the volume factor at the bubble-point pressure is 1.335 bbl per stock-tank barrel by 

Table 7.4 Separator Tests of Reservoir Fluid Sample (after Kennerly, courtesy Core Laboratories, Inc.)
Separator 
pressure 
(psig)

Separator 
temperature 

(°F)

Separator 
gas- oil  
ratioa 

(SCF/STB)

Stock- tank 
gas- oil 

ratioa (SCF/
STB)

Stock- tank 
gravity 

(°API) at 
60°F

Formation 
volume 
factorb  
(Vb/Vr)

Specific	
gravity of 
flash	gas	
air = 1.00

0 74 620 0 29.9 1.382 0.9725

50 75 539 23 31.5 1.340

100 76 505 49 31.9 1.335

200 17 459 98 31.8 1.337
a Standard conditions for 14.7 psia and 60°F
b Vb/Vr = barrels of oil at the bubble- point pressure 2695 psig and 220°F per stock- tank barrel at 14.7 psia 
and 60°F.
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the flash process, using separation at 100 psig and 76°F versus 1.391 bbl per residual barrel by the 
differential process. The initial solution gas-oil ratios are 554 SCF/STB versus 638 SCF/residual 
barrel, respectively.

In addition to the volumetric data of Table 7.3, PVT studies usually obtain values for  
(1) the specific volume of the bubble-point oil, (2) the thermal expansion of the saturated oil, and 
(3) the compressibility of the reservoir fluid at or above the bubble point. For the fluid of Table 7.3, the 
specific volume of the fluid at 220°F and 2695 psig is 0.02163 ft3/lb, and the thermal expansion 
is 1.07741 volumes at 220°F and 5000 psia per volume at 74°F and 5000 psia, or a coefficient of 
0.00053 per °F. The compressibility of the undersaturated liquid has been discussed and calcu-
lated from the data of Table 7.3 in Chapter 2, section 2.6, as 10.27 × 10–6 psi–1 between 5000 psia 
and 4100 psia at 220°F.
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The deviation factor of the gas released by the differential liberation process may be mea-
sured, or it may be estimated from the measured specific gravity. Alternatively, the gas composition 
may be calculated using a set of valid equilibrium constants and the composition of the reservoir 
fluid, and the gas deviation factor may be calculated from the gas composition.

7.5  The Calculation of Formation Volume Factor and Solution 
Gas-Oil Ratio from Differential Vaporization and Separator 
Tests

The data in Tables 7.3 and 7.4 can be combined to yield values for the oil formation volume factor 
and the solution gas-oil ratio. The formation volume factor is calculated from Eq. (7.6) or (7.7), 
depending on whether the pressure is above or below the bubble-point pressure: For p > bubble- 
point pressure,
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Figure 7.8  PVT data for the differential gas liberation of a reservoir fluid at 220°F (after Kennerly, 
courtesy Core Laboratories, Inc.).
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 Bo = REV(Bofb) (7.6)
For p < bubble-point pressure,

 B B
B
Bo od

ofb

odb
=









  (7.7)

where

REV = Relative volume from the flash liberation test listed in Table 7.3 as V/Vb

Bofb = Formation volume factor from separator tests listed in Table 7.4 as Vb/Vr

Bod = Formation volume factor from differential liberation test listed in Table 7.3 as V/Vr

Bodb = Formation volume factor at the bubble point from differential liberation test

The solution gas-oil ratio can be calculated using Eq. (7.8),

 Rso = Rsofb – ( )R   R
B
Bsofb sod

ofb

odb
−












  (7.8)

where

Rsofb = Sum of separator gas and the stock-tank gas from separator tests listed in Table 7.4
Rsod = Solution gas-oil ratio from differential liberation test listed in Table 7.3
Rsodb = The value of Rsod at the bubble point

For example, at a pressure of 5000 psia and separator conditions of 200 psig and 77°F,

 Bo = 0.9739 (1.337) = 1.302 bbl/STB
and

 Rso = 459 + 98 = 557 SCF/STB

(Recall that Rso = Rsob for pressures above the bubble point.)
At a pressure of 2512 psig, which is below the bubble-point pressure, Bo and Rso become

 Bo = 





=1 373
1 337

1 391
1 320.

.

.
.  bbl/STB

and
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 Rso = 557 – ( )
1.337

1.373
SCF/STB638 596 516  =  − 











7.6 Volatile Oil Reservoirs
If all gas in reservoirs was methane and all oil was decane and heavier, the PVT properties of the 
reservoir fluids would be quite simple because the quantities of oil and gas obtained from a mixture 
of the two would be almost independent of the temperatures, the pressures, and the type of the gas 
liberation process by which the two are separated. Low volatility crudes approach this behavior, 
which is approximately indicated by reservoir temperatures below 150°F, solution gas-oil ratios 
below 500 SCF/STB, and stock-tank gravities below 35 °API. Because the propane, butane, and 
pentane content of these fluids is low, the volatility is low.

For the conditions listed previously, but not too far above the approximate limits of low vol-
atility fluids, satisfactory PVT data for material balance use are obtained by combining separator 
tests at appropriate temperatures and pressures with the flash and differential tests according to 
the procedure discussed in the previous section. Although this procedure is satisfactory for fluids 
of moderate volatility, it becomes less satisfactory as the volatility increases; more complicated, 
extensive, and precise laboratory tests are necessary to provide PVT data that are realistic in the 
application, particularly to reservoirs of the depletion type.

With present-day deeper drilling, many reservoirs of higher volatility are being discovered 
that include the gas-condensate reservoirs discussed in Chapter 5. The volatility is higher because 
of the higher reservoir temperatures at depth, approaching 500°F in some cases, and also because 
of the composition of the fluids, which are high in propane through decane. The volatile oil res-
ervoir is recognized as a type intermediate in volatility between the moderately volatile reservoir 
and the gas-condensate reservoir. Jacoby and Berry have approximately defined the volatile type 
of reservoir as one containing relatively large proportions of ethane through decane at a reservoir 
temperature near or above 250°F, with a high formation volume factor and stock-tank oil gravity 
above 45 °API.9 The fluid of the Elk City Field, Oklahoma, is an example. The reservoir fluid at the 
initial pressure of 4364 psia and reservoir temperature of 180°F had a formation volume factor of 
2.624 bbl/STB and a solution gas-oil ratio of 2821 SCF/STB, both relative to production through 
a single separator operating at 50 psig and 60°F. The stock-tank gravity was 51.4 °API for these 
separator conditions. Cook, Spencer, and Bobrowski described the Elk City Field and a technique 
for predicting recovery by depletion drive performance.10 Reudelhuber and Hinds and Jacoby and 
Berry also described somewhat similar laboratory techniques and prediction methods for the de-
pletion drive performance of these volatile oil reservoirs.11,9 The methods are similar to those used 
for gas-condensate reservoirs discussed in Chapter 5.

A typical laboratory method of estimating the recovery from volatile reservoirs is as fol-
lows. Samples of primary separator gas and liquid are obtained and analyzed for composition. 
With these compositions and a knowledge of separator gas and oil flow rates, the reservoir fluid 
composition can be calculated. Also, by recombining the separator fluids in the appropriate ra-
tio, a reservoir fluid sample can be obtained. This reservoir fluid sample is placed in a PVT cell 
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and brought to reservoir temperature and pressure. At this point, several tests are conducted. A 
constant composition expansion is performed to determine relative volume data. These data are 
the flash liberation volume data listed in Table 7.3. On a separate reservoir sample, a constant 
volume expansion is performed while the volumes and compositions of the produced phases are 
monitored. The produced phases are passed through a separator system that simulates the surface 
facilities. By expanding the original reservoir fluid from the initial reservoir pressure down to 
an abandonment pressure, the actual production process from the reservoir is simulated. Using 
the data from the laboratory expansion, the field production can be estimated with a procedure 
similar to the one used in Example 5.3 to predict performance from a gas-condensate reservoir.

7.7	 Maximum	Efficient	Rate	(MER)
Many studies indicate that the recovery from true solution gas-drive reservoirs by primary deple-
tion is essentially independent of both individual well rates and total or reservoir production rates. 
Keller, Tracy, and Roe showed that this is true even for reservoirs with severe permeability strat-
ification where the strata are separated by impermeable barriers and are hydraulically connected 
only at the wells.12 The Gloyd-Mitchell zone of the Rodessa Field (see Chapter 6, section 6.5) is 
an example of a solution gas-drive reservoir that is essentially not rate sensitive (i.e., the recovery 
is unrelated to the rate at which the reservoir is produced). The recovery from very permeable, 
uniform reservoirs under very active water drives may also be essentially independent of the rates 
at which they are produced.

Many reservoirs are clearly rate sensitive and, for this reason, many governing bodies have 
imposed allowables that limit the production to a specified rate in order to ensure a maximum over-
all recovery of the well. These allowables are not typically reservoir specific and in conventional 
fields may be restrictive. Reservoir engineers can calculate a maximum efficient rate (MER) for a 
specific reservoir. Production at or below this rate will yield a maximum ultimate recovery, while 
production above this rate will result in a significant reduction in the practical ultimate oil recov-
ery.13,14 Governing bodies have been known to adjust allowables for a reservoir when an MER has 
been proven.

Rate-sensitive reservoirs imply that there is some mechanism(s) at work in the reservoir that, 
in a practical period, can substantially improve the recovery of the oil in place. These mechanisms 
include (1) partial water drive, (2) gravitational segregation, and (3) those effective in reservoirs of 
heterogeneous permeability.

When initially undersaturated reservoirs are produced under partial water drive at voidage 
rates (gas, oil, and water) considerably in excess of the natural influx rate, they are produced es-
sentially as solution gas-drive reservoirs modified by a small water influx. Assuming that recovery 
by water displacement is considerably larger than recovery by solution gas drive, there will be a 
considerable loss in recoverable oil by the high production rate, even when the oil zone is even-
tually entirely invaded by water. The loss is caused by the increase in the viscosity of the oil, the 
decrease in the volume factor of the oil at lower pressures, and the earlier abandonment of the wells 
that must be produced by artificial lift. Because of the higher oil viscosity at the lower pressure, 
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producing water-oil ratios will be higher, and the economic limit of production rate will be reached 
at lower oil recoveries. Because of the lower oil volume factor at the lower pressure, at the same 
residual oil saturation in the invaded area, more stock-tank oil will be left at low pressure. There 
are, of course, additional benefits to be realized by producing at such a rate so as to maintain high 
reservoir pressure. If there is no appreciable gravitational segregation and the effects of reservoir 
heterogeneity are small, then the MER for a partial water-drive reservoir can be inferred from a 
study of the effect of the net reservoir voidage rate on reservoir pressure and the consequent effect 
of pressure on the gas saturation relative to the critical gas saturation (i.e., on gas-oil ratios). The 
MER may also be inferred from studies of the drive indices (Eq. [7.3]). The presence of a gas cap 
in a partial water-drive field introduces complications in determining the MER, which is affected 
by the relative size of the gas cap and the relative efficiencies of oil displacement by the expanding 
gas cap and by the encroaching water.

The Gloyd-Mitchell zone of the Rodessa Field was not rate sensitive because there was no 
water influx and because there was essentially no gravitational segregation of the free gas released 
from solution and the oil. If there had been substantial segregation, the well completion and well 
workover measures, which were taken in an effort to reduce gas-oil ratios, would have been effec-
tive, as they are in many solution gas-drive reservoirs. In some cases, a gas cap forms in the higher 
portions of the reservoir, and when high gas-oil ratio wells are penalized or shut in, there may be 
a substantial improvement in recovery, as indicated by Eq. (7.11), for a reduction in the value of 
the produced gas-oil ratio Rp. Under these conditions, the MER is that rate at which gravitational 
segregation is substantial for practical producing rates.

Gravitational segregation is also important in many gas-cap reservoirs. The effect of dis-
placement rate on recovery by gas-cap expansion when there is substantial segregation of the oil 
and gas is discussed in Chapter 10. The studies presented on the Mile Six Pool show that, at the 
adopted displacement rate, the recovery will be approximately 52.4%. If the displacement rate is 
doubled, the recovery will be reduced to about 36.0%, and at very high rates, it will drop to 14.4% 
for negligible gravity segregation.

Gravitational segregation also occurs in the displacement of oil by water, and like the gas-oil 
segregation, it is also dependent on the time factor. Gravity segregation is generally of less relative 
importance in water drive than in gas-cap drive because of the much higher recoveries usually 
obtained by water drive. The MER for water-drive reservoirs is that rate above which there will be 
insufficient time for effective segregation and, therefore, a substantial loss of recoverable oil. The 
rate may be inferred from calculations similar to those used for gas displacement in Chapter 10 or 
from laboratory studies. It is interesting that, in the case of gravitational segregation, the reservoir 
pressure is not the index of the MER. In an active water-drive field, for example, there may be no 
appreciable difference in the reservoir pressure decline for a severalfold change in the production 
rate, and yet recovery at the lower rate may be substantially higher if gravity segregation is effec-
tive at the lower rate but not at the higher.

As water invades a reservoir of heterogeneous permeability, the displacement is more rap-
id in the more permeable portions, and considerable quantities of oil may be bypassed if the 
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displacement rate is too high. At lower rates, there is time for water to enter the less permeable 
portions of the rock and recover a larger portion of the oil. As the water level rises, water is some-
times imbibed or drawn into the less permeable portions by capillary action, and this may also help 
recover oil from the less permeable areas. Because water imbibitions and the consequent capillary 
expulsion of oil are far from instantaneous, if appreciable additional oil can be recovered by this 
mechanism, the displacement rate should be lowered if possible. Although the MER under these 
circumstances is more difficult to establish, it may be inferred from the degree of the reservoir 
heterogeneity and the capillary pressure characteristics of the reservoir rocks.

In the present discussion of MER, it is realized that the recovery of oil is also affected by the 
reservoir mechanisms, fluid injection, gas-oil and water-oil ratio control, and other factors and that 
it is difficult to speak of rate-sensitive mechanisms entirely independently of these other factors, 
which in many cases are far more important.

Problems
7.1 Calculate the values for the second and fourth periods through the fourteenth step of Table 7.1 

for the Conroe Field.

7.2 Calculate the drive indices at the Conroe Field for the second and fourth periods.

7.3 If the recovery by water drive at the Conroe Field is 70%, by segregation drive 50%, and by 
depletion drive 25%, using the drive indices for the fifth period, calculate the ultimate oil 
recovery expected at the Conroe Field.

7.4 Explain why the first material balance calculation at the Conroe Field gives a low value for 
the initial oil in place.

7.5 (a)  Calculate the single-phase formation volume factor on a stock-tank basis, from the 
PVT data given in Tables 7.3 and 7.4 at a reservoir pressure of 1702 psig, for separator 
conditions of 100 psig and 76°F.

(b) Calculate the solution GOR at 1702 psig on a stock-tank basis for the same separator 
conditions.

(c) Calculate the two-phase formation volume factor by flash separation at 1550 psig for 
separator conditions of 100 psig and 76°F.

7.6 From the core data that follow, calculate the initial volume of oil and free gas in place by 
the volumetric method. Then, using the material balance equation, calculate the cubic feet 
of water that have encroached into the reservoir at the end of the four periods for which 
production data are given.
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Pressure 
(psia) Bt (bbl/STB) Bg (ft3/SCF) NP (STB) RP (SCF/STB) WP (STB)

3480 1.4765 0.0048844 0 0 0

3190 1.5092 0.0052380 11.17 MM 885 224.5 M

3139 1.5159 0.0053086 13.80 MM 884 534.2 M

3093 1.5223 0.0053747 16.41 MM 884 1005.0 M

3060 1.5270 0.0054237 18.59 MM 896 1554.0 M

 Average porosity = 16.8%
 Connate water saturation = 27%
 Productive oil zone volume = 346,000 ac-ft
 Productive gas zone volume = 73,700 ac-ft
 Bw= 1.025 bbl/STB
 Reservoir temperature = 207°F
 Initial reservoir pressure = 3480 psia

7.7 The following PVT data are for the Aneth Field in Utah:

Pressure 
(psia) Bo (bbl/STB) Rso (SCF/STB) Bg (bbl/SCF) μo/μg

2200 1.383 727

1850 1.388 727 0.00130 35

1600 1.358 654 0.00150 39

1300 1.321 563 0.00182 47

1000 1.280 469 0.00250 56

700 1.241 374 0.00375 68

400 1.199 277 0.00691 85

100 1.139 143 0.02495 130

40 1.100 78 0.05430 420

The initial reservoir temperature was 133°F. The initial pressure was 2200 psia, and the 
bubble-point pressure was 1850 psia. There was no active water drive. From 1850 psia to 
1300 psia, a total of 720 MM STB of oil and 590.6 MMM SCF of gas was produced.

(a) How many reservoir barrels of oil were in place at 1850 psia?
(b) The average porosity was 10%, and connate water saturation was 28%. The field cov-

ered 50,000 acres. What is the average formation thickness in feet?
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7.8 You have been asked to review the performance of a combination solution gas, gas-cap drive 
reservoir. Well test and log information show that the reservoir initially had a gas cap half the 
size of the initial oil volume. Initial reservoir pressure and solution gas-oil ratio were 2500 
psia and 721 SCF/STB, respectively. Using the volumetric approach, initial oil in place was 
found to be 56 MM STB. As you proceed with the analysis, you discover that your boss has 
not given you all the data you need to make the analysis. The missing information is that, at 
some point in the life of the project, a pressure maintenance program was initiated using gas 
injection. The time of the gas injection and the total amount of gas injected are not known. 
There was no active water drive or water production. PVT and production data are in the 
following table:

Pressure (psia) Bg (bbl/STB) Bt (bbl/SCF) NP (STB) RP (SCF/STB)

2500 0.001048 1.498 0 0

2300 0.001155 1.523 3.741MM 716

2100 0.001280 1.562 6.849MM 966

1900 0.001440 1.620 9.173MM 1297

1700 0.001634 1.701 10.99MM 1623

1500 0.001884 1.817 12.42MM 1953

1300 0.002206 1.967 14.39MM 2551

1100 0.002654 2.251 16.14MM 3214

900 0.003300 2.597 17.38MM 3765

700 0.004315 3.209 18.50MM 4317

500 0.006163 4.361 19.59MM 4839

(a) At what point (i.e., pressure) did the pressure maintenance program begin?
(b) How much gas in SCF had been injected when the reservoir pressure was 500 psia? As-

sume that the reservoir gas and the injected gas have the same compressibility factor.

7.9 An oil reservoir initially contains 4 MM STB of oil at its bubble-point pressure of 3150 psia, 
with 600 SCF/STB of gas in solution. When the average reservoir pressure has dropped to 
2900 psia, the gas in solution is 550 SCF/STB. Boi was 1.34 bbl/STB and Bo at a pressure of 
2900 psia is 1.32 bbl/STB.

Some additional data are as follows:

 Rp = 600 SCF/STB at 2900 psia
 Swi = 0.25
 Bg = 0.0011 bbl/SCF at 2900 psia
 This is a volumetric reservoir.
 There is no original gas cap.
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(a) How many STB of oil will be produced when the pressure has decreased to 2900 psia?
(b) Calculate the free gas saturation that exists at 2900 psia.

7.10 Given the following data from laboratory core tests, production data, and logging informa-
tion, calculate the water influx and the drive indices at 2000 psia:

 Well spacing = 320 ac
 Net pay thickness = 50 ft with the gas/oil contact 10 ft from the top
 Porosity = 0.17
 Overall initial water saturation in the net pay = 0.26
 Overall initial gas saturation in the net pay = 0.15
 Bubble-point pressure = 3600 psia
 Initial reservoir pressure = 3000 psia
 Reservoir temperature = 120°F
 Boi = 1.26 bbl/STB
 Bo = 1.37 bbl/STB at the bubble-point pressure
 Bo = 1.19 bbl/STB at 2000 psia
 Np = 2.0 MM STB at 2000 psia
 Gp = 2.4 MMM SCF at 2000 psia
 Gas compressibility factor, z = 1.0 – 0.0001p
 Solution gas-oil ratio, Rso = 0.2p

7.11 From the following information, determine

(a) Cumulative water influx at pressures 3625, 3530, and 3200 psia
(b) Water-drive index for the pressures in (a)

Pressure 
(psia) Np (STB) GP (SCF) WP (STB) Bg (bbl/SCF)

Rso 
(SCF/
STB)

Bt (bbl/
STB)

3640 0 0 0 0.000892 888 1.464

3625 0.06 MM 0.49 MM 0 0.000895 884 1.466

3610 0.36 MM 2.31 MM 0.001 MM 0.000899 880 1.468

3585 0.79 MM 4.12 MM 0.08 MM 0.000905 874 1.469

3530 1.21 MM 5.68 MM 0.26 MM 0.000918 860 1.476

3460 1.54 MM 7.00 MM 0.41 MM 0.000936 846 1.482

3385 2.08 MM 8.41 MM 0.60 MM 0.000957 825 1.491

3300 2.58 MM 9.71 MM 0.92 MM 0.000982 804 1.501

3200 3.40 MM 11.62 MM 1.38 MM 0.001014 779 1.519
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7.12 The cumulative oil production, Np, and cumulative gas oil ratio, Rp, as functions of the av-
erage reservoir pressure over the first 10 years of production for a gas-cap reservoir, are as 
follows. Use the Havlena-Odeh approach to solve for the initial oil and gas (both free and 
solution) in place.

Pressure 
(psia) Np (STB)

RP (SCF/
STB)

Bo (bbl/
STB) Ro (SCF/STB) Bg (bbl/STB)

3330 0 0 1.2511 510 0.00087

3150 3.295 MM 1050 1.2353 477 0.00092

3000 5.903 MM 1060 1.2222 450 0.00096

2850 8.852 MM 1160 1.2122 425 0.00101

2700 11.503 MM 1235 1.2022 401 0.00107

2550 14.513 MM 1265 1.1922 375 0.00113

2400 17.730 MM 1300 1.1822 352 0.00120

7.13 Using the following data, determine the original oil in place by the Havlena-Odeh meth-
od. Assume there is no water influx and no initial gas cap. The bubble-point pressure is  
1800 psia.

Pressure 
(psia) Np (STB)

RP (SCF/
STB)

Bt (bbl/
STB) Rso (SCF/STB) Bg (bbl/SCF)

1800 0 0 1.268 577 0.00097

1482 2.223 MM 634 1.335 491 0.00119

1367 2.981 MM 707 1.372 460 0.00130

1053 5.787 MM 1034 1.540 375 0.00175
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Single-Phase Fluid  
Flow	in	Reservoirs

8.1 Introduction
In the previous four chapters, the material balance equations for each of the four reservoir types de-
fined in Chapter 1 were developed. These material balance equations may be used to calculate the 
production of oil and/or gas as a function of reservoir pressure. The reservoir engineer, however, 
would like to know the production as a function of time. To learn this, it is necessary to develop a 
model containing time or some related property, such as flow rate.

This chapter contains a detailed discussion of Darcy’s law as it applies to hydrocarbon reser-
voirs. The discussion will consider four major influences on fluid flow, their effect on the reservoir 
fluid, and the manipulation of Darcy’s law to account for these influences. The first major influence 
is the number of phases present. This chapter will consider only single-phase flow regimes. Subse-
quent chapters will investigate specific applications of multiphase flow. The second major influence 
is the compressibility of the fluid. Third is the geometry of the flow system, namely linear, radial, 
or spherical flow. Fourth is the time dependence of the flow system. Steady state will be considered 
first, followed by transient, late-transient, and pseudosteady state. The chapter concludes with an 
introduction to pressure transient testing methods that aid the reservoir engineer in getting infor-
mation such as average permeability, damage around a wellbore, and drainage area of a particular 
production well.

8.2	 Darcy’s	Law	and	Permeability
In 1856, as a result of experimental studies on the flow of water through unconsolidated sand filter 
beds, Henry Darcy formulated the law that bears his name. This law has been extended to describe, 
with some limitations, the movement of other fluids, including two or more immiscible fluids, in 
consolidated rocks and other porous media. Darcy’s law states that the velocity of a homogeneous 

C h a p t e r  8
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fluid in a porous medium is proportional to the driving force and inversely proportional to the fluid 
viscosity, or

 υ
μ

γ α= − − ′





 .  
k dp

ds
0 001127 0 433. cos   (8.1)

where

υ = the apparent velocity, bbl/day-ft2

k = permeability, millidarcies (md)
μ = fluid viscosity, cp
p = pressure, psia
s = distance along flow path in ft
γ ′ = fluid specific gravity (always relative to water)
α = the angle measured counterclockwise from the downward vertical to the positive s 

direction

and the term

 
dp

ds
− ′





0 433. cos  γ α

represents the driving force. The driving force may be caused by fluid pressure gradients (dp/ds) 
and/or hydraulic (gravitational) gradients (0.433γ ′ cos α). In many cases of practical interest, the 
hydraulic gradients, although always present, are small compared with the fluid pressure gradients 
and are frequently neglected. In other cases, notably production by pumping from reservoirs whose 
pressures have been depleted and gas-cap expansion reservoirs with good gravity drainage charac-
teristics, the hydraulic gradients are important and must be considered.

The apparent velocity, υ, is equal to qB/A, where q is the volumetric flow rate in STB/day,  
B is the formation volume factor, and A is the apparent or total area of the bulk rock material in square 
feet perpendicular to the flow direction. A includes the area of the solid rock material as well as the 
area of the pore channels. The fluid pressure gradient, dp/ds, is taken in the same direction as υ and 
q. The negative sign in front of the constant 0.001127 indicates that if the flow is taken as positive in 
the positive s-direction, then the pressure decreases in that direction, so the slope dp/ds is negative.

Darcy’s law applies only in the region of laminar flow characterized by low fluid velocities; 
in turbulent flow, which occurs at high fluid velocities, the pressure gradient is dependent on the 
flow rate but usually increases at a greater rate than does the flow rate. Fortunately, Darcy’s law is 
valid for liquid flow, except for some instances of quite large production or injection rates in the 
vicinity of the wellbore, the flow in the reservoir, and most laboratory tests. However, gas flowing 
near the wellbore is likely to be subject to non-Darcy flow. Darcy’s law does not apply to flow with-
in individual pore channels but to portions of a rock, the dimensions of which are reasonably large 
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compared with the size of the pore channels. In other words, it is a statistical law that averages the 
behavior of many pore channels. For this reason, although samples with dimensions of a centimeter 
or two are satisfactory for permeability measurements on uniform sandstones, much larger samples 
are required for reliable measurements of fracture and vugular-type rocks.

Owing to the porosity of the rock, the tortuosity of the flow paths, and the absence of flow in 
some of the (dead) pore spaces, the actual fluid velocity within pore channels varies from point to 
point within the rock and maintains an average that is many times the apparent bulk velocity. Because 
actual velocities are in general not measurable, and to keep porosity and permeability separated, 
apparent velocity forms the basis of Darcy’s law. This means the actual average forward velocity of 
a fluid is the apparent velocity divided by the porosity where the fluid completely saturates the rock.

A basic unit of permeability is the darcy (d). A rock of 1-d permeability is one in which a flu-
id of 1-cp viscosity will move at a velocity of 1 cm/sec under a pressure gradient of 1 atm/cm. Since 
this is a fairly large unit for most producing rocks, permeability is commonly expressed in units 
one thousandth as large, the millidarcy, or 0.001 d. Throughout this text, the unit of permeability 
used is the millidarcy (md). Conventional oil and gas sands have permeabilities varying from a few 
millidarcies to several thousands. Intergranular limestone permeabilities may be only a fraction 
of a millidarcy and yet be commercial if the rock contains additional natural or artificial fractures 
or other kinds of openings. Fractured and vugular rocks may have enormous permeabilities, and 
some cavernous limestones approach the equivalent of underground tanks. In recent years, uncon-
ventional reservoirs have been developed with permeabilities in the microdarcy (1μd = 10–6 d) or 
even nanodarcy (1 nd = 10–9 d) range.

The permeability of a sample as measured in the laboratory may vary considerably from the 
average of the reservoir as a whole or a portion thereof. There are often wide variations both later-
ally and vertically, with the permeability sometimes changing several fold within an inch in rock 
that appears quite uniform. Generally, the permeability measured parallel to the bedding planes of 
stratified rocks is larger than the vertical permeability. Also, in some cases, the permeability along 
the bedding plane varies considerably and consistently with core orientation, owing presumably 
to the oriented deposition of more or less elongated particles and/or the subsequent leaching or 
cementing action of migrating waters. Some reservoirs show general permeability trends from 
one portion to another, and many reservoirs are closed on all or part of their boundaries by rock of 
very low permeability, certainly by the overlying caprock. The occurrence of one or more strata of 
consistent permeability over a portion or all of a reservoir is common. In the proper development 
of reservoirs, it is customary to core selected wells throughout the productive area measuring the 
permeability and porosity on each foot of core recovered. The results are frequently handled statis-
tically.1,2 In very heterogeneous reservoirs, especially carbonates, it may be that no core is retrieved 
from the most productive intervals because they are highly fractured or even rubblized. For such 
reservoirs core-derived permeability statistics may be very conservative or even misleadingly low.

Hydraulic gradients in reservoirs vary from a maximum near 0.500 psi/ft for brines to  
0.433 psi/ft for fresh water at 60°F, depending on the pressure, temperature, and salinity of the wa-
ter. Reservoir oils and high-pressure gas and gas-condensate gradients lie in the range of 0.10–0.30 
psi/ft, depending on the temperature, pressure, and composition of the fluid. Gases at low pressure 
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will have very low gradients (e.g., about 0.002 psi/ft for natural gas at 100 psia). The figures given 
are the vertical gradients. The effective gradient is reduced by the factor cos α. Thus a reservoir 
oil with a reservoir specific gravity of 0.60 will have a vertical gradient of 0.260 psi/ft; however, if 
the fluid is constrained to flow along the bedding plane of its stratum, which dips at 15° (α = 75°), 
then the effective hydraulic gradient is only 0.26 cos 75°, or 0.067 psi/ft. Although these hydraulic 
gradients are small compared with usual reservoir pressures, the fluid pressure gradients, except in 
the vicinity of wellbores, are also quite small and in the same range. Fluid pressure gradients within 
a few feet of wellbores may be as high as tens of psi per foot due to the flow into the wellbore but 
will fall off rapidly away from the well, inversely with the radius.

Frequently, static pressures measured from well tests are corrected to the top of the production 
(perforated) interval with a knowledge of the reservoir fluid gradient. They also can be adjusted to 
a common datum level for a given reservoir by using the same reservoir fluid gradient. Example 8.1 
shows the calculation of apparent velocity by two methods. The first is by correcting the well pres-
sures to the datum level using information about hydraulic gradients. The second is by using Eq. (8.1).

Example 8.1  Calculating Datum Level Pressures, Pressure Gradients, and Reservoir Flow 
from Static Pressure Measurements in Wells

Given
Distance between wells (see Fig. 8.1)
True stratum thickness = 20 ft
Dip of stratum between wells = 8° 37′

Well no. 1 Well no. 2

Top perf.
7520 ft
3380 psia

1320 ft

20 ft

Datum 7600 ft

Top perf.
7720 ft

3400 psia

Dip      = 8º37'

Figure 8.1 Cross section between the two wells of Example 8.1. Note exaggerated vertical scale.
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Reservoir datum level = 7600 ft subsea
Reservoir fluid specific gravity = 0.693 (water = 1.00)
Reservoir permeability = 145 md
Reservoir fluid viscosity = 0.32 cp
Well number 1 static pressure = 3400 psia at 7720 ft subsea
Well number 2 static pressure = 3380 psia at 7520 ft subsea

First Solution

Reservoir fluid gradient = Reservoir fluid specific gravity  

× Hydraulic gradient fresh water = 0.693 × 0.433 = 0.300 psi/ft

p
1
 at 7600 ft datum = Well number 1 static pressure  

– (Elevation difference of well number 1 and datum  

× Reservoir fluid gradient) = 3400 – 120 × 0.30 = 3364 psia

p
2
 at 7600 ft datum = Well number 2 static pressure  

+ (Elevation difference of well number 2 and datum  

× Reservoir fluid gradient) = 3380 + 80 × 0.30 = 3404 psia

The difference of 40 psi indicates that fluid is moving downdip, from well 2 to well 1. The 
average effective gradient is 40/1335 = 0.030 psi/ft, where 1335 is the distance along the stratum 
between the wells. The velocity then is

v = 0.001127 × (Reservoir permeability /  

Reservoir fluid viscosity) × Average effective gradient

 v = × × =0 001127
0 145

0 32
0 030 0 0153 2.

.

.
. .  bbl/day/ft

Second Solution
Take the positive direction from well 1 to well 2. Then α = 98° 37′ and cos α = –0.1458.

 v  .  k dp
ds

= − − ′





0 001127 0 433
μ

γ α. cos  

  v = − × − − ×0 001127 0 145

0 32

3380 3400

1335
0 433 0 69

. .

.

( )
. . 33 0 1458× −





( . )
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 v = –0.0153 bbl/day/sq ft

The negative sign indicates that fluid is flowing in the negative direction (i.e., from well 2 to well 1).

Equation (8.1) suggests that the velocity and pressure gradient are related by the mobility. 
The mobility, given the symbol λ, is the ratio of permeability to viscosity, k/μ. The mobility appears 
in all equations describing the flow of single-phase fluids in reservoir rocks. When two fluids are 
flowing simultaneously—for example, gas and oil to a wellbore, it is the ratio of the mobility of the 
gas, λg, to that of the oil, λo, that determines their individual flow rates. The mobility ratio M (see 
Chapter 10) is an important factor affecting the displacement efficiency of oil by water. When one 
fluid displaces another, the standard notation for the mobility ratio is the mobility of the displacing 
fluid to that of the displaced fluid. For water-displacing oil, it is λw/λo.

8.3	 The	Classification	of	Reservoir	Flow	Systems
Reservoir flow systems are usually classed according to (1) the compressibility of fluid, (2) the 
geometry of the reservoir or portion thereof, and (3) the relative rate at which the flow approaches 
a steady-state condition following a disturbance.

For most engineering purposes, the reservoir fluid may be classed as (1) incompressible,  
(2) slightly compressible, or (3) compressible. The concept of the incompressible fluid, the volume 
of which does not change with pressure, simplifies the derivation and the final form of many equa-
tions. However, the engineer should realize that there are no truly incompressible fluids.

A slightly compressible fluid, which is the description of nearly all liquids, is sometimes 
defined as one whose volume change with pressure is quite small and expressible by the equation

 V V eR
c p pR= −( )  (8.2)

where

R = reference conditions

The exponential term in Eq. (8.2) can be expanded and approximated, due to the typically 
small value of c(pR – p), to yield the following:

 V = VR [1 + c(pR – p)] (8.3)

A compressible fluid is one in which the volume has a strong dependence on pressure. All 
gases are in this category. In Chapter 2, the real gas law was used to describe how gas volumes vary 
with pressure:

 V znR T
p

= ′  (2.8)
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Unlike the case of the slightly compressible fluids, the gas isothermal compressibility, cg, cannot be 
treated as a constant with varying pressure. In fact, the following expression for cg was developed:

 c
p

dz
z dpg = −1 1 

 
 (2.18)

Although fluids are typed mainly by their compressibilities, in addition, there may be single phase 
or multiphase flow. Many systems are only gas, oil, or water, and most of the remainder are either 
gas-oil or oil-water systems. For the purposes of this chapter, discussion is restricted to cases where 
there is only a single phase flowing.

The two geometries of greatest practical interest are those that give rise to linear and radial 
flow. In linear flow, as shown in Fig. 8.2, the flow lines are parallel and the cross section exposed to 
flow is constant. In radial flow, the flow lines are straight and converge in two dimensions toward a 
common center (i.e., a well or cylinder). The cross section exposed to flow decreases as the center 
is approached. Occasionally, spherical flow is of interest, in which the flow lines are straight and 
converge toward a common center (point) in three dimensions. Although the actual paths of the 
fluid particles in rocks are irregular due to the shape of the pore spaces, the overall or average paths 
may be represented as straight lines in linear, radial, or spherical flow.

Actually, none of these geometries is found precisely in petroleum reservoirs, but for many 
engineering purposes, the actual geometry may often be closely represented by one of these ideal-
izations. In some types of reservoir studies (i.e., waterflooding and gas cycling), these idealizations 
are inadequate, and more sophisticated models are commonly used in their stead.

Flow systems in reservoir rocks are classified, according to their time dependence, as steady 
state, transient, late transient, or pseudosteady state. During the life of a well or reservoir, the type 
of system can change several times, which suggests that it is critical to know as much about the flow 
system as possible in order to use the appropriate model to describe the relationship between the 
pressure and the flow rate. In steady-state systems, the pressure and fluid saturations at every point 
throughout the system do not change. An approximation to the steady-state condition occurs when 
any production from a reservoir is replaced with an equal mass of fluid from some external source. 

Linear Radial Spherical

Figure 8.2 Common flow geometries.
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In Chapter 9, a case of water influx is considered that comes close to meeting this requirement, but 
in general, there are very few systems that can be assumed to have steady-state conditions.

To consider the remaining three classifications of time dependence, changes in pressure are 
discussed that occur when a step change in the flow rate of a well located in the center of a reservoir, 
as illustrated in Fig. 8.3, causes a pressure disturbance in the reservoir. The discussion assumes the 
following: (1) the flow system is made up of a reservoir of constant thickness and rock properties, 
(2) the radius of the circular reservoir is re, and (3) the flow rate is constant before and after the rate 
change. As the flow rate is changed at the well, the movement of pressure begins to occur away from 
the well. The movement of pressure is a diffusion phenomenon and is modeled by the diffusivity 
equation (see section 8.5). The pressure moves at a rate proportional to the formation diffusivity, η,

 η
φμ

= k
ct

 (8.4)

where k is the effective permeability of the flowing phase, φ is the total effective porosity, μ is the 
fluid viscosity of the flowing phase, and ct is the total compressibility. The total compressibility is 
obtained by weighting the compressibility of each phase by its saturation and adding the formation 
compressibility, or

re

rw

h

pw

pe Boundary

Figure 8.3 Schematic of a single well in a circular reservoir.
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 ct = cgSg + coSo + cwSw + cf  (8.5)

The formation compressibility, cf , should be expressed as the change in pore volume per unit pore 
volume per psi. During the time the pressure is traveling at this rate, the flow state is said to be 
transient. While the pressure is in this transient region, the outer boundary of the reservoir has no 
influence on the pressure movement, and the reservoir acts as if it were infinite in size.

The late transient region is the period after the pressure has reached the outer boundary of the 
reservoir and before the pressure behavior has had time to stabilize in the reservoir. In this region, 
the pressure no longer travels at a rate proportional to η. It is very difficult to describe the pressure 
behavior during this period.

The fourth period, the pseudosteady state, is the period after the pressure behavior has sta-
bilized in the reservoir. During this period, the pressure at every point throughout the reservoir is 
changing at a constant rate and as a linear function of time. This period is often incorrectly referred 
to as the steady-state period.

An estimation for the time when a flow system of the type shown in Fig. 8.3 reaches pseudo-
steady state can be made from the following equation:

 t r c r
kpss

e t e= =1200 12002 2

η
φμ

 (8.6)

where tpss is the time to reach the pseudosteady state, expressed in hours.3 For a well producing an 
oil with a reservoir viscosity of 1.5 cp and a total compressibility of 15 × 10–6 psi–1, from a circular 
reservoir of 1000-ft radius with a permeability of 100 md and a total effective porosity of 20%:

 t pss = × =
−1200 0 2 1 5 15 10 1000

100
54

6 2( . )( . )( )( )
 hr

This means that approximately 54 hours, or 2.25 days, is required for the flow in this reservoir to 
reach pseudosteady-state conditions after a well located in its center is opened to flow or following 
a change in the well flow rate. It also means that if the well is shut in, it will take approximately 
this time for the pressure to equalize throughout the drainage area of the well, so that the measured 
subsurface pressure equals the average drainage area pressure of the well.

This same criterion may be applied approximately to gas reservoirs but with less certainty because 
the gas is more compressible. For a gas viscosity of 0.015 cp and a compressibility of 400 × 10–6 psi–1,

 t pss = × =
−1200 0 2 0 015 400 10 1000

100
14 4

6 2( . )( . )( )( )
.  hhr

Thus, under somewhat comparable conditions (i.e., the same re and k), gas reservoirs reach 
pseudosteady-state conditions more rapidly than oil reservoirs. This is due to the much lower 
viscosity of gases, which more than offsets the increase in fluid compressibility. On the other 
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hand, gas wells are usually drilled on wider spacings so that the value of re generally is larger 
for gas wells than for oil wells, thus increasing the time required to reach the pseudosteady state. 
Many gas reservoirs, such as those found in the overthrust belt, are sands of low permeability. 
Using an re value of 2500 ft and a permeability of 1 md, which would represent a tight gas sand, 
then the following value for tpss is calculated:

 t pss = × =
−1200 0 2 0 015 400 10 2500

1
9000

6 2( . )( . )( )( )
 hr  > 1 year

The calculations suggest that reaching pseudosteady-state conditions in a typical tight gas reservoir 
takes a very long time compared to a typical oil reservoir. In general, pseudosteady-state mechanics 
suffice when the time required to reach pseudosteady state is short compared with the time between 
substantial changes in the flow rate or, in the case of reservoirs, with the total producing life of the 
reservoir. Many wells are not produced at a constant rate, and instead, the flowing pressure may 
be approximately constant. For such wells during the transient flow condition, the pressure distur-
bance still moves at the same velocity, and at the time of pseudosteady state, the well reaches a 
boundary-dominated condition.

8.4	 Steady-State	Flow
Now that Darcy’s law has been reviewed and the classification of flow systems has been discussed, 
the actual models that relate flow rate to reservoir pressure can be developed. The next several 
sections contain a discussion of the steady-state models. Both linear and radial flow geometries 
are discussed since there are many applications for these types of systems. For both the linear and 
radial geometries, equations are developed for all three general types of fluids (i.e., incompressible, 
slightly compressible, and compressible).

8.4.1	 Linear	Flow	of	Incompressible	Fluids,	Steady	State
Figure 8.4 represents linear flow through a body of constant cross section, where both ends are 
entirely open to flow and where no flow crosses the sides, top, or bottom. If the fluid is incompress-
ible, or essentially so for all engineering purposes, then the velocity is the same at all points, as is 
the total flow rate across any cross section; thus, in horizontal flow,

 υ
μ

= = −qB
A

k dp
dxc

0 001127.

Separating variables and integrating over the length of the porous body,

 qB
A

dx k dp
c p

p

o

L
= − ∫∫ 0 001127

1

2
.

μ



8.4	 Steady-State	Flow	 237

 
q = . kA p p

B L
c 0 001127 1 2( )−

μ  (8.7)

For example, under a pressure differential of 100 psi for a permeability of 250 md, a fluid viscosity 
of 2.5 cp, a formation volume factor of 1.127 bbl/STB, a length of 450 ft, and a cross-sectional area 
of 45 sq ft, the flow rate is

 q = =0 001127
250 45 100

1 127 2 5 450
1 0.

( )( )( )

( . )( . )( )
.   SSTB/day

In this integration, B, q, μ, and k were removed from the integral sign, assuming they were invariant 
with pressure. Actually, for flow above the bubble point, the volume, and hence the rate of flow, 
varies with the pressure, as expressed by Eq. (8.2). The formation volume factor and viscosity also 
vary with pressure, as explained in Chapter 2. Fatt and Davis have shown a variation in permeabil-
ity with net overburden pressure for several sandstones.4 The net overburden pressure is the gross 
less the internal fluid pressure; therefore, a variation of permeability with pressure is indicated, 
particularly in the shallower reservoirs. Because these effects are negligible for a few hundred-psi 
pressure difference, values at the average pressure may be used for most purposes.

8.4.2	 Linear	Flow	of	Slightly	Compressible	Fluids,	Steady	State
The equation for flow of slightly compressible fluids is modified from what was just derived in the pre-
vious section, since the volume of slightly compressible fluids increases as pressure decreases. Earlier 

P

Q A

O
L

P2P1

dP

dx

x

Figure 8.4 Representation of linear flow through a body of constant cross section.
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in this chapter, Eq. (8.3) was derived, which describes the relationship between pressure and volume 
for a slightly compressible fluid. The product of the flow rate, defined in STB units, and the formation 
volume factor have similar dependencies on pressure. The product of the flow rate is given by

 qB = qR [1 + c(pR – p)] (8.8)

where qR is the flow rate at some reference pressure, pR. If Darcy’s law is written for this case, with 
variables separated and the resulting equation integrated over the length of the porous body, then 
the following is obtained:

 
q
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dx k dp
c p p

R

c

L
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 q kA
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0 001127 1

1
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1

. ( )

( )μ
ln  (8.9)

This integration assumes a constant compressibility over the entire pressure drop. For example, 
under a pressure differential of 100 psi for a permeability of 250 md, a fluid viscosity of 2.5 cp, a 
length of 450 ft, a cross-sectional area of 45 sq ft, and a constant compressibility of 65(10–6) psi–1, 
choosing p

1
 as the reference pressure, the flow rate is

 q1 6

0 001127 250 45

2 5 450 65 10
1

65=
×

+
−

( . )( )( )

( . )( )( )
n

1 ××







 =

−10 100

1
1 123

6 ( )
.  bbl/day

When compared with the flow rate calculation in the preceding section, q
1
 is found to be different 

due to the assumption of a slightly compressible fluid in the calculation rather than an incompress-
ible fluid. Note also that the flow rate is not in STB units because the calculation is being done at a 
reference pressure that is not the standard pressure. If p

2
 is chosen to be the reference pressure, then 

the result of the calculation will be q
2
, and the value of the calculated flow rate will be different still 

because of the volume dependence on the reference pressure:

 q2 6

0 001127 250 45

2 5 450 65 10

1

6
=

× +−
( . )( )( )

( . )( )( )
ln

1 55 10 100
1 1316× −









 =− ( )

.   bbl/day

The calculations show that q
1
 and q

2
 are not largely different, which confirms what was discussed 

earlier: the fact that volume is not a strong function of pressure for slightly compressible fluids.

8.4.3	 Linear	Flow	of	Compressible	Fluids,	Steady	State
The rate of flow of gas expressed in standard cubic feet per day is the same at all cross sections in 
a steady-state, linear system. However, because the gas expands as the pressure drops, the velocity 
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is greater at the downstream end than at the upstream end, and consequently, the pressure gradient 
increases toward the downstream end. The flow at any cross section x of Fig. 8.4 where the pres-
sure is p may be expressed in terms of the flow in standard cubic feet per day by substituting the 
definition of the gas formation volume factor:

 qB qp Tz
T pg

sc

sc
=

5 615.

Substituting in Darcy’s law,

 
qp Tz

T pA
k dp

dx
sc

sc c5 615
0 001127

.
.= −

μ

Separating variables and integrating,

 
qp Tz

kT A
dx p dpsc

sc c

L

p

pμ
( . )( . )5 615 0 001127

1
0 1

2∫ ∫= − =
22 1

2
2
2( )p p−

Finally,

 q T A k p p
p TzL

sc c

sc
= −0 003164 1

2
2
2. ( )

μ
 (8.10)

For example, where Tsc = 60°F, Ac = 45 ft2, k = 125 md, p
1
 = 1000 psia, p

2
 = 500 psia, psc = 14.7 psia, 

T = 140°F, z = 0.92, L = 450 ft, and μ = 0.015 cp,

 q = −0 003164 520 45 125 1000 500

14 7 600 0

2 2. ( )( )( )( )

. ( )( .. )( )( . )
.

92 450 0 015
126 7=  M SCF/day

Here again, T, k, and the product μz were withdrawn from the integrals as if they were invariant 
with pressure, and as before, average values may be used in this case. At this point, it is instructive 
to examine an observation that Wattenbarger and Ramey made about the behavior of the gas devi-
ation factor—viscosity product as a function of pressure.5 Figure 8.5 is a typical plot of μz versus 
pressure for a real gas. Note that the product, μz, is nearly constant for pressures less than about 
2000 psia. Above 2000 psia, the product μz/p is nearly constant. Although the shape of the curve 
varies slightly for different gases at different temperatures, the pressure dependence is represen-
tative of most natural gases of interest. The pressure at which the curve bends varies from about 
1500 psia to 2000 psia for various gases. This variation suggests that Eq. (8.10) is valid only for 
pressures less than about 1500 psia to 2000 psia, depending on the properties of the flowing gas. 
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Above this pressure range, it would be more accurate to assume that the product μz/p is constant. 
For the case of μz/p constant, the following is obtained:

 
qp T z p

kT A
dx dp p psc

sc c

( / ) 

(5.615)(0.001127)

μ = − = −1 2pp

pL

1

2
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q

kT A p p

p T z p
sc c

sc

= −0 006328 1 2. ( )

( / ) μ  (8.11)

In applying Eq. (8.11), the product μz/p should be evaluated at the average pressure between p
1
 and p

2
.

Al-Hussainy, Ramey, and Crawford, and Russel, Goodrich, Perry, and Bruskotter introduced 
a transformation of variables that leads to another solution for gas flow in the steady-state region.6,7 
The transformation involves the real gas pseudopressure, m(p), which has units of psia2/cp in stan-
dard field units and is defined as

Pressure, p, psia

µz
, c

p

0 2000 4000 6000 8000 10,000
0

Figure 8.5 Isothermal variation of μz with pressure.
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m p p

z
dp

p

p

R
( ) = ∫2

μ  (8.12)

where pR is a reference pressure, usually chosen to be 14.7 psia, from which the function is evaluated. 
Using the real gas pseudopressure, the equation for gas flowing under steady-state conditions becomes

 q T A k m p m p
p TL

sc c

sc
= −0 003164 1 2. ( ( ) ( ))

 (8.13)

The use of Eq. (8.13) requires values of the real gas pseudopressure. The procedure used 
to find values of m(p) has been discussed in the literature.8,9 The procedure involves determining 
μ and z for several pressures over the pressure range of interest, using the methods of Chapter 2. 
Values of p/μz are then calculated, and a plot of p/μz versus p is made, as illustrated in Fig. 8.6. A 
numerical integration scheme such as Simpson’s rule is then used to determine the value of the area 
from the reference pressure up to a pressure of interest, p

1
. The value of m (p

1
) that corresponds 

with pressure, p
1
, is given by

 m(p
1
) = 2 (area

1
)

where

 area1 = ∫
p
z

dp
p

p

R μ
1

The real gas pseudopressure method can be applied at any pressure of interest if the data are available.

pr
p1 p

p

µ2

Area

Figure 8.6 Graphical determination of m(p).
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8.4.4 Permeability Averaging in Linear Systems
Consider two or more beds of equal cross section but of unequal lengths and permeabilities  
(Fig. 8.7, depicting flow in series) in which the same linear flow rate q exists, assuming an incom-
pressible fluid. Obviously the pressure drops are additive, and

 (p
1
 – p

4
) = (p

1
 – p

2
) + (p

2
 – p

3
) + (p

3
 – p

4
)

Substituting the equivalents of these pressure drops from Eq. (8.7),
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But since the flow rates, cross sections, viscosities, and formation volume factors (neglecting the 
change with pressure) are equal in all beds,
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Figure 8.7 Series flow in linear beds.



8.4	 Steady-State	Flow	 243

The average permeability as defined by Eq. (8.14) is that permeability to which a number of beds 
of various geometries and permeabilities could be approximated by and yield the same total flow 
rate under the same applied pressure drop.

Equation (8.14) was derived using the incompressible fluid equation. Because the perme-
ability is a property of the rock and not of the fluids flowing through it, except for gases at low 
pressure, the average permeability must be equally applicable to gases. This requirement may be 
demonstrated by observing that, for pressures below 1500 psia to 2000 psia,

 ( ) ( ) ( ) ( )p p p p p p p p1
2

4
2

1
2

2
2

2
2

3
2

3
2

4
2− = − + − + −

Substituting the equivalents from Eq. (8.10), the same Eq. (8.14) is obtained.
The average permeability of 10 md, 50 md, and 1000 md beds (which are 6 ft, 18 ft, and 40 

ft in length, respectively, but of equal cross section) when placed in series is

 k L
L k

i

i i
avg  md= ∑

∑
= + +

+ +
=

/ / / /

6 18 40

6 10 18 50 40 1000
64

Consider two or more beds of equal length but unequal cross sections and permeabilities 
flowing the same fluid in linear flow under the same pressure drop (p

1
 to p

2
), as shown in Fig. 8.8, 

depicting parallel flow. Obviously the total flow is the sum of the individual flows, or

 qt = q
1
 + q

2
 + q

3

Q1 AC1

K3

L

K2

K1

P2P1

Q2 AC2

Q3 AC3

Figure 8.8 Parallel flow in linear beds.
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and
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∑
 (8.15)

And where all beds are of the same width, so that their areas are proportional to their thicknesses,

 k k h
havg
i i

i
= ∑

∑
 (8.16)

Where the parallel beds are homogeneous in permeability and fluid content, the pressure and the 
pressure gradient are the same in all beds at equal distances. Thus there will be no cross flow be-
tween beds, owing to fluid pressure differences. However, when water displaces oil—for example 
from a set of parallel beds—the rates of advance of the flood fronts will be greater in the more 
permeable beds. Because the mobility of the oil (ko/μo) ahead of the flood front is different from the 
mobility of water (kw/μw) behind the flood front, the pressure gradients will be different. In this in-
stance, there will be pressure differences between two points at the same distance through the rock, 
and cross flow will take place between the beds if they are not separated by impermeable barriers. 
Under these circumstances, Eqs. (8.15) and (8.16) are not strictly applicable, and the average per-
meability changes with the stage of displacement. Water may also move from the more permeable 
to the less permeable beds by capillary action, which further complicates the study of parallel flow.

The average permeability of three beds of 10 md, 50 md, and 1000 md and 6 ft, 18 ft, and  
36 ft, respectively, in thickness but of equal width, when placed in parallel is

 k k h
havg
i i

i
= ∑

∑
= × + × + ×

+ +
=10 6 18 50 36 1000

6 18 36
616 md

8.4.5	 Flow	through	Capillaries	and	Fractures
Although the pore spaces within rocks seldom resemble straight, smooth-walled capillary tubes of 
constant diameter, it is often convenient and instructive to treat these pore spaces as if they were 
composed of bundles of parallel capillary tubes of various diameters. Consider a capillary tube of 
length L and inside radius ro, which is flowing an incompressible fluid of μ viscosity in laminar or 



8.4	 Steady-State	Flow	 245

viscous flow under a pressure difference of (p
1
 – p

2
). From fluid dynamics, Poiseuille’s law, which 

describes the total flow rate through the capillary, can be written as

 q r p p
B L

o= −
1 30 10 10

4
1 2. ( )

( )π
μ

 (8.17)

Darcy’s law for the linear flow of incompressible fluids in permeable beds, Eq. (8.7), and Poi-
seuille’s law for incompressible fluid capillary flow, Eq. (8.15), are quite similar:

 q kA p p
B L

c= −
0 001127 1 2.

( )

 μ
 (8.7)

Writing Ac = πr0
2  for area in Eq. (8.7) and equating it to Eq. (8.17),

 k = 1.15(10)13 r0
2  (8.18)

Thus the permeability of a rock composed of closely packed capillaries, each having a radius of 
4.17(10)–6 ft (0.00005 in.), is about 200 md. And if only 25% of the rock consists of pore channels 
(i.e., it has 25% porosity), the permeability is about one-fourth as large, or about 50 md.

An equation for the viscous flow of incompressible wetting fluids through smooth fractures 
of constant width may be obtained as

 q W A p p
B L
c= −

8 7 10 9
2

1 2. ( )
( )

μ
 (8.19)

In Eq. (8.19), W is the width of the fracture; Ac is the cross-sectional area of the fracture, which 
equals the product of the width W and lateral extent of the fracture; and the pressure difference is 
that which exists between the ends of the fracture of length L. Equation (8.19) may be combined 
with Eq. (8.7) to obtain an expression for the permeability of a fracture as

 k = 7.7(10)12W2 (8.20)

The permeability of a fracture only 8.33(10)–5 ft wide (0.001 in.) is 53,500 md.
Fractures and solution channels account for economic production rates in many dolomite, 

limestone, and sandstone rocks, which could not be produced economically if such openings did 
not exist. Consider, for example, a rock of very low primary or matrix permeability, say 0.01 md, 
that contains on the average a fracture 4.17(10)–4 ft wide and 1 ft in lateral extent per square foot 
of rock. Assuming the fracture is in the direction in which flow is desired, the law of parallel flow, 
Eq. (8.15), will apply, and
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 k
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8.4.6	 Radial	Flow	of	Incompressible	Fluids,	Steady	State
Consider radial flow toward a vertical wellbore of radius r

w
 in a horizontal stratum of uniform 

thickness and permeability, as shown in Fig. 8.9. If the fluid is incompressible, the flow across any 
circumference is a constant. Let p

w
 be the pressure maintained in the wellbore when the well is 

flowing q STB/day and a pressure p
e
 is maintained at the external radius r

e
. Let the pressure at any 

radius r be p. Then at this radius r,

 υ
π μ

= = = −qB

A
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k dp

drc 2
0 001127.

 

 

where positive q is in the positive r direction. Separating variables and integrating between any two 
radii, r

1
 and r

2
, where the pressures are p

1
 and p

2
, respectively,
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The minus sign is usually dispensed with, for where p
2
 is greater than p

1
, the flow is known to be 

negative—that is, in the negative r direction, or toward the wellbore:

pw

rw

re

pe

H

r p

Figure 8.9 Representation of radial flow toward a vertical well.
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 ln (μ

Frequently the two radii of interest are the wellbore radius rw and the external or drainage radius 
re. Then

 q kh p p
B r r

e w

e w
= −0 00708. ( )

/ )

  

 ln (μ
 (8.21)

The external radius is usually inferred from the well spacing. For example, a circle of 660 ft radius 
can be inscribed within a square 40 ac unit, so 660 ft is commonly used for re with 40 ac spacing. 
Sometimes a radius of 745 ft is used, this being the radius of a circle 40 ac in area. The wellbore 
radius is usually assigned from the bit diameter, the casing diameter, or a caliper survey. In practice, 
neither the external radius nor the wellbore radius is generally known with precision. Fortunately, 
they enter the equation as a logarithm, so that the error in the equation will be much less than the 
errors in the radii. Since wellbore radii are about 1/3 ft and 40 ac spacing (rc = 660 ft) is quite com-
mon, a ratio 2000 is quite commonly used for re/rw. Since ln 2000 is 7.60 and ln 3000 is 8.00, a 50% 
increase in the value of re/rw gives only a 5.3% increase in the value of the logarithm.

The external pressure pe used in Eq. (8.21) is generally taken as the static well pressure cor-
rected to the middle of the producing interval, and the flowing well pressure pw is the flowing well 
pressure also corrected to the middle of the producing interval during a period of stabilized flow 
at rate q. When reservoir pressure stabilizes as under natural water drive or pressure maintenance, 
Eq. (8.21) is quite applicable because the pressure is maintained at the external boundary, and the 
fluid produced at the well is replaced by fluid crossing the external boundary. The flow, however, 
may not be strictly radial.

8.4.7	 Radial	Flow	of	Slightly	Compressible	Fluids,	Steady	State
Equation (8.3) is again used to express the volume dependence on pressure for slightly compress-
ible fluids. If this equation is substituted into the radial form of Darcy’s law, the following is 
obtained:

 qB q c p p
rh

k dp
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R R= + − = −[ ( )]
.

1

2
0 001127

π μ

Separating the variables, assuming a constant compressibility over the entire pressure drop, and 
integrating over the length of the porous medium,
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8.4.8	 Radial	Flow	of	Compressible	Fluids,	Steady	State
The flow of a gas at any radius r of Fig. 8.8, where the pressure is p, may be expressed in terms of 
the flow in standard cubic feet per day by

 qB qp Tz
T pg

sc

sc
=

5 615.

Substituting in the radial form of Darcy’s law,
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Separating variables and integrating,
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 (8.23)

The product μz has been assumed to be constant for the derivation of Eq. (8.23). It was pointed out 
in section 8.4.3 that this is usually true only for pressures less than about 1500 psia to 2000 psia. 
For greater pressures, it was stated that a better assumption was that the product μz/p was constant. 
For this case, the following is obtained:

 q T kh p p
p T z p r r
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= −0 03976 1 2
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 ln μ
 (8.24)

Applying Eqs. (8.23) and (8.24), the products μz and μz/p should be calculated at the average 
pressure between p

1
 and p

2
.

If the real gas pseudopressure function is used, the equation becomes
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8.4.9	 Permeability	Averages	for	Radial	Flow
Many producing formations are composed of strata or stringers that may vary widely in permeabili-
ty and thickness, as illustrated in Fig. 8.10. If these strata are producing fluid to a common wellbore 
under the same drawdown and from the same drainage radius, then
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Then, canceling,
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∑
 (8.26)

This equation is the same as for parallel flow in linear beds with the same bed width. Here, again, 
average permeability refers to that permeability by which all beds could be replaced and still obtain 
the same production rate under the same drawdown. The product kh is called the flow capacity or 
transmissivity of a bed or stratum, and the total flow capacity of the producing formation, Σkihi, is 
usually expressed in millidarcy-feet. Because the rate of flow is directly proportional to the flow 
capacity, Eq. (8.21), a 10-ft bed of 100 md will have the same production rate as a 100-ft bed of 
10-md permeability, other things being equal. There are limits of formation flow capacity below 

qt

q1 h1 k1

q2 h2 k2

q3 h3 k3

Figure 8.10 Radial flow in parallel beds.
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which production rates are not economic, just as there are limits of net productive formation thick-
nesses below which wells will never pay out. Of two formations with the same flow capacity, the 
one with the lower oil viscosity may be economic but the other may not, and the available pres-
sure drawdown enters in similarly. Net sand thicknesses of the order of 5 ft and capacities of the 
order of a few hundred millidarcy-feet are likely to be uneconomic, depending on other factors 
such as available drawdown, viscosity, porosity, connate water, depth, and the like, or will require 
hydraulic fracture stimulation. The flow capacity of the formation together with the viscosity also 
determines to a large extent whether a well will flow or whether artificial lift must be used. The 
amount of solution gas is an important factor. With hydraulic fracturing (to be discussed later), the 
well productivity in low flow capacity reservoirs can be greatly improved.

We now consider a radial flow system of constant thickness with a permeability of ke between 
the drainage radius re and some lesser radius ra and an altered permeability ka between the radius ra 
and the wellbore radius rw, as shown in Fig. 8.11. The pressure drops are additive, and

 (pe – pw) = (pe – pa) + (pa – pw)

Then, from Eq. (8.21),
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Canceling and solving for kavg,
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ra rerw

pw pa pe

ka ke

Figure 8.11 Radial flow in beds in series.
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Equation (8.27) may be extended to include three or more zones in series. This equation is import-
ant in studying the effect of a decrease or increase of permeability in the zone about the wellbore 
on the well productivity.

8.5 Development of the Radial Diffusivity Equation
The radial diffusivity equation, which is the general differential equation used to model time-de-
pendent flow systems, is now developed. Consider the volume element shown in Fig. 8.12. The 
element has a thickness Δr and is located r distance from the center of the well. Mass is allowed 
to flow into and out of the volume element during a period Δt. The volume element is in a reser-
voir of constant thickness and constant properties. Flow is allowed in only the radial direction. 
The following nomenclature, which is the same nomenclature defined previously, is used:

q = volume flow rate, STB/day for incompressible and slightly compressible fluids and 
SCF/day for compressible fluids

ρ = density of flowing fluid at reservoir conditions, lb/ft3

r = distance from wellbore, ft
h = formation thickness, ft
υ = velocity of flowing fluid, bbl/day-ft2

t = hours
φ = porosity, fraction
k = permeability, md
μ = flowing fluid viscosity, cp

With these assumptions and definitions, a mass balance can be written around the volume element 
over the time interval Δt. In word form, the mass balance is written as

(qρ)r + ∆r

r + ∆r

h

(qρ)r 

r 

Figure 8.12 Volume element used in the development of the radial differential equation.
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Mass entering volume element during interval Δt – Mass leaving volume element  

during interval Δt = Change of mass in volume element during interval Δt

The mass entering the volume element during Δt is given by

 ( ) ( ) ( ( . / ) )qB t r r h tr r r rρ π ρυΔ Δ ΔΔ Δ+ += +2 5 615 24  (8.28)

The mass leaving the volume element during Δt is given by

 (qBρΔt)r = 2πrh(ρυ(5.615/24)Δt)r (8.29)

The change of mass in the element during the interval Δt is given by

 2π φρ φρr rh t t tΔ Δ[( ) ( ) ]+ −  (8.30)

Combining Eqs. (8.28), (8.29), and (8.30), as suggested by the word “equation” written above,

 2 5 615 24 2 5 615 24π ρυ π ρυ( ) ( ( . / ) ) ( ( . / )r r h t rhr r+ −+Δ ΔΔ tt r rhr t t t) [( ) ( ) ]= −+2π φρ φρΔ Δ

If both sides of this equation are divided by 2πrΔrhΔt and the limit is taken in each term as Δr and 

Δt approach zero, the following is obtained:
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Equation (8.31) is the continuity equation and is valid for any flow system of radial geometry. To 
obtain the radial differential equation that will be the basis for time-dependent models, pressure 
must be introduced and φ eliminated from the partial derivative term on the right-hand side of Eq. 
(8.31). To do this, Darcy’s equation must be introduced to relate the fluid flow rate to reservoir 
pressure:

 υ
μ

= − ∂
∂

0 001127.
k p

r
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Realizing that the minus sign can be dropped from Darcy’s equation because of the sign convention 
for fluid flow in porous media and substituting Darcy’s equation into Eq. (8.31),
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The porosity from the partial derivative term on the right-hand side is eliminated by expanding the 
right-hand side and taking the indicated derivatives:
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It can be shown that porosity is related to the formation compressibility by the following:

 c
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 (8.34)

Applying the chain rule of differentiation to ∂φ/∂t,
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Substituting Eq. (8.34) into this equation,
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Finally, substituting this equation into Eq. (8.33) and the result into Eq. (8.29),
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Equation (8.35) is the general partial differential equation used to describe the flow of any fluid 
flowing in a radial direction in porous media. In addition to the initial assumptions, Darcy’s equa-
tion has been added, which implies that the flow is laminar. Otherwise, the equation is not restricted 
to any type of fluid or any particular time region.

8.6	 Transient	Flow
By applying appropriate boundary and initial conditions, particular solutions to the differential equa-
tion derived in the preceding section can be discussed. The solutions obtained pertain to the transient 
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and pseudosteady-state flow periods for both slightly compressible and compressible fluids. Since the 
incompressible fluid does not exist, solutions involving this type of fluid are not discussed. Only the 
radial flow geometry is considered because it is the most useful and applicable geometry. If the reader 
is interested in linear flow, Matthews and Russell present the necessary equations.10 Also, due to the 
complex nature of the pressure behavior during the late-transient period, solutions of the differential 
equation for this time region are not considered. To further justify not considering flow models from 
this period, it is true that the most practical applications involve the transient and pseudosteady-state 
periods.

8.6.1	 Radial	Flow	of	Slightly	Compressible	Fluids,	Transient	Flow
If Eq. (8.2) is expressed in terms of density, ρ, which is the inverse of specific volume, then the 
following is obtained:

 ρ ρ= −
R

c p pe R( )  (8.36)

where pR is some reference pressure and ρR is the density at that reference pressure. Inherent in 
this equation is the assumption that the compressibility of the fluid is constant. This is nearly 
always a good assumption over the pressure range of a given application. Substituting Eq. (8.36) 
into Eq. (8.35),

 
0 234

0 001127
.

. [ ] [( )

r r
k e r p

r
eR

c p p
R

R
∂
∂

∂
∂







=−

μ
ρ ρ cc p p

f R
c p pR Rc p

t t
e( ) ( )] [ ]− −∂

∂
+ ∂

∂
φ φ ρ

To simplify this equation, one must make the assumption that k and μ are constant over the pres-
sure, time, and distance ranges in applying the equation. This is rarely true about k. However, if k 
is assumed to be a volumetric average permeability over these ranges, then the assumption is good. 
In addition, it has been found that viscosities of liquids do not change significantly over typical 
pressure ranges of interest. Making this assumption allows k/μ to be brought outside the derivative. 
Taking the necessary derivatives and simplifying,
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The last term on the left-hand side of Eq. (8.37) causes this equation to be nonlinear and very dif-
ficult to solve. However, it has been found that the term is very small for most applications of fluid 



8.6	 Transient	Flow	 255

flow involving liquids. When this term becomes negligible for the case of liquid flow, Eq. (8.37) 
reduces to
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 (8.38)

This equation is the diffusivity equation in radial form. The name comes from its application to the 
radial flow of the diffusion of heat. Basically, the flow of heat, flow of electricity, and flow of fluids 
in permeable rocks can be described by the same mathematical forms. The group of terms φμct/k 
was previously defined to be equal to 1/η, where η is called the diffusivity constant (see section 
8.3). This same constant was encountered in Eq. (8.6) for the readjustment time.

To obtain a solution to Eq. (8.38), it is necessary first to specify one initial and two boundary 
conditions. The initial condition is simply that at time t = 0, the reservoir pressure is equal to the 
initial reservoir pressure, pi. The first boundary condition is given by Darcy’s equation if it is re-
quired that there be a constant rate at the wellbore:

 q kh
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The second boundary condition is given by the fact that the desired solution is for the transient pe-
riod. For this period, the reservoir behaves as if it were infinite in size. This suggests that at r = ∞, 
the reservoir pressure will remain equal to the initial reservoir pressure, pi. With these conditions, 
Matthews and Russel gave the following solution:
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where all variables are consistent with units that have been defined previously—that is, p(r, t) and 

pi are in psia, q is in STB/day, μ is in cp, B (formation volume factor) is in bbl/STB, k is in md, h is 
in ft, ct is in psi–1, r is in ft, and t is in hr.10 Equation (8.39) is called the line source solution to the 
diffusivity equation and is used to predict the reservoir pressure as a function of time and position. 
The mathematical function, Ei, is the exponential integral and is defined by
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This integral has been calculated as a function of x and is presented in Table 8.1, from which Fig. 
8.13 was developed.
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Figure 8.13 Plot of exponential integral function.
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Table 8.1 Values of – Ei(– x) as a Function of x
x – Ei (– x) x – Ei (– x) x – Ei (– x)

0.1 1.82292 4.3 0.00263 8.5 0.00002

0.2 1.22265 4.4 0.00234 8.6 0.00002

0.3 0.90568 4.5 0.00207 8.7 0.00002

0.4 0.70238 4.6 0.00184 8.8 0.00002

0.5 0.55977 4.7 0.00164 8.9 0.00001

0.6 0.45438 4.8 0.00145 9.0 0.00001

0.7 0.37377 4.9 0.00129 9.1 0.00001

0.8 0.31060 5.0 0.00115 9.2 0.00001

0.9 0.26018 5.1 0.00102 9.3 0.00001

1.0 0.21938 5.2 0.00091 9.4 0.00001

1.1 0.18599 5.3 0.00081 9.5 0.00001

1.2 0.15841 5.4 0.00072 9.6 0.00001

1.3 0.13545 5.5 0.00064 9.7 0.00001

1.4 0.11622 5.6 0.00057 9.8 0.00001

1.5 0.10002 5.7 0.00051 9.9 0.00000

1.6 0.08631 5.8 0.00045 10.0 0.00000

1.7 0.07465 5.9 0.00040

1.8 0.06471 6.0 0.00036

1.9 0.05620 6.1 0.00032

2.0 0.04890 6.2 0.00029

2.1 0.04261 6.3 0.00026

2.2 0.03719 6.4 0.00023

2.3 0.03250 6.5 0.00020

2.4 0.02844 6.6 0.00018

2.5 0.02491 6.7 0.00016

2.6 0.02185 6.8 0.00014

2.7 0.01918 6.9 0.00013

2.8 0.01686 7.0 0.00012

2.9 0.01482 7.1 0.00010

3.0 0.01305 7.2 0.00009

3.1 0.01149 7.3 0.00008

3.2 0.01013 7.4 0.00007

3.3 0.00894 7.5 0.00007

(continued)
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Equation (8.39) can be used to find the pressure drop (pi – p) that will have occurred at any 
radius about a flowing well after the well has flowed at a rate, q, for some time, t. For example, 
consider a reservoir where oil is flowing and μo = 0.72 cp, Bo = 1.475 bbl/STB, k = 100 md, h = 15 
ft, ct = 15 × 10–6 psi–1, φ = 23.4%, and pi = 3000 psia. After a well is produced at 200 STB/day for 
10 days, the pressure at a radius of 1000 ft will be

 p Ei= − − −3000
70 6 200 0 72 1 475

100 15

0 234 0. ( )( . )( . )

( )

. ( .. ) ( ) ( )

. ( )( )( )

72 15 10 1000

0 00105 100 10 24

6 2−

















Thus

 p = 3000 +10.0 Ei(–0.10)

From Fig. 8.13, Ei(–0.10) = –1.82. Therefore,

 p = 3000 + 10.0 (–1.82) = 2981.8 psia

Figure 8.14 shows this pressure plotted on the 10-day curve and shows the pressure distributions at 
0.1, 1.0, and 100 days for the same flow conditions.

It has been shown that, for values of the Ei function argument, less than 0.01 the following 
approximation can be made:

 – Ei (– x) = –ln (x) – 0.5772

x – Ei (– x) x – Ei (– x) x – Ei (– x)

3.4 0.00789 7.6 0.00006

3.5 0.00697 7.7 0.00005

3.6 0.00616 7.8 0.00005

3.7 0.00545 7.9 0.00004

3.8 0.00482 8.0 0.00004

3.9 0.00427 8.1 0.00003

4.0 0.00378 8.2 0.00003

4.1 0.00335 8.3 0.00003

4.2 0.00297 8.4 0.00002

Table 8.1 Values of – Ei(– x) as a Function of x (continued)
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This suggests that

 φμc r
kt

t
2

0 00105
0 01

.
.<

By rearranging the equation and solving for t, the time required to make this approximation valid 
for the pressure determination 1000 ft from the producing well can be found:

 t > ≈
−0 234 0 72 15 10 1000

0 00105 100 0 01

6 2. ( . ) ( ) ( )

. ( )( . )
22400 hr 100 days=

To determine if the approximation to the Ei function is valid when calculating the pressure at the 
sandface of a producing well, it is necessary to assume a wellbore radius, rw (0.25 ft), and to calcu-
late the time that would make the approximation valid. The following is obtained:

 t > ≈
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Figure 8.14 Pressure distribution about a well at four time periods after start of production.
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It is apparent from these calculations that whether the approximation can be used is a strong func-

tion of the distance from the pressure disturbance to the point at which the pressure determination 

is desired or, in this case, from the producing well. For all practical purposes, the assumption is 

valid when considering pressures at the point of the disturbance. Therefore, at the wellbore and 

wherever the assumption is valid, Eq. (8.39) can be rewritten as

 p r t p q B
kh

c r
kti
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Substituting the log base 10 into this equation for the ln term, rearranging and simplifying, one gets
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 (8.40)

Equation (8.40) serves as the basis for a well testing procedure called transient well testing, a very 

useful technique that is discussed later in this chapter.

8.6.2	 Radial	Flow	of	Compressible	Fluids,	Transient	Flow
In section 8.5, Eq. (8.35)
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was developed to describe the flow of any fluid flowing in a radial geometry in porous media. To 

develop a solution to Eq. (8.35) for the compressible fluid, or gas, case, two additional equations 

are required: (1) an equation of state, usually the real gas law, which is Eq. (2.8), and (2) Eq. (2.18), 

which describes how the gas isothermal compressibility varies with pressure:

 pV = znR′T (2.8)

 c
p z

dz
dpg = −1 1

 (2.18)

These three equations can be combined to yield
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Applying the real gas pseudopressure transformation to Eq. (8.41) yields the following:

 ∂
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+ ∂
∂
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∂
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0 0002637

m p
r r

m p
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m p
t
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( )φμ  (8.42)

Equation (8.42) is the diffusivity equation for compressible fluids, and it has a very similar form 
to Eq. (8.38), which is the diffusivity equation for slightly compressible fluids. The only differ-
ence in the appearance of the two equations is that Eq. (8.42) has the real gas pseudopressure, 
m(p), substituted for p. There is another significant difference that is not apparent from looking at 
the two equations. This difference is in the assumption concerning the magnitude of the (∂p/∂r)2 
term in Eq. (8.41). To linearize Eq. (8.41), it is necessary to limit the term to a small value so that 
it results in a negligible quantity, which is normally the case for liquid flow applications. This 
limitation is not necessary for the gas equation. Since pressure gradients around the gas wells 
can be very large, the transformation of variables has led to a much more practical and useful 
equation for gases.

Equation (8.42) is still a nonlinear differential equation because of the dependence of μ and 
ct on pressure or the real gas pseudopressure. Thus, there is no analytical solution for Eq. (8.42). 
Al-Hussainy and Ramey, however, used finite difference techniques to obtain an approximate solu-
tion to Eq. (8.42).11 The result of their studies for pressures at the wellbore (i.e., where the loga-
rithm approximation to the Ei function can be made) is the following equation:
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 (8.43)

where pwf is the flowing pressure at the wellbore; pi is the initial reservoir pressure; q is the flow 
rate in SCF/day at standard conditions of 60°F and 14.7 psia; T is the reservoir temperature in °R; 
k is in md; h is in ft; t is in hr; μi is in cp and is evaluated at the initial pressure, pi, cti is in psi–1 and 
is also evaluated at pi; and rw is the wellbore radius in feet. Equation (8.43) can be used to calculate 
the flowing pressure at the sandface of a gas well.

8.7	 Pseudosteady-State	Flow
For the transient flow cases that were considered in the previous section, the well was assumed 
to be located in a very large reservoir. This assumption was made so that the flow from or to the 
well would not be affected by boundaries that would inhibit the flow. Obviously, the time that this 
assumption can be made is a finite amount and often is very short in length. As soon as the flow be-
gins to feel the effect of a boundary, it is no longer in the transient regime. At this point, it becomes 
necessary to make a new assumption that will lead to a different solution to the radial diffusivity 
equation. The following sections discuss solutions to the radial diffusivity equation that allow cal-
culations during the pseudosteady-state flow regime.
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8.7.1	 Radial	Flow	of	Slightly	Compressible	Fluids,	Pseudosteady-State	Flow
Once the pressure disturbance has been felt throughout the reservoir including at the boundary, 
the reservoir can no longer be considered as being infinite in size and the flow is not in the 
transient regime. This situation necessitates another solution to Eq. (8.38), using a different 
boundary condition at the outer boundary. The initial condition remains the same as before 
(i.e., the reservoir pressure is pi throughout the reservoir at time t = 0). The flow rate is again 
treated as constant at the wellbore. The new boundary condition used to find a solution to the 
radial diffusivity equation is that the outer boundary of the reservoir is a no-flow boundary. In 
mathematical terms,

 ∂
∂

= =p
r

r re0 at 

Applying these conditions to Eq. (8.38), the solution for the pressure at the wellbore becomes
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where A is the drainage area of the well in square feet and CA is a reservoir shape factor. Values 
of the shape factor are given in Table 8.2 for several reservoir types. Equation (8.44) is valid only 
for sufficiently long enough times for the flow to have reached the pseudosteady-state time period.

Table 8.2 Shape Factors for Various Single- Well Drainage Areas (after Earlougher3)

In bounded 
reservoirs CA ln CA

1
2

2 2458
ln

.
CA






 Exact for tDA >

Less 
than 1% 
error for 

tDA >

Use	infinite	
system solution 
with	less	than	 
1 % error for 

tDA <

31.62 3.4538 – 1.3224 0.1 0.06 0.10

31.6 3.4532 – 1.3220 0.1 0.06 0.10

27.6 3.3178 – 1.2544 0.2 0.07 0.09

60º
27.1 3.2995 – 1.2452 0.2 0.07 0.09
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In bounded 
reservoirs CA ln CA

1
2

2 2458
ln

.
CA






 Exact for tDA >

Less 
than 1% 
error for 

tDA >

Use	infinite	
system solution 
with	less	than	 
1 % error for 

tDA <

¹⁄3 {
1

21.9 3.0865 – 1.1387 0.4 0.12 0.08

43 0.098 –  2.3227 1.5659 0.9 0.60 0.015

30.8828 3.4302 – 1.3106 0.1 0.05 0.09

12.9851 2.5638 – 0.8774 0.7 0.25 0.03

4.5132 1.5070 – 0.3490 0.6 0.30 0.025

3.3351 1.2045 – 0.1977 0.7 0.25 0.01

1

2

21.8369 3.0836 – 1.1373 0.3 0.15 0.025

1

2

10.8374 2.3830 – 0.7870 0.4 0.15 0.025

1

2

4.5141 1.5072 – 0.3491 1.5 0.50 0.06

1

2

2.0769 0.7309 0.0391 1.7 0.50 0.02

1

2

3.1573 1.1497 – 0.1703 0.4 0.15 0.005
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After reaching pseudosteady-state flow, the pressure at every point in the reservoir is chang-
ing at the same rate, which suggests that the average reservoir pressure is also changing at the same 
rate. The volumetric average reservoir pressure, which is usually designated as p  and is the pres-
sure used to calculate fluid properties in material balance equations, is defined as

 p
p V
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j j
j

n

j
j

n= =

=

∑

∑
1

1

 (8.45)

where pj is the average pressure in the jth drainage volume and Vj is the volume of the jth drainage 
volume. It is useful to rewrite Eq. (8.44) in terms of the average reservoir pressure, p :
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For a well in the center of a circular reservoir with a distance to the outer boundary of re, Eq. (8.46) 
reduces to
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If this equation is rearranged and solved for q,
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8.7.2	 Radial	Flow	of	Compressible	Fluids,	Pseudosteady-State	Flow
The differential equation for the flow of compressible fluids in terms of the real gas pseudopressure 
was derived in Eq. (8.42). When the appropriate boundary conditions are applied to Eq. (8.42), the 
pseudosteady-state solution rearranged and solved for q yields Eq. (8.48):
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8.8 Productivity Index (PI)
The ratio of the rate of production, expressed in STB/day for liquid flow, to the pressure drawdown 
at the midpoint of the producing interval, is called the productivity index, symbol J.
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 J q
p pwf

=
−  (8.49)

The productivity index (PI) is a measure of the well potential, or the ability of the well to produce, 
and is a commonly measured well property. To calculate J from a production test, it is necessary 
to flow the well a sufficiently long time to reach pseudosteady-state flow. Only during this flow re-
gime will the difference between p  and pwf be constant. It was pointed out in section 8.3 that once 
the pseudosteady-state period had been reached, the pressure changes at every point in the reservoir 
at the same rate. This is not true for the other periods, and a calculation of productivity index during 
other periods would not be accurate.

In some wells, the PI remains constant over a wide variation in flow rate such that the flow rate 
is directly proportional to the bottom-hole pressure drawdown. In other wells, at higher flow rates the 
linearity fails, and the PI index declines, as shown in Fig. 8.15. The cause of this decline may be (1) 
turbulence at increased rates of flow, (2) decrease in the permeability to oil due to presence of free gas 
caused by the drop in pressure at the wellbore, (3) increase in oil viscosity with pressure drop below 
bubble point, and/or (4) reduction in permeability due to formation compressibility.

In depletion reservoirs, the productivity indices of the wells decline as depletion proceeds, 
owing to the increase in oil viscosity as gas is released from solution and to the decrease in the 
permeability of the rock to oil as the oil saturation decreases. Since each of these factors may 
change from a few to severalfold during depletion, the PI may decline to a small fraction of the 
initial value. Also, as the permeability to oil decreases, there is a corresponding increase in the 
permeability to gas, which results in rising gas-oil ratios. The maximum rate at which a well can 
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Figure 8.15 Decline in productivity index at higher flow rates.
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produce depends on the productivity index at prevailing reservoir conditions and on the available 
pressure drawdown. If the producing bottom-hole pressure is maintained near zero by keeping the 
well “pumped off,” then the available drawdown is the prevailing reservoir pressure and the max-
imum rate is p J× .

In wells producing water, the PI, which is based on dry oil production, declines as the water-
cut increases because of the decrease in oil permeability, even though there is no substantial drop 
in reservoir pressure. In the study of these “water wells,” it is sometimes useful to place the PI on 
the basis of total flow, including both oil and water, where in some cases the watercut may rise to 
99% or more.

The injectivity index is used with saltwater disposal wells and with injection wells for sec-
ondary recovery or pressure maintenance. It is the ratio of the injection rate in STB per day to the 
excess pressure above reservoir pressure that causes that injection rate, or

 Injectivity index = I q
p pwf

=
−  STB/day/psi (8.50)

With both productivity index and injectivity index, the pressures referred to are sandface pressures, 
so that frictional pressure drops in the tubing or casing are not included. In the case of injecting or 
producing at high rates, these pressure losses may be appreciable.

In comparing one well with another in a given field, particularly when there is a variation in 
net productive thickness but when the other factors affecting the productivity index are essentially 
the same, the specific productivity index Js is sometimes used, which is the productivity index di-
vided by the net feet of pay, or

 Specific productivity index = = =
−

J J
h

q
h p ps

wf( )
 STB/day/psi/ft (8.51)

8.8.1 Productivity Ratio (PR)
In evaluating well performance, the standard usually referred to is the productivity index of an open 
hole that completely penetrates a circular formation normal to the strata and in which no alteration in 
permeability has occurred in the vicinity of the wellbore. Substituting Eq. (8.47) into Eq. (8.49), we get

 J kh
B r re w

=
−

0 00708
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 (8.52)

The productivity ratio (PR) then is the ratio of the PI of a well in any condition to the PI of this 
standard well:

 PR J
Jsw

=  (8.53)
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Thus, the productivity ratio may be less than one, greater than one, or equal to one. Although the 
productivity index of the standard well is generally unknown, the relative effect of certain changes 
in the well system may be evaluated from theoretical considerations, laboratory models, or well 
tests. For example, the theoretical productivity ratio of a well reamed from an 8-in. borehole diam-
eter to 16 in. is derived by Eq. (8.52):

 PR J
J

r
r
e

e
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−
16

8
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ln 

ln 

( / . ) .

( / . ) .

Assuming re = 660 ft,

 PR = −
−

=ln 

ln 

( / . ) .

( / . ) .
.

660 0 333 0 75

660 0 667 0 75
1 11

Thus, doubling the borehole diameter should increase the PI approximately 11%. An inspection of 
Eq. (8.50) indicates that the PI can be improved by increasing the average permeability k, decreas-
ing the viscosity μ, or increasing the wellbore radius rw. Another name for the productivity ratio is 
the flow efficiency (FE).

8.9 Superposition
Earlougher and others have discussed the application of the principle of superposition to fluid 
flow in reservoirs.3,12,13,14 This principle allows the use of the constant rate, single-well equations 
that have been developed earlier in this chapter and applies them to a variety of other cases. To 
illustrate the application, the solution to Eq. (8.38), which is a linear, second-order differential 
equation, is examined. The principle of superposition can be stated as follows: The addition of 
solutions to a linear differential equation results in a new solution to the original differential 
equation. For example, consider the reservoir system depicted in Fig. 8.16. In the example shown 
in Fig. 8.16, wells 1 and 2 are opened up to their respective flow rates, q

1
 and q

2
, and the pressure 

drop that occurs in the observation well is monitored. The principle of superposition states that 
the total pressure drop will be the sum of the pressure drop caused by the flow from well 1 and 
the pressure drop caused by the flow from well 2:

 Δpt = Δp
1
 + Δp

2

Each of the individual Δp terms is given by Eq. (8.39), or

 Δp = pi – p(r, t) = 
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To apply the method of superposition, pressure drops or changes are added. It is not correct simply 
to add or subtract individual pressure terms. It is obvious that if there are more than two flowing 
wells in the reservoir system, the procedure is the same, and the total pressure drop is given by the 
following:

 Δ Δp pj j
j

N
=

=
∑

1
 (8.54)

where N equals the number of flowing wells in the system. Example 8.2 illustrates the calculations 
involved when more than one well affects the pressure of a point in a reservoir.

Example 8.2 Calculating Total Pressure Drop
For the well layout shown in Fig. 8.17, calculate the total pressure drop as measured in the ob-
servation well (well 3) caused by the four flowing wells (wells 1, 2, 4, and 5) after 10 days. The 
wells were shut in for a long time before opening them to flow.

Given
The following data apply to the reservoir system:

µ = 0.40 cp
Bo = 1.50 bbl/STB
k = 47 md
h = 50 ft

Well 1

Observation well

r2

r1

Well 2

Figure 8.16 Two flowing-well reservoir system to illustrate the principle of superposition.



8.9 Superposition  269

φ = 11.2%
ct = 15 × 10–6 psi–1

Well Flow	rate	(STB/day) Distance	to	observation	well	(feet)
1 265 1700

2 270 1920

4 287 1870

5 260 1690

Solution
The individual pressure drops can be calculated with Eq. (8.39), and the total pressure drop is given 
by Eq. (8.54). For well 1,
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 Δp
1
 = 4.78 [– Ei (– 0.164)]

From Fig. 8.12,

 – Ei(– 0.164) = 1.39

1

2 4

5

3

1870'

1690'1700'

1920'

Flowing well

Observation well

Figure 8.17 Well layout for Problem 8.2.



270	 Chapter	8	 •	 Single-Phase	Fluid	Flow	in	Reservoirs	

Therefore,

 Δp
1
 = 4.78(1.39) = 6.6 psi

Similarly, for wells 2, 4, and 5,

 Δp
2
 = 4.87[– Ei(– 0.209)] = 5.7 psi

 Δp
4
 = 5.14[– Ei(– 0.198)] = 6.4 psi

 Δp
5
 = 4.69[– Ei(– 0.162)] = 6.6 psi

Using Eq. (8.54) to find the total pressure drop at the observation well (well 3), the individual 
pressure drops are added together to give the total:

 Δpt = Δp
1
 + Δp

2
 + Δp

4
 + Δp

5

or

 Δpt = 6.6 + 5.7 + 6.4 + 6.6 = 25.3 psi

The superposition principle can also be applied in the time dimension, as is illustrated in 
Fig. 8.18. In this case, one well (which means the position where the pressure disturbances occur 
remains constant) has been produced at two flow rates. The change in the flow rate from q

1
 to q

2
 oc-

curred at time t
1
. Figure 8.18 shows that the total pressure drop is given by the sum of the pressure 

drop caused by the flow rate, q
1
, and the pressure drop caused by the change in flow rate, q

2
 – q

1
. 

This new flow rate, q2 – q
1
, has flowed for time t – t

1
.

The pressure drop for this flow rate, q
2
 – q

1
, is given by

 Δp = pi – p (r, t) = 
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As in the case of the multiwell system just described, superposition can also be applied to multirate 
systems as well as the two rate examples depicted in Fig. 8.18.

8.9.1 Superposition in Bounded or Partially Bounded Reservoirs
Although Eq. (8.39) applies to infinite reservoirs, it may be used in conjunction with the su-
perposition principle to simulate boundaries of closed or partially closed reservoirs. The effect 
of boundaries is always to cause greater pressure drops than those calculated for the infinite 
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reservoirs. The method of images is useful in handling the effect of boundaries. For example, 
the pressure drop at point x (Fig. 8.19), owing to production in a well located a distance d from 
a sealing fault, will be the sum of the effects of the producing well and an image well that is 
superimposed at a distance d behind the fault. In this case, the total pressure drop is given by 
Eq. (8.54), where the individual pressure drops are again given by Eq. (8.39), or for the case 
shown in Fig. 8.19,

 Δp = Δp
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 + Δpimage
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Figure 8.18 Production rate and pressure history for a well with two flow rates.
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8.10 Introduction to Pressure Transient Testing
Pressure transient testing is an important diagnostic tool that can provide valuable information for 
the reservoir engineer. A transient test is initiated by creating a disturbance at a wellbore (i.e., a 
change in the flow rate) and then monitoring the pressure as a function of time. An efficiently con-
ducted test that yields good data can provide information such as average permeability, drainage 
volume, wellbore damage or stimulation, and reservoir pressure.

A pressure transient test does not always yield a unique solution. There are often anomalies 
associated with the reservoir system that yield pressure data that could lead to multiple conclu-
sions. In these cases, the strength of transient testing is realized only when the procedure is used in 
conjunction with other diagnostic tools or other information.

In the next two subsections, the two most popular tests (i.e., the drawdown and buildup 
tests) are introduced. However, notice that the material is intended to be only an introduction. 
The reader must be aware of many other considerations in order to conduct a proper transient 
test. The reader is referred to some excellent books in this area by Earlougher, Matthews and 
Russell, and Lee.3,10,15

8.10.1	 Introduction	to	Drawdown	Testing
The drawdown test consists of flowing a well at a constant rate following a shut-in period. The 
shut-in period should be sufficiently long for the reservoir pressure to have stabilized. The basis for 
the drawdown test is found in Eq. (8.40),

Well Image well
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x

r1

d d

Fa
ul

t

Figure 8.19 Method of images used in the solution of boundary problems.
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which predicts the pressure at any radius, r, as a function of time for a given reservoir flow system 
during the transient period. If r = r

w
, then p (r, t) will be the pressure at the wellbore. For a given 

reservoir system, p
i
, q, μ, B, k, h, φ, c

t
, and r

w
 are constant, and Eq. (8.40) can be written as

 p
wf

 = b + mlog (t) (8.55)

where

p
wf

 = flowing well pressure in psia
b = constant
t = time in hrs
m = constant = − 162 6. q B

kh

μ
 (8.56)

Equation (8.55) suggests that a plot of p
wf

 versus t on semilog graph paper would yield a straight line 
with slope m through the early time data that correspond with the transient time period. This is providing 
that the assumptions inherent in the derivation of Eq. (8.40) are met. These assumptions are as follows:

1. Laminar, horizontal flow in a homogeneous reservoir
2. Reservoir and fluid properties, k, φ, h, c

t
, μ, and B, independent of pressure

3. Single-phase liquid flow in the transient time region
4. Negligible pressure gradients

The expression for the slope, Eq. (8.56), can be rearranged to solve for the capacity, kh, of the 
drainage area of the flowing well. If the thickness is known, then the average permeability can be 
obtained by Eq. (8.57):

 k
q B

mh
= − 162 6. μ

 (8.57)

If the drawdown test is conducted long enough for the pressure transients to reach the pseudoste-
ady-state period, then Eq. (8.55) no longer applies.

8.10.2	 Drawdown	Testing	in	Pseudosteady-State	Regime
 In the pseudosteady-state regime, Eq. (8.44) is used to describe the pressure behavior:
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Again, grouping together the terms that are constant for a given reservoir system, Eq. (8.44) becomes

 pwf = b′ + m′t (8.58)

where

b′ = constant
m′ = constant = − 0 2339. qB

Ah ctφ
 (8.59)

Now a plot of pressure versus time on regular Cartesian graph paper yields a straight line with slope 
equal to m′ through the late time data that correspond to the pseudosteady-state period. If Eq. (8.59) 
is rearranged, an expression for the drainage volume of the test well can be obtained:

 Ah qB
m ct

φ = − 0 2339.

'
 (8.60)

8.10.3 Skin Factor
The drawdown test can also yield information about damage that may have occurred around the well-
bore during the initial drilling or during subsequent production. An equation will now be developed 
that allows the calculation of a damage factor, using information from the transient flow region.

A damage zone yields an additional pressure drop because of the reduced permeability in 
that zone. Van Everdingen and Hurst developed an expression for this pressure drop and defined a 
dimensionless damage factor, S, called the skin factor:16,17

 Δp q B
kh

Sskin = 141 2. μ
 (8.61)

or

 Δp
skin

 = – 0.87mS (8.62)

From Eq. (8.62), a positive value of S causes a positive pressure drop and therefore represents a 
damage situation. A negative value of S causes a negative pressure drop that represents a stimulated 
condition like a fracture. Notice that these pressure drops caused by the skin factor are compared 
to the pressure drop that would normally occur through this affected zone as predicted by Eq. 
(8.40). Combining Eqs. (8.40) and (8.62), the following expression is obtained for the pressure at 
the wellbore:
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This equation can be rearranged and solved for the skin factor, S:
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The value of pwf must be obtained from the straight line in the transient flow region. Usually a 
time corresponding to 1 hr is used, and the corresponding pressure is given by the designation p

1hr
. 

Substituting m into this equation and recognizing that the denominator of the first term within the 
brackets is actually –m,
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Equation (8.64) can be used to calculate a value for S from the slope of the transient flow region 
and the value of p

1hr
 also taken from the straight line in the transient period.

A drawdown test is often conducted during the initial production from a well, since the 
reservoir has obviously been stabilized at the initial pressure, pi. The difficult aspect of the test is 
maintaining a constant flow rate, q. If the flow rate is not kept constant during the length of the test, 
then the pressure behavior will reflect this varying flow rate and the correct straight line regions 
on the semilog and regular Cartesian plots may not be identified. Other factors such as wellbore 
storage (shut-in well) or unloading (flowing well) can interfere with the analysis. Wellbore storage 
and unloading are phenomena that occur in every well to a certain degree and cause anomalies in 
the pressure behavior. Wellbore storage is caused by fluid flowing into the wellbore after a well 
has been shut in on the surface and by the pressure in the wellbore changing as the height of the 
fluid in the wellbore changes. Wellbore unloading in a flowing well will lead to more production 
at the surface than what actually occurs down hole. The effects of wellbore storage and unloading 
can be so dominating that they completely mask the transient time data. If this happens and if the 
engineer does not know how to analyze for these effects, the pressure data may be misinterpreted 
and errors in calculated values of permeability, skin, and the like may occur. Wellbore storage and 
unloading effects are discussed in detail by Earlougher.3 These effects should always be taken into 
consideration when evaluating pressure transient data.

The following example problem illustrates the analysis of drawdown test data.

Example 8.3 Calculating Average Permeability, Skin Factor, and Drainage Area
A drawdown test was conducted on a new oil well in a large reservoir. At the time of the test, the 
well was the only well that had been developed in the reservoir. Analysis of the data indicates that 
wellbore storage does not affect the pressure measurements. Use the data to calculate the average 
permeability of the area around the well, the skin factor, and the drainage area of the well.
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Given
pi = 4000 psia
h = 20 ft
q = 500 STB/day
ct = 30 × 10–6 psia–1

μo = 1.5 cp
φ = 25%
Bo = 1.2 bbl/STB
rw = 0.333 ft

Flowing	pressure,	pwf (psia) Time, t (hrs)

3503 2

3469 5

3443 10

3417 20

3383 50

3368 75

3350 100

3317 150

3284 200

3220 300

Solution
Figure 8.20 contains a semilog plot of the pressure data. The slope of the early time data, which are 
in the transient time region, is –86 psi/cycle, and the value of P

1hr
 is read from the pressure value on 

the line at 1 hr as 3526 psia. Equation (8.57) can now be used to calculate the permeability:

 k q B
mh

= − 162 6. μ  (8.57)
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 S = 1.04

This positive value for the skin factor suggests the well is slightly damaged.
From the slope of a plot of P versus time on regular Cartesian graph paper, shown in Fig. 8.21, 

and using Eq. (8.60), an estimate for the drainage area of the well can be obtained. From the semi-
log plot of pressure versus time, the first six data points fell on the straight line region indicating 
they were in the transient time period. Therefore, the last two to three points of the data are in the 
pseudosteady-state period and can be used to calculate the drainage area. The slope of a line drawn 
through the last three points is –0.650. Therefore,

 Ah qB
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8.10.4 Introduction to Buildup Testing
The buildup test is the most popular transient test used in the industry. It is conducted by shutting 
in a producing well that has obtained a stabilized pressure in the pseudosteady-state time region 
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Figure 8.20 Plot of pressure versus log time for the data of Example 8.3.
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by flowing the well at a constant rate for a sufficiently long period. The pressure is then monitored 
during the length of the shut-in period. The primary reason for the popularity of the buildup test is 
the fact that it is easy to maintain the flow rate constant at zero during the length of the test. The 
main disadvantage of the buildup test over that of the drawdown test is that there is no production 
during the test and therefore no subsequent income.

A pressure buildup test is simulated mathematically by using the principle of superposition. 
Before the shut-in period, a well is flowed at a constant flow rate, q. At the time corresponding to 
the point of shut-in, t

p
, a second well, superimposed over the location of the first well, is opened 

to flow at a rate equal to –q, while the first well is allowed to continue to flow at rate q. The time 
that the second well is flowed is given the symbol of Δt. When the effects of the two wells are 
added, the result is that a well has been allowed to flow at rate q for time t

p
 and then shut in for 

time Δt. This simulates the actual test procedure, which is shown schematically in Fig. 8.22. The 
time corresponding to the point of shut-in, t

p
, can be estimated from the following equation:

 t
N

qp
p=  (8.65)

where N
p
 = cumulative production that has occurred during the time before shut-in that the well 

was flowed at the constant flow rate q.
Equations (8.40) and (8.54) can be used to describe the pressure behavior of the shut-in well:
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Figure 8.21 Plot of pressure versus time for the data of Example 8.3.
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Expanding this equation and canceling terms,

 p p q B
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t t
tws i

p= −
+
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log

( )μ Δ
Δ

 (8.66)

where

pws = bottom-hole shut-in pressure

Equation (8.66) is used to calculate the shut-in pressure as a function of the shut-in time and suggests 
that a plot of this pressure versus the ratio of (tp + Δt)/Δt on semilog graph paper will yield a straight 
line. This plot is referred to as a Horner plot, after the man who introduced it into the petroleum lit-
erature.18 Figure 8.23 is an example of a Horner Plot. The points on the left of the plot constitute the 
linear portion, while the two points to the right, representing the early time data, are severely affected 
by wellbore storage effects and should be disregarded. The slope of the Horner plot is equal to m, or

 m q B
kh

= − 162 6. μ

This equation can be rearranged to solve for the permeability:

 k q B
mh

= − 162 6. μ  (8.67)
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Figure 8.22 Graphical simulation of pressure buildup test using superposition.
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Figure 8.23 Plot of pressure versus time ratio for Example 8.4.

The skin factor equation for buildup is found by combining Eq. (8.64), written for t = t
p
(Δt = 0), 

and Eq. (8.66):
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The shut-in pressure, p
ws

, can be taken at any Δt on the straight line of the transient flow period. For 

convenience, Δt is set equal to 1 hr, and p
ws

 is taken from the straight line at that point. The value for 

p
1hr

 must be on the straight line and might not be a data point. At a time of Δt = 1 hr, t
p
 is much larger 

than Δt for most tests, and t
p
 + Δt ≈ t

p
. With these considerations, the skin factor equation becomes
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This section is concluded with an example problem illustrating the analysis of a buildup test. 

Notice again that there is much more to this overall area of pressure transient testing. Pressure 

transient testing is a very useful quantitative tool for the reservoir engineer if used correctly. The 

intent of this section was simply to introduce these important concepts. The reader should pursue 

the indicated references if more thorough coverage of the material is needed.
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Example 8.4 Calculating Permeability and Skin from a Pressure Buildup Test

Given
Flow rate before shut in period = 280 STB/day
Np during constant rate period before shut in = 2682 STB
pwf at the time of shut-in = 1123 psia

From the foregoing data and Eq. (8.65), tp can be calculated:

 t
N
qp

p= = 



 =2682

280
24 230 hrs

Other given data are

Bo= 1.31 bbl/STB
μo = 2.0 cp
h = 40 ft
ct = 15 × 10–6 psi–1

φ = 10%
rw = 0.333 ft

Time after shut in, Δt (hours) Pressure, pws (psia) t t
t

p + Δ
Δ

2 2290 116.0

4 2514 58.5

8 2584 29.8

12 2612 20.2

16 2632 15.4

20 2643 12.5

24 2650 10.6

30 2658 8.7

Solution
The slope of the straight-line region (notice the difficulty in identifying the straight-line region) of 
the Horner plot in Fig. 8.23 is –94.23 psi/cycle. From Eq. (8.67),

 k q B
mh

= − 162 6. μ  (8.67)
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 is 2523 psia and, from Eq. (8.68),
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 S = 11.64

The extrapolation of the straight line to the Horner time equal to 1 provides the extrapolated pres-
sure, p*. For a new well, p* provides an estimate for the initial reservoir pressure, pi.

The time ratio (tp + Δt)/Δt decreases as Δt increases. Therefore, the early time data are 
on the right and the late time data on the left of Fig. 8.23. Because most of the data points are 
influenced by wellbore storage, it is difficult to identify the correct straight line of the tran-
sient time region. For this example problem, the last three data points were used to represent 
the transient time region. This difficulty in identifying the proper straight-line region points 
out the importance of a thorough understanding of wellbore storage and other anomalies that 
could affect the pressure transient data. Modern pressure transient interpretation methods in 
Lee et al. (2004) offer more effective ways to do this analysis that are beyond the scope of this 
chapter.

Problems
8.1 Two wells are located 2500 ft apart. The static well pressure at the top of perforations 

(9332 ft subsea) in well A is 4365 psia and at the top of perforations (9672 ft subsea) in 
well B is 4372 psia. The reservoir fluid gradient is 0.25 psi/ft, reservoir permeability is 
245 md, and reservoir fluid viscosity is 0.63 cp.

(a) Correct the two static pressures to a datum level of 9100 ft subsea.
(b) In what direction is the fluid flowing between the wells?
(c) What is the average effective pressure gradient between the wells?
(d) What is the fluid velocity?
(e) Is this the total velocity or only the component of the velocity in the direction between 

the two wells?
(f) Show that the same fluid velocity is obtained using Eq. (8.1).
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8.2 A sand body is 1500 ft long, 300 ft wide, and 12 ft thick. It has a uniform permeability of 
345 md to oil at 17% connate water saturation. The porosity is 32%. The oil has a reservoir 
viscosity of 3.2 cp and Bo of 1.25 bbl/STB at the bubble point.

(a) If flow takes place above the bubble-point pressure, which pressure drop will cause 
100 reservoir bbl/day to flow through the sand body, assuming the fluid behaves 
essentially as an incompressible fluid? Which pressure drop will do so for 200 reser-
voir bbl/day?

(b) What is the apparent velocity of the oil in feet per day at the 100-bbl/day flow rate?
(c) What is the actual average velocity?
(d) What time will be required for complete displacement of the oil from the sand?
(e) What pressure gradient exists in the sand?
(f) What will be the effect of raising both the upstream and downstream pressures by, say, 

1000 psi?
(g) Considering the oil as a fluid with a very high compressibility of 65(10)–6 psi–1, how 

much greater is the flow rate at the downstream end than the upstream end at 100 bbl/
day?

(h) What pressure drop will be required to flow 100 bbl/day, measured at the upstream 
pressure, through the sand if the compressibility of the oil is 65(10)–6 psi–1? Consider 
the oil to be a slightly compressible fluid

(i) What will be the downstream flow rate?
(j) What conclusion can be drawn from these calculations, concerning the use of the in-

compressible flow equation for the flow of slightly compressible liquids, even with 
high compressibilities?

8.3 If the sand body of Problem 8.2 had been a gas reservoir with a bottom-hole temperature of 
140°F but with the same connate water and permeability to gas, then calculate the following:

(a) With an upstream pressure of 2500 psia, what downstream pressure will cause 5.00 MM 
SCF/day to flow through the sand? Assume an average gas viscosity of 0.023 cp and an 
average gas deviation factor of 0.88.

(b) What downstream pressure will cause 25 MM SCF/day to flow if the gas viscosity and 
deviation factors remain the same?

(c) Explain why it takes more than five times the pressure drop to cause five times the gas flow.
(d) What is the pressure at the midpoint of the sand when 25 MM SCF/day is flowing?
(e) What is the mean pressure at 25 MM SCF/day?
(f) Why is there a greater pressure drop in the downstream half of the sand body than in 

the upstream half?
(g) From the gas law, calculate the rate of flow at the mean pressure pm and show that the 

equation in terms of qm is valid by numerical substitution.
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8.4 (a)  Plot pressure versus distance through the sand of the previous problem at the 25 MM 
SCF/day flow rate.

(b) Plot the pressure gradient versus distance through the sand body.

8.5 A rectangular sand body is flowing gas at 10 MM SCF/day under a downstream pressure of 
1000 psia. Standard conditions are 14.4 psia and 80°F. The average deviation factor is 0.80. 
The sand body is 1000 ft long, 100 ft wide, and 10 ft thick. Porosity is 22% and average 
permeability to gas at 17% connate water is 125 md. Bottom-hole temperature is 160°F, and 
gas viscosity is 0.029 cp.

(a) What is the upstream pressure?
(b) What is the pressure gradient at the midpoint of the sand?
(c) What is the average pressure gradient throughout the sand?
(d) Where does the mean pressure occur?

8.6 A horizontal pipe 10 cm in diameter and 3000 cm long is filled with a sand of 20% porosity. 
It has a connate water saturation of 30% and, at that water saturation, a permeability of oil 
of 200 md. The viscosity of the oil is 0.65 cp, and the water is immobile.

(a) What is the apparent velocity of the oil under a 100-psi pressure differential?
(b) What is the flow rate?
(c) Calculate the oil contained in the pipe and the time needed to displace it at the rate of 

0.055 cm3/sec.
(d) From this actual time and the length of the pipe, calculate the actual average velocity.
(e) Calculate the actual average velocity from the apparent velocity, porosity, and connate 

water.
(f) Which velocity is used to calculate flow rates, and which is used to calculate displace-

ment times?
(g) If the oil is displaced with water so that 20% unrecoverable (or residual) oil saturation 

is left behind the waterflood front, what are the apparent and actual average velocities 
in the watered zone behind the flood front if the oil production rate is maintained at 
0.055 cm3/sec? Assume piston-like displacement of the oil by the water.

(h) What is the rate of advance of the flood front?
(i) How long will it take to obtain all the recoverable oil, and how much will be recovered?
(j) How much pressure drop will be required to produce oil at the rate of 0.055 cm3/sec 

when the waterflood front is at the midpoint of the pipe?

8.7 (a)  Three beds of equal cross section have permeabilities of 50 md, 500 md, and 200 md 
and lengths of 10 ft, 40 ft, and 75 ft, respectively. What is the average permeability of 
the beds placed in series?

(b) What are the ratios of the pressure drops across the individual beds for liquid flow?
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(c) For gas flow, will the overall pressure drop through beds in series be the same for flow 
in either direction? Will the individual pressure drops be the same?

(d) The gas flow constant for a given linear system is 900, so that p1
2  – p2

2  = 900L/k. If 
the upstream pressure is 500 psia, calculate the pressure drops in each of two beds 
for series flow in both directions. The one bed is 10 ft long and 100 md; the second is  
70 ft and 900 md.

(e) A producing formation from top to bottom consists of 10 ft of 350 md sand, 4 in. of  
0.5 md shale, 4 ft of 1230 md sand, 2 in. of 2.4 md shale, and 8 ft of 520 md sand. What 
is the average vertical permeability?

(f) If the 8 ft of 520 md sand is in the lower part of the formation and carries water, what 
well completion technique will you use to keep the water-oil ratio low for the well? 
Discuss the effect of the magnitude of the lateral extent of the shale breaks on the well 
production.

8.8 (a)  Three beds that are 40 md, 100 md, and 800 md and 4, 6, and 10 ft thick, respectively, 
are conducting fluid in parallel flow. If all are of equal length and width, what is the 
average permeability?

(b) In what ratio are the separate flows in the three beds?

8.9 As project supervisor for an in situ uranium leaching project, you have observed that to 
maintain a constant injection rate in well A, the pump pressure had to be increased so that 
pe – pw was increased by a factor of 20 from the value at startup. An average permeability of 
100 md was measured from plugs cored before the injection of leachant. You suspect build-
up of a calcium carbonate precipitate has damaged the formation near the injection well. If 
the permeability of the damaged section can be assumed to be 1 md, find the extent of the 
damage. The wellbore radius is 0.5 ft, and the distance to the outer boundary of the uranium 
deposit is estimated to be 1000 ft.

8.10 A well was given a large fracture treatment, creating a fracture that extends to a radius of about 
150 ft. The effective permeability of the fracture area was estimated to be 200 md. The permea-
bility of the area beyond the fracture is 15 md. Assume that the flow is steady state, single phase, 
and incompressible. The outer boundary at r = re = 1500 ft has a pressure of 2200 psia, and the 
wellbore pressure is 100 psia (rw = 0.5 ft). The reservoir thickness is 20 ft and the porosity is 
18%. The flowing fluid has a formation volume factor of 1.12 bbl/STB and a viscosity of 1.5 cp.

(a) Calculate the flow rate in STB/day.
(b) Calculate the pressure in the reservoir at a distance of 300 ft from the center of the 

wellbore.

8.11 (a)  A limestone formation has a matrix (primary or intergranular) permeability of less 
than 1 md. However, it contains 10 solution channels per square foot, each 0.02 in. in 
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diameter. If the channels lie in the direction of fluid flow, what is the permeability of 
the rock?

(b) If the porosity of the matrix rock is 10%, what percentage of the fluid is stored in the pri-
mary pores and what percentage is stored in the secondary pores (vugs, fractures, etc.)?

(c) If the secondary pore system is well connected throughout a reservoir, what conclu-
sions must be drawn concerning the probable result of gas or water drive on the recov-
ery of either oil, gas, or gas condensate? What, then, are the means of recovering the 
hydrocarbons from the primary pores?

8.12 During a gravel rock operation, the 6-in. (in diameter) liner became filled with gravel, and 
a layer of mill scale and dirt accumulated to a thickness of 1 in. on top of the gravel within 
the pipe. If the permeability of the accumulation is 1000 md, what additional pressure drop 
is placed on the system when pumping a 1-cp fluid at the rate of 100 bbl/hr?

8.13 One hundred capillary tubes of 0.02 in. in diameter and 50 capillary tubes of 0.04 in.  
(in diameter), all of equal length, are placed inside a pipe of 2 in. in diameter. The space 
between the tubes is filled with wax so that flow is only through the capillary tubes. What is 
the permeability of this “rock”?

8.14 Suppose, after cementing, an opening 0.01 in. wide is left between the cement and an 8-in. 
diameter hole. If this circular fracture extends from the producing formation through an 
impermeable shale 20 ft thick to an underlying water sand, at what rate will water enter 
the producing formation (well) under a 100-psi pressure drawdown? The water contains 
60,000 ppm salt and the bottom-hole temperature is 150°F.

8.15 A high water-oil ratio is being produced from a well. It is thought that the water is coming 
from an underlying aquifer 20 ft from the oil-producing zone. In between the aquifer and the 
producing zone is an impermeable shale zone. Assume that the water is coming up through 
an incomplete cementing job that left an opening 0.01 in. wide between the cement and the 
8 in. hole. The water has a viscosity of 0.5 cp. Determine the rate at which water is entering 
the well at the producing formation level if the pressure in the aquifer is 150 psi greater than 
the pressure in the well at the producing formation level.

8.16 Derive the equation for the steady-state, semispherical flow of an incompressible fluid.

8.17 A well has a shut-in bottom-hole pressure of 2300 psia and flows 215 bbl/day of oil under a 
drawdown of 500 psi. The well produces from a formation of 36 ft net productive thickness. 
Use rw = 6 in., re = 660 ft, μ = 0.88 cp, and Bo = 1.32 bbl/STB.

(a) What is the productivity index of the well?
(b) What is the average permeability of the formation?
(c) What is the capacity of the formation?
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8.18 A producing formation consists of two strata: one 15 ft thick and 150 md in permeability, the 
other 10 ft thick and 400 md in permeability.

(a) What is the average permeability?
(b) What is the capacity of the formation?
(c) If during a well workover, the 150 md stratum permeability is reduced to 25 md out to 

a radius of 4 ft and the 400 md stratum is reduced to 40 md out to an 8 ft radius, what 
is the average permeability after the workover, assuming no cross flow between beds? 
Use re = 500 ft and rw = 0.5 ft.

(d) To what percentage of the original productivity index will the well be reduced?
(e) What is the capacity of the damaged formation?

8.19 (a)  Plot pressure versus radius on both linear and semilog paper at 0.1, 1.0, 10, and 100 
days for pe = 2500 psia, q = 300 STB/day, Bo = 1.32 bbl/STB, μ = 0.44 cp, k = 25 md, 
h = 43 ft, ct = 18 × 10–6 psi–1, and φ = 0.16.

(b) Assuming that a pressure drop of 5 psi can be easily detected with a pressure gauge, 
how long must the well be flowed to produce this drop in a well located 1200 ft away?

(c) Suppose the flowing well is located 200 ft due east of a north-south fault. What pres-
sure drop will occur after 10 days of flow, in a shut-in well located 600 ft due north of 
the flowing well?

(d) What will the pressure drop be in a shut-in well 500 ft from the flowing well when 
the flowing well has been shut in for one day, following a flow period of 5 days at 300 
STB/day?

8.20 A shut-in well is located 500 ft from one well and 1000 ft from a second well. The first well 
flows for 3 days at 250 STB/day, at which time the second well begins to flow at 400 STB/day. 
What is the pressure drop in the shut-in well when the second well has been flowing for 5 days 
(i.e., the first has been flowing a total of 8 days)? Use the reservoir constants of Problem 8.19.

8.21 A well is opened to flow at 200 STB/day for 1 day. The second day its flow is increased to 
400 STB/day and the third to 600 STB/day. What is the pressure drop caused in a shut-in 
well 500 ft away after the third day? Use the reservoir constants of Problem 8.19.

8.22 The following data pertain to a volumetric gas reservoir:

 Net formation thickness = 15 ft
 Hydrocarbon porosity = 20%
 Initial reservoir pressure = 6000 psia
 Reservoir temperature = 190°F
 Gas viscosity = 0.020 cp
 Casing diameter = 6 in.
 Average formation permeability = 6 md
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(a) Assuming ideal gas behavior and uniform permeability, calculate the percentage of re-
covery from a 640-ac unit for a producing rate of 4.00 MM SCF/day when the flowing 
well pressure reaches 500 psia.

(b) If the average reservoir permeability had been 60 md instead of 6 md, what recovery 
would be obtained at 4 MM SCF/day and a flowing well pressure of 500 psia?

(c) Recalculate part (a) for a production rate of 2 MM SCF/day.
(d) Suppose four wells are drilled on the 640-ac unit, and each is produced at 4.00 MM SCF/

day. For 6 md and 500 psia minimum flowing well pressure, calculate the recovery.

8.23 A sandstone reservoir, producing well above its bubble-point pressure, contains only one 
producing well, which is flowing only oil at a constant rate of 175 STB/day. Ten weeks after 
this well began producing, another well was completed 660 ft away in the same formation. 
On the basis of the reservoir properties that follow, estimate the initial formation pressure 
that should be encountered by the second well at the time of completion:

φ = 15% h = 30 ft

co = 18(10)– 6 psi– 1 μ = 2.9 cp

cw = 3(10)– 6 psi– 1 k = 35 md

cf= 4.3(10)– 6 psi– 1 rw = 0.33 ft

Sw = 33% pi = 4300 psia

Bo = 1.25 bbl/STB

8.24 Develop an equation to calculate and then calculate the pressure at well 1, illustrated in  
Fig. 8.24, if the well has flowed for 5 days at a flow rate of 200 STB/day:

Fault 1

Fault 2

200'

300'

Well 1

Figure 8.24
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φ = 25% h = 20 ft

ct = 30(10)– 6 psi– 1 μ, = 0.5cp

k = 50 md Bo = 1.32 bbl/STB

rw = 0.33 ft pi = 4000 psia

8.25 A pressure drawdown test was conducted on the discovery well in a new reservoir to esti-
mate the drainage volume of the reservoir. The well was flowed at a constant rate of 125 
STB/day. The bottom-hole pressure data, as well as other rock and fluid property data, fol-
low. What are the drainage volume of the well and the average permeability of the drainage 
volume? The initial reservoir pressure was 3900 psia.

Bo = 1.1 bbl/STB μo = 0.80 cp

φ = 20% h = 22 ft

So = 80% Sw = 20%

co = 10(10)– 6 psi– 1 cw = 3(10)– 6 psi– 1

cf = 4(10)– 6 psi– 1 rw = 0.33 ft

Time in hours pwf (psi)

0.5 3657

1.0 3639

1.5 3629

2.0 3620

3.0 3612

5.0 3598

7.0 3591

10.0 3583

20.0 3565

30.0 3551

40.0 3548

50.0 3544

60.0 3541

70.0 3537

80.0 3533

90.0 3529

100.0 3525

120.0 3518

150.0 3505



290	 Chapter	8	 •	 Single-Phase	Fluid	Flow	in	Reservoirs	

8.26 The initial average reservoir pressure in the vicinity of a new well was 4150 psia. A pres-
sure drawdown test was conducted while the well was flowed at a constant oil flow rate of  
550 STB/day. The oil had a viscosity of 3.3 cp and a formation volume factor of 1.55 bbl/
STB. Other data, along with the bottom-hole pressure data recorded during the drawdown 
test, follow. Assume that wellbore storage considerations may be neglected, and determine 
the following:

(a) The permeability of the formation around the well
(b) Any damage to the well
(c) The drainage volume of the reservoir communicating to the well

 φ = 34.3%
 h = 93 ft
 ct = 1(10)–5 psi–1

 rw = 0.5 ft

Time in hours pwf (psi)

1 4025

2 4006

3 3999

4 3996

6 3993

8 3990

10 3989

20 3982

30 3979

40 3979

50 3978

60 3977

70 3976

80 3975

8.27 The first oil well in a new reservoir was flowed at a constant flow rate of 195 STB/day until 
a cumulative volume of 361 STB had been produced. After this production period, the well 
was shut in and the bottom-hole pressure monitored for several hours. The flowing pressure 
just as the well was being shut in was 1790 psia. For the data that follow, calculate the for-
mation permeability and the initial reservoir pressure.
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 Bo = 2.15 bbl/STB
 μo = 0.85 cp
 φ = 11.5%
 h = 23 ft
 ct = 1(10)–5 psi–1

 rw = 0.33 ft

Δt in hours pws (psi)

0.5 2425

1.0 2880

2.0 3300

3.0 3315

4.0 3320

5.0 3324

6.0 3330

8.0 3337

10.0 3343

12.0 3347

14.0 3352

16.0 3353

18.0 3356

8.28 A well located in the center of several other wells in a consolidated sandstone reservoir 
was chosen for a pressure buildup test. The well had been put on production at the same 
time as the other wells and had been produced for 80 hr at a constant oil flow rate of 
375 STB/day. The wells were drilled on 80-ac spacing. For the pressure buildup data 
and other rock and fluid property data that follow, estimate a value for the formation 
permeability and determine if the well is damaged. The flowing pressure at shut-in was 
3470 psia.

Bo = 1.31 bbl/STB μo = 0.87 cp

φ = 25.3% h = 22 ft

So = 80% Sw = 20%

co = 17(10)– 6 psi– 1 cw = 3(10)– 6 psi– 1

cf = 4(10)– 6 psi– 1 rw= 0.33 ft
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Δt in hours pws (psi)

0.114 3701

0.201 3705

0.432 3711

0.808 3715

2.051 3722

4.000 3726

8.000 3728

17.780 3730
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Water	Influx

9.1 Introduction
Many reservoirs are bounded on a portion or all of their peripheries by water-bearing rocks 
called aquifers (from Latin, aqua [water], ferre [to bear]). The aquifers may be so large (com-
pared with the reservoirs they adjoin) that they appear infinite for all practical purposes; they 
may also be so small as to be negligible in their effect on reservoir performance. The aquifer 
itself may be entirely bounded by impermeable rock so that the reservoir and aquifer together 
form a closed, or volumetric, unit (Fig. 9.1). On the other hand, the reservoir may outcrop at 
one or more places where it may be replenished by surface waters (Fig. 9.2). Finally, an aqui-
fer may be essentially horizontal with the reservoir it adjoins, or it may rise, as at the edge of 
structural basins, considerably above the reservoir to provide some artesian kind of flow of 
water to the reservoir.

In response to a pressure drop in the reservoir, the aquifer reacts to offset, or retard, pres-
sure decline by providing a source of water influx or encroachment by (1) expansion of the water,  
(2) expansion of other known or unknown hydrocarbon accumulations in the aquifer rock, (3) com-
pressibility of the aquifer rock, and/or (4) artesian flow, which occurs when the aquifer rises to a 
level above the reservoir, whether it outcrops or not, and whether or not the outcrop is replenished 
by surface water.

To determine the effect that an aquifer has on the production from a hydrocarbon reservoir, 
it is necessary to be able to calculate the amount of water that has influxed into the reservoir from 
the aquifer. This calculation can be made using the material balance equation when the initial hy-
drocarbon amount and the production are known. The Havlena-Odeh approach to material balance 
calculations, presented in Chapter 3, can sometimes be used to obtain an estimate for both water 
influx and initial hydrocarbon amount.3,4 For the case of a water-drive reservoir, no original gas cap, 
and negligible compressibilities, Eq. (3.13) reduces to the following:

 F = NEo+We

C h a p t e r  9
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or

 

F
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If correct values of We are placed in this equation as a function of reservoir pressure, then the 
equation should plot as a straight line with intercept, N, and slope equal to unity. The proce-
dure to solve for both We and N in this case involves assuming a model for We as a function 
of pressure, calculating We, making the plot of F/Eo versus We/Eo, and observing if a straight 
line is obtained. If a straight line is not obtained, then a new model for We is assumed and the 
procedure repeated.
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Figure 9.1  A reservoir analyzer study of five fields, completed in a closed aquifer in the Ellenburger 
formation in West Texas (after Moore and Truby1).
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Choosing an appropriate model for water influx involves many uncertainties. Some of these 
include the size and shape of the aquifer, and aquifer properties, such as porosity and permeability. 
Normally, little is known about these parameters, largely because the cost to drill into the aquifer 
to obtain the necessary data is not often justified.

In this chapter, several models that have been used in reservoir studies to calculate water 
influx amounts are considered. These models can be generally categorized by a time dependence 
(i.e., steady state or unsteady state) and whether the aquifer is an edgewater or bottomwater drive.

9.2 Steady-State Models
The simplest model that will be discussed is the Schilthuis steady-state model, in which the rate of 
water influx, dWe/dt, is directly proportional to (pi – p), where the pressure, p, is measured at the orig-
inal oil-water contact.5 This model assumes that the pressure at the external boundary of the aquifer 
is maintained at the initial value pi and that flow to the reservoir is, by Darcy’s law, proportional to 
the pressure differential, assuming the water viscosity, average permeability, and aquifer geometry 
remain constant:

 W k p p dte i
t

= −∫' ( )
0

 (9.1)

 dW
dt

k p pe
i= −'( )  (9.2)
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Figure 9.2  Geologic cross section through the Torchlight Tensleep Reservoir, Wyoming (after 
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where k′ is the water influx constant in barrels per day per pounds per square inch and (pi – p) is the 
boundary pressure drop in pounds per square inch. If the value of k′ can be found, then the value of 
the cumulative water influx We can be found from Eq. (9.1) and a knowledge of the pressure history 
of the reservoir. If, during any reasonably long period, the rate of production and reservoir pressure 
remain substantially constant, then it is obvious that the volumetric withdrawal rate, or reservoir 
voidage rate, must equal the water influx rate:
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In terms of single-phase oil volume factors,
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where dNp/dt is the daily oil rate in STB/day and (R – Rso)dNp/dt is the daily free gas rate in SCF/
day. The solution gas-oil ratio Rso is subtracted from the net daily or current gas-oil ratio R because 
the solution gas Rso is accounted for in the oil volume factor Bo of the oil voidage term. Equation 
(9.3) may be adjusted to use the two-phase volume factor by adding and subtracting the term Rsoi-

BgdNp/dt and grouping as
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and since [Bo + (Rsoi – Rso)Bg] is the two-phase volume factor Bt,
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When dWe/dt has been obtained in terms of the voidage rates by Eqs. (9.3) and (9.4), the influx 
constant k′ may be found using Eq. (9.2). Although the influx constant can be obtained in this man-
ner only when the reservoir pressure stabilizes, once it has been found, it may be applied to both 
stabilized and changing reservoir pressures.

Figure 9.3 shows the pressure and production history of the Conroe Field, Texas, and 
Fig. 9.4 gives the gas and two-phase oil volume factors for the reservoir fluids. Between 33 
and 39 months after the start of production, the reservoir pressure stabilized near 2090 psig and 
the production rate was substantially constant at 44,100 STB/day, with a constant gas-oil ratio 
of 825 SCF/STB. Water production during the period was negligible. Example 9.1 shows the 
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calculation of the water influx constant k′ for the Conroe Field from data for this period of sta-
bilized pressure. If the pressure stabilizes and the withdrawal rates are not reasonably constant, 
the water influx for the period of stabilized pressure may be obtained from the total oil, gas, and 
water voidages for the period,

 ΔWe = Bt ΔNp + (ΔGp – RsoiΔNp)Bg + BwΔWp

where ΔGp, ΔNp, and ΔWp are the gas, oil, and water produced during the period in surface units. 
The influx constant is obtained by dividing ΔWe by the product of the days in the interval and the 
stabilized pressure drop (pi – ps):
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Figure 9.3 Reservoir pressure and production data, Conroe Field (after Schilthuis5).
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Example 9.1 Calculating the Water Influx Constant When Reservoir Pressure Stabilizes

Given
The pressure-volume-temperature (PVT) data for the Conroe Field in Fig. 9.4 are as follows:

pi = 2275 psig
ps = 2090 psig (stabilized pressure)
Bt = 7.520 ft3/STB at 2090 psig
Bg = 0.00693 ft3/SCF at 2090 psig
Rsoi = 600 SCF/STB (initial solution gas)
R = 825 SCF/STB, from production data
dNp/dt = 44,100 STB/day, from production data
dWp/dt = 0

Solution
At 2090 psig by Eq. (9.4), the daily voidage rate is
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 dV
dt

= × + − × +7 520 44 100 825 600 0 00693 44 100 0. , ( ) . ,

 = 401,000 ft3/day

Since this must equal the water influx rate at stabilized pressure conditions, by Eq. (9.2),
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 k′ = 2170 ft3/day/psi

A water influx constant of 2170 ft3/day/psi means that if the reservoir pressure suddenly drops from 
an initial pressure of 2275 psig to, say, 2265 psig (i.e., Δp = 10 psi) and remains there for 10 days, 
during this period, the water influx will be

 ΔWe1
 = 2170 × 10 × 10 = 217,000 ft3

If at the end of 10 days it drops to, say, 2255 psig (i.e., Δp = 20 psi) and remains there for 20 days, 
the water influx during this second period will be

 ΔWe2
 = 2170 × 20 × 20 = 868,000 ft3

There is four times the influx in the second period because the influx rate was twice as great (be-
cause the pressure drop was twice as great) and because the interval was twice as long. The cumu-
lative water influx at the end of 30 days, then, is

 
W k p p dt k p p te i i= − = −∑∫' ( ) ' ( )Δ

0

30

0

30

 = 2170[(2275 – 2265) × 10 + (2275 – 2255) × 20]

 = 1,085,000 ft3

In Fig. 9.5, ( )p p dti
t

−∫0
 represents the area beneath the curve of pressure drop, (pt – p), 

plotted versus time, or it represents the area above the curve of pressure versus time. The areas may 
be found by graphical integration.

One of the problems associated with the Schilthuis steady-state model is that as the water 
is drained from the aquifer, the distance that the water has to travel to the reservoir increases. 
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Hurst suggested a modification to the Schilthuis equation by including a logarithmic term to 
account for this increasing distance.6 The Hurst method has met with limited application and is 
infrequently used.

 W c p p dt
ate

it
= −

∫'
( )

log0

 

dW
dt

c p p
at

e i= −'( )

log

where c′ is the water influx constant in barrels per day per pounds per square inch, (pi – p) is the 
boundary pressure drop in pounds per square inch, and a is a time conversion constant that depends 
on the units of the time t.

9.3 Unsteady-State Models
In nearly all applications, the steady-state models discussed in the previous section are not ad-
equate in describing the water influx. The transient nature of the aquifers suggests that a time- 
dependent term be included in the calculations for We. In the next two sections, unsteady-state 
models for both edgewater and bottomwater drives are presented. An edgewater drive is one in 
which the water influx enters the hydrocarbon bearing formation from its flanks with negligible 
flow in the vertical direction. In contrast, a bottomwater drive has significant vertical flow.
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Figure 9.5 Plot of pressure and pressure drop versus time.
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9.3.1	 The	van	Everdingen	and	Hurst	Edgewater	Drive	Model
Consider a circular reservoir of radius rR, as shown in Fig. 9.6, in a horizontal circular aquifer of 
radius re, which is uniform in thickness, permeability, porosity, and in rock and water compress-
ibilities. The radial diffusivity equation, Eq. (8.35), expresses the relationship between pressure, 
radius, and time, for a radial system such as Fig. 9.6, where the driving potential of the system is 
the water expandability and the rock compressibility:

 ∂
∂

+ ∂
∂

= ∂
∂

2

2

1

0 0002637

p
r r

p
r

µc
k

p
t

tφ
.

 (8.35)

This equation was solved in Chapter 8 for what is referred to as the constant terminal rate case. The 
constant terminal rate case requires a constant flow rate at the inner boundary, which was the well-
bore for the solutions of Chapter 8. This was appropriate for the applications of Chapter 8, since 
it was desirous to know the pressure behavior at various points in the reservoir because a constant 
flow of fluid came into the wellbore from the reservoir.

rR

re

Figure 9.6 Circular reservoir inside a circular aquifer.
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In this chapter, the diffusivity equation is applied to the aquifer, where the inner boundary 
is defined as the interface between the reservoir and the aquifer. With the interface as the inner 
boundary, it would be more useful to require the pressure at the inner boundary to remain constant 
and observe the flow rate as it crosses the boundary or as it enters the reservoir from the aquifer. 
Mathematically, this condition is stated as

 p = constant = pi – Δp at r = rR (9.5)

where rR is a constant and is equal to the outer radius of the reservoir (i.e., the original oil-water 
contact). The pressure p must be determined at this original oil-water contact. Van Everdingen and 
Hurst7 solved the diffusivity equation for this condition, which is referred to as the constant termi-
nal pressure case, and the following initial and outer boundary conditions:

The initial condition is

 p = pi for all values of r

The outer boundary condition for an infinite aquifer is

 p = pi at r = ∞

The outer boundary condition for a finite aquifer is

 ∂
∂

= =p
r

r re0 at 

At this point, the diffusivity equation is rewritten in terms of the following dimensionless  
parameters:

Dimensionless time is

 tD= 0.0002637
kt

µc rt Rφ 2  (9.6)

Dimensionless radius is

 rD =
 

r
rR

Dimensionless pressure is

 pD = 
p p

p p
i

i wf

−
−
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where k = average aquifer permeability, md; t = time, hours; φ = aquifer porosity, fraction; μ = 
water viscosity, cp; ct = aquifer compressibility, psi–1; and rR = reservoir radius, feet. With these 
dimensionless parameters, the diffusivity equation becomes

 
∂
∂

+ ∂
∂

= ∂
∂

2

2

1p
r r

p
r

p
t

D

D D

D

D

D

D
 (9.7)

Van Everdingen and Hurst converted their solutions to dimensionless, cumulative water influx 
values and made the results available in a convenient form, here given in Tables 9.1 and 9.2 for 
various ratios of aquifer to reservoir size, expressed by the ratio of their radii, re/rR. Figures 9.7 to 
9.10 are plots of some of the tabular values. The data are given in terms of dimensionless time, 
tD, and dimensionless water influx, WeD, so that one set of values suffices for all aquifers whose 
behavior can be represented by the radial form of the diffusivity equation. The water influx is then 
found by using Eq. (9.8):

 We = B′ΔpWeD (9.8)

where

 B c r ht R' .= 1 119
360

2φ θ
 (9.9)

B′ is the water influx constant in barrels per pounds per square inch and θ is the angle subtended by 
the reservoir circumference (i.e., for a full circle, θ = 360°, and for a semicircular reservoir against 
a fault, θ = 180°). ct is in psi–1 and rR and h are in feet.

Example 9.2 shows the use of Eq. (9.8) and the values of Tables 9.1 and 9.2 to calculate 
the cumulative water influx at successive periods for the case of a constant reservoir boundary 
pressure. The infinite aquifer values may be used for small time values, even though the aquifer is 
limited in size.

Example 9.2 Calculating the Water Influx into a Reservoir
This example shows how to calculate the water influx after 100 days, 200 days, 400 days, and  
800 days into a reservoir, the boundary pressure of which is suddenly lowered and held at 2724 
psia (pi = 2734 psia).

Given
φ = 20%
k = 83 md
ct = 8(10)–6 psi–1

rR = 3000 ft
re = 30,000 ft
μ = 0.62 cp
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θ = 360°
h = 40 ft

Solution
From Eq. (9.6),

 tD = 0.0002637
kt

µc rt Rφ 2

 
t t

D = =−
0 0002637 83

0 20 0 62 8 10 3000
0 0026 2

. ( )

. ( . )[ ( ) ]
. 445t

From Eq. (9.9),

 B c r ht R' .= 1 119
360

2φ θ
 (9.9)

 B′ = 1.119(0.20)[8(10)–6](30002)(40) 360

360






 = 644.5

At 100 days, tD = 0.00245(100)(24) = 5.88 dimensionless time units. From the re/rR = 10 curve of 
Fig. 9.8, the value tD = 5.88 is used to find the corresponding influx of WeD = 5.07 dimensionless 
influx units. This same value may also be found by interpolation of Table 9.1, since below tD = 15, 
the aquifer behaves essentially as if it was infinite, and no values are given in Table 9.2, since Δp = 
2734 – 2724 = 10 psi and water influx at 100 days from Eq. (9.8) is

 We = B′ΔpWeD = 644.5(10)(5.07) = 32,680 bbl
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Table 9.1  Infinite Aquifer Values of Dimensionless Water Influx WeD for Values of Dimensionless Time tD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid in-
flux, WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid  
influx, WeD

0.00 0.000 79 35.697 455 150.249 1190 340.843 3250 816.090 35.000 6780.247

0.01 0.112 80 36.058 460 151.640 1200 343.308 3300 827.088 40.000 7650.096

0.05 0.278 81 36.418 465 153.029 1210 345.770 3350 838.067 50.000 9363.099

0.10 0.404 82 36.777 470 154.416 1220 348.230 3400 849.028 60.000 11,047.299

0.15 0.520 83 37.136 475 155.801 1225 349.460 3450 859.974 70.000 12,708.358

0.20 0.606 84 37.494 480 157.184 1230 350.688 3500 870.903 75.000 13,531.457

0.25 0.689 85 37.851 485 158.565 1240 353.144 3550 881.816 80.000 14,350.121

0.30 0.758 86 38.207 490 159.945 1250 355.597 3600 892.712 90.000 15,975.389

0.40 0.898 87 38.563 495 161.322 1260 358.048 3650 903.594 100.000 17,586.284

0.50 1.020 88 38.919 500 162.698 1270 360.496 3700 914.459 125.000 21,560.732

0.60 1.140 89 39.272 510 165.444 1275 361.720 3750 925.309 1.5(10)5 2.538(10)4

0.70 1.251 90 39.626 520 168.183 1280 362.942 3800 936.144 2.0″ 3.308″

0.80 1.359 91 39.979 525 169.549 1290 365.386 3850 946.966 2.5″ 4.066″

0.90 1.469 92 40.331 530 170.914 1300 367.828 3900 957.773 3.0″ 4.817″

1 1.569 93 40.684 540 173.639 1310 370.267 3950 968.566 4.0″ 6.267″

2 2.447 94 41.034 550 176.357 1320 372.704 4000 979.344 5.0″ 7.699″

3 3.202 95 41.385 560 179.069 1325 373.922 4050 990.108 6.0″ 9.113″

4 3.893 96 41.735 570 181.774 1330 375.139 4100 1000.858 7.0″ 1.051(10)5

5 4.539 97 42.084 575 183.124 1340 377.572 4150 1011.595 8.0″ 1.189″

6 5.153 98 42.433 589 184.473 1350 380.003 4200 1022.318 9.0″ 1.326″

7 5.743 99 42.781 590 187.166 1360 382.432 4250 1033.028 1.0(10)6 1.462″

8 6.314 100 43.129 600 189.852 1370 384.859 4300 1043.724 1.5″ 2.126″

9 6.869 105 44.858 610 192.533 1375 386.070 4350 1054.409 2.0″ 2.781″

10 7.411 110 46.574 620 195.208 1380 387.283 4400 1065.082 2.5″ 3.427″

(continued)
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Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid in-
flux, WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid  
influx, WeD

11 7.940 115 48.277 625 196.544 1390 389.705 4450 1075.743 3.0″ 4.064″

12 8.457 120 49.968 630 197.878 1400 392.125 4500 1086.390 4.0″ 5.313″

13 8.964 125 51.648 640 200.542 1410 394.543 4550 1097.024 5.0″ 6.544″

14 9.461 130 53.317 650 203.201 1420 396.959 4600 1107.646 6.0″ 7.761″

15 9.949 135 54.976 660 205.854 1425 398.167 4650 1118.257 7.0″ 8.965″

16 10.434 140 56.625 670 208.502 1430 399.373 4700 1128.854 8.0″ 1.016″

17 10.913 145 58.265 675 209.825 1440 401.786 4750 1139.439 9.0″ 1.134″

18 11.386 150 59.895 680 211.145 1450 404.197 4800 1150.012 1.0(10)7 1.252″

19 11.855 155 61.517 690 213.784 1460 406.606 4850 1160.574 1.5″ 1.828″

20 12.319 160 63.131 700 216.417 1470 409.013 4900 1171.125 2.0″ 2.398″

21 12.778 165 64.737 710 219.046 1475 410.214 4950 1181.666 2.5″ 2.961″

22 13.233 170 66.336 720 221.670 1480 411.418 5000 1192.198 3.0″ 3.517″

23 13.684 175 67.928 725 222.980 1490 413.820 5100 1213.222 4.0″ 4.610″

24 14.131 180 69.512 730 224.289 1500 416.220 5200 1234.203 5.0″ 5.689″

25 14.573 185 71.090 740 226.904 1525 422.214 5300 1255.141 6.0″ 6.758″

26 15.013 190 72.661 750 229.514 1550 428.196 5400 1276.037 7.0″ 7.816″

27 15.450 195 74.226 760 232.120 1575 434.168 5500 1296.893 8.0″ 8.866″

28 15.883 200 75.785 770 234.721 1600 440.128 5600 1317.709 9.0″ 9.911″

29 16.313 205 77.338 775 236.020 1625 446.077 5700 1338.486 1.0(10)8 1.095(10)7

30 16.742 210 78.886 780 237.318 1650 452.016 5800 1359.225 1.5″ 1.604″

31 17.167 215 80.428 790 239.912 1675 457.945 5900 1379.927 2.0″ 2.108″

32 17.590 220 81.965 800 242.501 1700 463.863 6000 1400.593 2.5″ 2.607″

33 18.011 225 83.497 810 245.086 1725 469.771 6100 1421.224 3.0″ 3.100″

34 18.429 230 85.023 820 247.668 1750 475.669 6200 1441.820 4.0″ 4.071″

Table 9.1  Infinite Aquifer Values of Dimensionless Water Influx WeD for Values of Dimensionless Time tD (continued)
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Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid in-
flux, WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid  
influx, WeD

35 18.845 235 86.545 825 248.957 1775 481.558 6300 1462.383 5.0″ 5.032″

36 19.259 240 88.062 830 250.245 1800 487.437 6400 1482.912 6.0″ 5.984″

37 19.671 245 89.575 840 252.819 1825 493.307 6500 1503.408 7.0″ 6.928″

38 20.080 250 91.084 850 255.388 1850 499.167 6600 1523.872 8.0″ 7.865″

39 20.488 255 92.589 860 257.953 1875 505.019 6700 1544.305 9.0″ 8.797″

40 20.894 260 94.090 870 260.515 1900 510.861 6800 1564.706 1.0(10)9 9.725″

41 21.298 265 95.588 875 261.795 1925 516.695 6900 1585.077 1.5″ 1.429(10)8

42 21.701 270 97.081 880 263.073 1950 522.520 7000 1605.418 2.0″ 1.880″

43 22.101 275 98.571 890 265.629 1975 528.337 7100 1625.729 2.5″ 2.328″

44 22.500 280 100.057 900 268.181 2000 534.145 7200 1646.011 3.0″ 2.771″

45 22.897 285 101.540 910 270.729 2025 539.945 7300 1666.265 4.0″ 3.645″

46 23.291 290 103.019 920 273.274 2050 545.737 7400 1686.490 5.0″ 4.510″

47 23.684 295 104.495 925 274.545 2075 551.522 7500 1706.688 6.0″ 5.368″

48 24.076 300 105.968 930 275.815 2100 557.299 7600 1726.859 7.0″ 6.220″

49 24.466 305 107.437 940 278.353 2125 563.068 7700 1747.002 8.0″ 7.066″

50 24.855 310 108.904 950 280.888 2150 568.830 7800 1767.120 9.0″ 7.909″

51 25.244 315 110.367 960 283.420 2175 574.585 7900 1787.212 1.0(10)10 8.747″

52 25.633 320 111.827 970 285.948 2200 580.332 8000 1807.278 1.5″ 1.288(10)9

53 26.020 325 113.284 975 287.211 2225 586.072 8100 1827.319 2.0″ 1.697″

54 26.406 330 114.738 980 288.473 2250 591.806 8200 1847.336 2.5″ 2.103″

55 26.791 335 116.189 990 290.995 2275 597.532 8300 1867.329 3.0″ 2.505″

56 27.174 340 117.638 1000 293.514 2300 603.252 8400 1887.298 4.0″ 3.299″

57 27.555 345 119.083 1010 296.030 2325 608.965 8500 1907.243 5.0″ 4.087″

58 27.935 350 120.526 1020 298.543 2350 614.672 8600 1927.166 6.0″ 4.868 ″

59 28.314 355 121.966 1025 299.799 2375 620.372 8700 1947.065 7.0″ 5.643″

(continued)
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Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid in-
flux, WeD

Dimension-
less time, tD

Fluid 
influx, 

WeD

Dimension-
less time, tD

Fluid  
influx, WeD

60 28.691 360 123.403 1030 301.053 2400 626.066 8800 1966.942 8.0″ 6.414″

61 29.068 365 124.838 1040 303.560 2425 631.755 8900 1986.796 9.0″ 7.183″

62 29.443 370 126.720 1050 306.065 2450 637.437 9000 2006.628 1.0(10)11 7.948″

63 29.818 375 127.699 1060 308.567 2475 643.113 9100 2026.438 1.5″ 1.17(10)″

64 30.192 380 129.126 1070 311.066 2500 648.781 9200 2046.227 2.0″ 1.55″

65 30.565 385 130.550 1075 312.314 2550 660.093 9300 2065.996 2.5″ 1.92″

66 30.937 390 131.972 1080 313.562 2600 671.379 9400 2085.744 3.0″ 2.29″

67 31.308 395 133.391 1090 316.055 2650 682.640 9500 2105.473 4.0″ 3.02″

68 31.679 400 134.808 1100 318.545 2700 693.877 9600 2125.184 5.0″ 3.75 ″

69 32.048 405 136.223 1110 321.032 2750 705.090 9700 2144.878 6.0″ 4.47″

70 32.417 410 137.635 1120 323.517 2800 716.280 9800 2164.555 7.0″ 5.19″

71 32.785 415 139.045 1125 324.760 2850 727.449 9900 2184.216 8.0″ 5.89″

72 33.151 420 140.453 1130 326.000 2900 738.598 10,000 2203.861 9.0″ 6.58″

73 33.517 425 141.859 1140 328.480 2950 749.725 12,500 2688.967 1.0(10)12 7.28″

74 33.883 430 143.262 1150 330.958 3000 760.833 15,000 3164.780 1.5″ 1.08(10)11

75 34.247 435 144.664 1160 333.433 3050 771.922 17,500 3633.368 2.0″ 1.42″

76 34.611 440 146.064 1170 335.906 3100 782.992 20,000 4095.800

77 34.974 445 147.461 1175 337.142 3150 794.042 25,000 5005.726

78 35.336 450 148.856 1180 338.376 3200 805.075 30,000 5899.508

Table 9.1  Infinite Aquifer Values of Dimensionless Water Influx WeD for Values of Dimensionless Time tD (continued)
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Table 9.2 Limited Aquifer Values of Dimensionless Water Influx WeD for Values of Dimensionless Time tD and for Several Ratios of Aquifer- 
Reservoir Radii re/rR

re/rR = 1.5 re/rR = 2.0 re/rR = 2.5 re/rR = 3.0 re/rR = 3.5 re/rR = 4.0 re/rR = 4.5

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

5.0(10)– 2 0.276 5.0(10)– 2 0.278 1.0(10)– 1 0.408 3.0(10)– 1 0.755 1.00 1.571 2.00 2.442 2.5 2.835

6.0″ 0.304 7.5″ 0.345 1.5″ 0.509 4.0″ 0.895 1.20 1.761 2.20 2.598 3.0 3.196

7.0″ 0.330 1.0(10)– 1 0.404 2.0″ 0.599 5.0″ 1.023 1.40 1.940 2.40 2.748 3.5 3.537

8.0″ 0.354 1.25″ 0.458 2.5″ 0.681 6.0″ 1.143 1.60 2.111 2.60 2.893 4.0 3.859

9.0″ 0.375 1.50″ 0.507 3.0″ 0.758 7.0″ 1.256 1.80 2.273 2.80 3.034 4.5 4.165

1.0(10)– 1 0.395 1.75″ 0.553 3.5″ 0.829 8.0″ 1.363 2.00 2.427 3.00 3.170 5.0 4.454

1.1″ 0.414 2.00″ 0.597 4.0″ 0.897 9.0″ 1.465 2.20 2.574 3.25 3.334 5.5 4.727

1.2″ 0.431 2.25″ 0.638 4.5″ 0.962 1.00 1.563 2.40 2.715 3.50 3.493 6.0 4.986

1.3″ 0.446 2.50″ 0.678 5.0″ 1.024 1.25 1.791 2.60 2.849 3.75 3.645 6.5 5.231

1.4″ 0.461 2.75″ 0.715 5.5″ 1.083 1.50 1.997 2.80 2.976 4.00 3.792 7.0 5.464

1.5″ 0.474 3.00″ 0.751 6.0″ 1.140 1.75 2.184 3.00 3.098 4.25 3.932 7.5 5.684

1.6″ 0.486 3.25″ 0.785 6.5″ 1.195 2.00 2.353 3.25 3.242 4.50 4.068 8.0 5.892

1.7″ 0.497 3.50″ 0.817 7.0″ 1.248 2.25 2.507 3.50 3.379 4.75 4.198 8.5 6.089

1.8″ 0.507 3.75″ 0.848 7.5″ 1.299 2.50 2.646 3.75 3.507 5.00 4.323 9.0 6.276

1.9″ 0.517 4.00″ 0.877 8.0″ 1.348 2.75 2.772 4.00 3.628 5.50 4.560 9.5 6.453

2.0″ 0.525 4.25″ 0.905 8.5″ 1.395 3.00 2.886 4.25 3.742 6.00 4.779 10 6.621

2.1″ 0.533 4.50″ 0.932 9.0″ 1.440 3.25 2.990 4.50 3.850 6.50 4.982 11 6.930

2.2″ 0.541 4.75″ 0.958 9.5″ 1.484 3.50 3.084 4.75 3.951 7.00 5.169 12 7.208

2.3″ 0.548 5.00″ 0.983 1.0 1.526 3.75 3.170 5.00 4.047 7.50 5.343 13 7.457

2.4″ 0.554 5.50″ 1.028 1.1 1.605 4.00 3.247 5.50 4.222 8.00 5.504 14 7.680

2.5″ 0.559 6.00″ 1.070 1.2 1.679 4.25 3.317 6.00 4.378 8.50 5.653 15 7.880

2.6″ 0.565 6.50″ 1.108 1.3 1.747 4.50 3.381 6.50 4.516 9.00 5.790 16 8.060

(continued)



312

re/rR = 1.5 re/rR = 2.0 re/rR = 2.5 re/rR = 3.0 re/rR = 3.5 re/rR = 4.0 re/rR = 4.5

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

2.8″ 0.574 7.00″ 1.143 1.4 1.811 4.75 3.439 7.00 4.639 9.50 5.917 18 8.365

3.0″ 0.582 7.50″ 1.174 1.5 1.870 5.00 3.491 7.50 4.749 10 6.035 20 8.611

3.2″ 0.588 8.00″ 1.203 1.6 1.924 5.50 3.581 8.00 4.846 11 6.246 22 8.809

3.4″ 0.594 9.00″ 1.253 1.7 1.975 6.00 3.656 8.50 4.932 12 6.425 24 8.968

3.6″ 0.599 1.00″ 1.295 1.8 2.022 6.50 3.717 9.00 5.009 13 6.580 26 9.097

3.8″ 0.603 1.1 1.330 2.0 2.106 7.00 3.767 9.50 5.078 14 6.712 28 9.200

4.0″ 0.606 1.2 1.358 2.2 2.178 7.50 3.809 10.00 5.138 15 6.825 30 9.283

4.5″ 0.613 1.3 1.382 2.4 2.241 8.00 3.843 11 5.241 16 6.922 34 9.404

5.0″ 0.617 1.4 1.402 2.6 2.294 9.00 3.894 12 5.321 17 7.004 38 9.481

6.0″ 0.621 1.6 1.432 2.8 2.340 10.00 3.928 13 5.385 18 7.076 42 9.532

7.0″ 0.623 1.7 1.444 3.0 2.380 11.00 3.951 14 5.435 20 7.189 46 9.565

8.0″ 0.624 1.8 1.453 3.4 2.444 12.00 3.967 15 5.476 22 7.272 50 9.586

2.0 1.468 3.8 2.491 14.00 3.985 16 5.506 24 7.332 60 9.612

2.5 1.487 4.2 2.525 16.00 3.993 17 5.531 26 7.377 70 9.621

3.0 1.495 4.6 2.551 18.00 3.997 18 5.551 30 7.434 80 9.623

4.0 1.499 5.0 2.570 20.00 3.999 20 5.579 34 7.464 90 9.624

5.0 1.500 6.0 2.599 22.00 3.999 25 5.611 38 7.481 100 9.625

7.0 2.613 24.00 4.000 30 5.621 42 7.490

8.0 2.619 35 5.624 46 7.494

9.0 2.622 40 5.625 50 7.499

10.0 2.624

Table 9.2 Limited Aquifer Values of Dimensionless Water Influx WeD for Values of Dimensionless Time tD and for Several Ratios of Aquifer- 
Reservoir Radii re/rR (continued)
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re/rR = 1.5 re/rR = 2.0 re/rR = 2.5 re/rR = 3.0 re/rR = 3.5 re/rR = 4.0 re/rR = 4.5

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

3.0 3.195 6.0 5.148 9.00 6.861 9 6.861 10 7.417 15 9.965

3.5 3.542 6.5 5.440 9.50 7.127 10 7.398 15 9.945 20 12.32

4.0 3.875 7.0 5.724 10 7.389 11 7.920 20 12.26 22 13.22

4.5 4.193 7.5 6.002 11 7.902 12 8.431 22 13.13 24 14.95

5.0 4.499 8.0 6.273 12 8.397 13 8.930 24 13.98 26 14.95

5.5 4.792 8.5 6.537 13 8.876 14 9.418 26 14.79 28 15.78

6.0 5.074 9.0 6.795 14 9.341 15 9.895 26 15.59 30 16.59

6.5 5.345 9.5 7.047 15 9.791 16 10.361 30 16.35 32 17.38

7.0 5.605 10.0 7.293 16 10.23 17 10.82 32 17.10 34 18.16

7.5 5.854 10.5 7.533 17 10.65 18 11.26 34 17.82 36 18.91

8.0 6.094 11 7.767 18 11.06 19 11.70 36 18.52 38 19.65

8.5 6.325 12 8.220 19 11.46 20 12.13 38 19.19 40 20.37

9.0 6.547 13 8.651 20 11.85 22 12.95 40 19.85 42 21.07

9.5 6.760 14 9.063 22 12.58 24 13.74 42 20.48 44 21.76

10 6.965 15 9.456 24 13.27 26 14.50 44 21.09 46 22.42

11 7.350 16 9.829 26 13.92 28 15.23 46 21.69 48 23.07

12 7.706 17 10.19 28 14.53 30 15.92 48 22.26 50 23.71

13 8.035 18 10.53 30 15.11 34 17.22 50 22.82 52 24.33

14 8.339 19 10.85 35 16.39 38 18.41 52 23.36 54 24.94

15 8.620 20 11.16 40 17.49 40 18.97 54 23.89 56 25.53

16 8.879 22 11.74 45 18.43 45 20.26 56 24.39 58 26.11

18 9.338 24 12.26 50 19.24 50 21.42 58 24.88 60 26.67

20 9.731 25 12.50 60 20.51 55 22.46 60 25.36 65 28.02

(continued)
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re/rR = 1.5 re/rR = 2.0 re/rR = 2.5 re/rR = 3.0 re/rR = 3.5 re/rR = 4.0 re/rR = 4.5

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

Dimension-
less time, tD

Fluid 
influx, 
WeD

22 10.07 31 13.74 70 21.45 60 23.40 65 26.48 70 29.29

24 10.35 35 14.40 80 22.13 70 24.98 70 27.52 75 30.49

26 10.59 39 14.93 90 22.63 80 26.26 75 28.48 80 31.61

28 10.80 51 16.05 100 23.00 90 27.28 80 29.36 85 32.67

30 10.98 60 16.56 120 23.47 100 28.11 85 30.18 90 33.66

34 11.26 70 16.91 140 23.71 120 29.31 90 30.93 95 34.60

38 11.46 80 17.14 160 23.85 140 30.08 95 31.63 100 35.48

42 11.61 90 17.27 180 23.92 160 30.58 100 32.27 120 38.51

46 11.71 100 17.36 200 23.96 180 30.91 120 34.39 140 40.89

50 11.79 110 17.41 500 24.00 200 31.12 140 35.92 160 42.75

60 11.91 120 17.45 240 31.34 160 37.04 180 44.21

70 11.96 130 17.46 280 31.43 180 37.85 200 45.36

80 11.98 140 17.48 320 31.47 200 38.44 240 46.95

90 11.99 150 17.49 360 31.49 240 39.17 280 47.94

100 12.00 160 17.49 400 31.50 280 39.56 320 48.54

120 12.00 180 17.50 500 31.50 320 39.77 360 48.91

200 17.50 360 39.88 400 49.14

220 17.50 400 39.94 440 49.28

440 39.97 480 49.36

480 39.98

Table 9.2 Limited Aquifer Values of Dimensionless Water Influx WeD for Values of Dimensionless Time tD and for Several Ratios of Aquifer- 
Reservoir Radii re/rR (continued)
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Figure 9.7  Limited aquifer values of dimensionless influx WeD for values of dimensionless time tD 
and aquifer limits given by the ratio re/rR.

Figure 9.8  Limited aquifer values of dimensionless influx WeD for values of dimensionless time tD 
and aquifer limits given by the ratio re/rR.
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Similarly, at

t = 100 days 200 days 400 days 800 days

tD = 5.88 11.76 23.52 47.04

WeD = 5.07 8.43 13.90 22.75

We = 32,680 54,330 89,590 146,600

For aquifers 99 times as large as the reservoirs they surround, or re/rR = 10, this means that the 
effect of the aquifer limits are negligible for dimensionless time values under 15 and that it is some 
time before the aquifer limits affect the water influx appreciably. This is also illustrated by the coin-
cidence of the curves of Figs. 9.7 and 9.8 with the infinite aquifer curve for the smaller time values. 
It should also be noted that, unlike a steady-state system, the values of water influx calculated in 
Example 9.2 fail to double when the time is doubled.

While water is entering the reservoir from the aquifer at a declining rate, in response to the 
first pressure signal Δp

1 = pi – p
1
, let a second, sudden pressure drop Δp

2
 = p

1
 – p

2
 (not pi – p

2
) be 

imposed at the reservoir boundary at a time t
1
. This is an application of the principle of superposi-

tion, which was discussed in Chapter 8. The total or net effect is the sum of the two, as illustrated 
in Fig. 9.11, where, for simplicity, Δp

1
 = Δp

2
 and t

2
 = 2t

1
. The upper and middle curves represent 
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Figure 9.9 Infinite aquifer values of dimensionless influx WeD for values of dimensionless time tD.
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Figure 9.10 Infinite aquifer values of dimensionless influx WeD for values of dimensionless time tD.

Figure 9.11 Pressure distributions in an aquifer, due to two equal pressure decrements imposed 
at equal time intervals.
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the pressure distribution in the aquifer in response to the first signal alone, at times t
1
 and t

2
, re-

spectively. The upper curve may also be used to represent the pressure distribution for the second 
pressure signal alone at time t

2
 because, in this simplified case, Δp

1
 = Δp

2
 and Δt

2
 = Δt

1
. The lower 

curve, then, is the sum of the upper and middle curves. Mathematically, this means that Eq. (9.10) 
can be used to calculate the cumulative water influx:

 We = B′ΣΔpWeD (9.10)

This calculation is illustrated in Example 9.3.

Example 9.3 Calculating the Water Influx When Reservoir Boundary Pressure Drops
Suppose in Example 9.2, at the end of 100 days, the reservoir boundary pressure suddenly drops 
to p

2
 = 2704 psia (i.e., Δp

2
 = p

1
 – p

2
 = 20 psi, not pi – p

2
 = 30 psi). Calculate the water influx at 400 

days total time.

Given
φ = 20%
k = 83 md
ct = 8(10)–6 psi–1

rR = 3000 ft
re = 30,000 ft
μ = 0.62 cp
θ = 360°
h = 40 ft

Solution
The water influx due to the first pressure drop Δp

1
 = 10 psi at 400 days was calculated in Example 

9.2 to be 89,590 bbl. This will be the same, even though a second pressure drop occurs at 100 days 
and continues to 400 days. This second drop will have acted for 300 days or a dimensionless time 
of tD = 0.0588 × 300 = 17.6. From Fig. 9.8 or Table 9.2, re/rR = 10 and WeD = 11.14 for tD = 17.6, 
and the water influx is

 ΔWe2
 = B′ × Δp

2
 × WeD2 = 644.5 × 20 × 11.14 = 143,600 bbl

 We2
 = ΔWe1

 + ΔWe2
 = B′ × Δp

1
 × WeD1

 + B′ × Δp
2
 × WeD2

 = B′ΣΔ pWeD

 = 644.5(10 × 13.90 + 20 × 11.14)

 = 89,590 + 143,600 = 233,190 bbl
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Example 9.3 illustrates the calculation of water influx when a second pressure drop occurs 
100 days after the first drop in Example 9.2. A continuation of this method may be used to calculate 
the water influx into reservoirs for which boundary pressure histories are known and also for which 
sufficient information is known about the aquifer to calculate the constant B′ and the dimensionless 
time tD.

The history of the reservoir boundary pressure may be approximated as closely as desired 
by a series of step-by-step pressure reductions (or increases), as illustrated in Fig. 9.12. The best 
approximation of the pressure history is made as shown by making the pressure step at any time 
equal to half of the drop in the previous interval of time plus half of the drop in the succeeding pe-
riod of time.8 When reservoir boundary pressures are not known, average reservoir pressures may 
be substituted with some reduction in the accuracy of the results. In addition, for best accuracy, 
the average boundary pressure should always be that at the initial rather than the current oil-water 
contact; otherwise, among other changes, a decreasing value of rR is unaccounted for. Example 9.4 
illustrates the calculation of water influx at two successive time values for the reservoir shown in 
Fig. 9.13.

Example 9.4 Calculating the Water Influx for the Reservoir in Figure 9.13
Calculate the water influx at the third- and fourth-quarter years of production for the reservoir 
shown in Fig. 9.13.
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Figure 9.12 Sketch showing the use of step pressures to approximate the pressure-time curve.
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Given
φ = 20.9%
k = 275 md (average reservoir permeability, presumed the same for the aquifer)
μ = 0.25 cp
ct = 6 × 10–6 psi–1

h = 19.2 ft; area of reservoir = 1216 ac
Estimated area of aquifer = 250,000 ac
θ = 180°

Solution
Since the reservoir is against a fault A rR= 1

2
2π  and

 
rR

2 1216 43 560

0 5 3 1416
= ×

×
,

. .

 rR = 5807 ft

for t = 91.3 days (one-quarter year or one period),

 tD= 0.0002637 
kt

µc rt Rφ 2 tD =
× −0 0002637

275 91 3 24

0 209 0 25 6 10 6.
( )( . )( )

( . )( . )( ))( )
.

5807
15 02 =

 B c r ht R' .= 1 119
360

2φ θ
 (9.9)

 B′ = 1.119 × 0.209 × 6 × 10–6 × (5807)2 × 19.2 × (180°/360°)

 = 455 bbl/psi

Fault

1216 acres

5810 ft

N

Oil-water contact

Figure 9.13 Sketch showing the equivalent radius of a reservoir.
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Since the aquifer is 250,000/1216 = 206 times the area of the reservoir, for a considerable 
time, the infinite aquifer values may be used. Table 9.3 shows the values of boundary step pressures 
and the WeD values for the first six periods. The calculation of the step pressures Δp is illustrated in 
Fig. 9.12. For example,

 Δp
3
 = 1/2(p

1
 – p

3
) = 1/2(3788 – 3748) = 20.0 psi

Tables 9.4 and 9.5 show the calculation of ΣΔp × WeD at the end of the third and fourth periods, 
the values being 416.0 and 948.0, respectively. Then the corresponding water influx at the end of 
these periods is

Table 9.3 Boundary Step Pressures and WeD Values for Example 9.4
Time 

period,
t

Time in 
days, t

Dimension-
less time, tD

Dimension-
less	influx, 

WeD
a

Average 
reservoir 

pressure, p 
(psia)

Average 
boundary 
pressure, 
pB (psia)

Step  
pressure, 
Δp (psi)

0 0 0 0.0 3793 3793 0.0

1 91.3 15 10.0 3786 3788 2.5

2 182.6 30 16.7 3768 3774 9.5

3 273.9 45 22.9 3739 3748 20.0

4 365.2 60 28.7 3699 3709 32.5

5 456.5 75 34.3 3657 3680 34.0

6 547.8 90 39.6 3613 3643 33.0
a Infinite aquifer values from Fig. 9.9 or Table 9.1.

Table 9.4 Water Influx at the End of the Third Quarter for Example 9.4
tD WeD Δp Δp × WeD

45 22.9 2.5 57.3

30 16.7 9.5 158.7

15 10.0 20.0 200.0

Table 9.5 Water Influx at the End of the Fourth Quarter for Example 9.4
tD WeD Δp Δp × WeD

60 28.7 2.5 71.8

45 22.9 9.5 217.6

30 16.7 20.0 334.0

15 10.0 32.5 325.0



322	 Chapter	9	 •	 Water	Influx

 We (3rd quarter) = B′ ΣΔp × WeD = 455 × 416.0 = 189,300 bbl

 We (4th quarter) = B′ ΣΔp × WeD = 455 × 948.4 = 431,500 bbl

In calculating the water influx in Example 9.4 at the end of the third quarter, it should be 
carefully noted in Table 9.4 that, since the first pressure drop, Δp

1
 = 2.5 psi, had been operating for 

the full three quarters (tD = 45), it was multiplied by WeD = 22.9, which corresponds to tD = 45. Simi-
larly, for the fourth-quarter calculation in Table 9.5, the 2.5 psi was multiplied by WeD = 28.7, which 
is the value for tD = 60. Thus the WeD values are inverted so that the one corresponding to the longest 
time is multiplied by the first pressure drop and vice versa. Also, in calculating each successive val-
ue of ΣΔp × WeD, it is not simply a matter of adding a new Δp × WeD term to the former summation 
but a complete recalculation, as shown in Tables 9.4 and 9.5. Consider continuing the calculations 
of Table 9.4 and 9.5 for successive quarters. Correct calculations will show that the water influx 
values at the end of the fifth and sixth quarters are 773,100 and 1,201,600 bbl, respectively.

From the previous discussion, it is evident that it is possible to calculate water influx in-
dependently of material balance calculations from a knowledge of the history of the reservoir, 
boundary pressure, and the dimensions and physical characteristics of the aquifer, as shown by 
Chatas.9 Although strictly speaking, the van Everdingen and Hurst solutions to the diffusivity equa-
tion apply only to circular reservoirs surrounded concentrically by horizontal, circular (or infinite) 
aquifers of constant thickness, porosity, permeability, and effective water compressibility, for many 
engineering purposes, good results may be obtained when the situation is somewhat less than ideal, 
as it nearly always is. The radius of the reservoir may be approximated by using the radius of a 
circle, equal in area to the area of the reservoir, and where the approximate size of the aquifer is 
known, the same approximation may be used for the aquifer radius. Where the aquifer is more than 
approximately 99 times the size (volume) of the reservoir (re/rR = 10), the aquifer behaves essential-
ly as if it were infinite for a considerable period, so that the values of Table 9.1 may be used. There 
are, to be sure, uncertainties in the permeability, porosity, and thickness of the aquifer that must be 
estimated from information obtained from wells drilled in the reservoir and whatever wells, if any, 
drilled in the aquifer. The viscosity of the water can be estimated from the temperature and pressure 
(Chapter 2, section 2.5.4), and the water and rock compressibilities can be estimated from the data 
given in Chapter 2, sections 2.5.3 and 2.2.2.

Because of the many uncertainties in the dimensions and properties of the aquifer, the calcu-
lation of water influx independently of material balance appears somewhat unreliable. For instance, 
in Example 9.4, it was assumed that the fault against which the reservoir accumulated was of large 
(actually infinite) extent, and since the permeability of only the reservoir rock was known, it was 
assumed that the average permeability of the aquifer was also 275 md. There may be variations in the 
aquifer thickness and porosity, and the aquifer may contain faults, impermeable areas, and unknown 
hydrocarbon accumulations—all of which can introduce variations of greater or lesser importance.

As Examples 9.2, 9.3, and 9.4 suggest, the calculations for water influx can become long and 
tedious. The use of the computer with these calculations requires large data files containing the 
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values of WeD, tD, and re/rR from Tables 9.1 and 9.2, as well as a table lookup routine. Several au-
thors have attempted to develop equations to describe the dimensionless water influx as a function 
of the dimensionless time and radius ratio.10,11,12 These equations reduce the data storage required 
when using the computer in calculations of water influx.

In 1960, Carter and Tracy developed an approximate method that does not use the principle 
of superposition.13 Several authors have described this model but have pointed out that, while sim-
plifying the calculations, there may be a loss of accuracy in calculating the water influx.14–16 The 
reader is encouraged to look up the references if there is further interest.

9.3.2	 Bottomwater	Drive
The van Everdingen and Hurst model discussed in the previous section is based on the radial dif-
fusivity equation written without a term describing vertical flow from the aquifer. In theory, this 
model should not be used when there is significant movement of water into the reservoir from a 
bottomwater drive. To account for the flow of water in a vertical direction, Coats and, later, Allard 
and Chen added a term to Eq. (9.35) to yield the following:

 ∂
∂

+ ∂
∂

+ ∂
∂

= ∂
∂

2

2

2

2

1

0 0002637

p
r r

p
r

F p
z

µc
k

p
tk

tφ
.

 (9.10)

where Fk is the ratio of vertical to horizontal permeability.17,18

Using the definitions of dimensionless time, radius, and pressure and introducing a second 
dimensionless distance, zD, Eq. (9.10) becomes Eq. (9.11):

 z z
r FR k

= 1 2/

 
p
r r
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∂

 (9.11)

Coats solved Eq. (9.11) for the terminal rate case for infinite aquifers.17 Allard and Chen used a nu-
merical simulator to solve the problem for the terminal pressure case.18 They defined a water influx 
constant, B′, and a dimensionless water influx, WeD, analogous to those defined by van Everdingen 
and Hurst, except that B′ does not include the angle θ:

 B′ = 1.119φhct rR
2 (9.12)

The actual values of WeD will be different from those of the van Everdingen and Hurst model, 
because WeD for the bottomwater drive is a function of the vertical permeability. Because of this 
functionality, the solutions presented by Allard and Chen, found in Tables 9.6 to 9.10, are functions 
of two dimensionless parameters, ′rD  and ′zD :
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 ′ =r r
rD

e

R
 (9.13)

 ′ =z h
r FD
R k

1 2/  (9.14)

The method of calculating water influx from the dimensionless values obtained from these tables 
follows exactly the method illustrated in Examples 9.2 to 9.4. The procedure is shown in Example 
9.5, which is a problem taken from Allard and Chen.18

Example 9.5 Calculating the Water Influx as a Function of Time

Given
rR = 2000 ft
re = ∝
h = 200 ft
k = 50 md
Fk = 0.04
φ = 10%
μ = 0.395 cp
ct = 8 × 10–6 psi–1

Time in days, t Average boundary pressure, pB (psia)

0 3000

30 2956

60 2917

90 2877

120 2844

150 2811

180 2791

210 2773

240 2755

Solution

 rD′ = ∞

 ′ =z h
r FD
R k

1 2/  (9.14)
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 ′ = =zD
200

2000 0 040
0 51 2( . )

./

 
t kt

µc rD
t R

= 0 0002637 2.
φ

 t t
D = =−

0 0002637 50

0 10 0 395 8 10 2000
0 01046 2

. ( )

. ( . ) ( )
. tt t (where  is in hours)

 ′ =B hc rt R1 119 2. φ  (9.12)

 B′ = 1.119(0.10)(200)8(10)–620002 = 716 bbl/psi

Time in 
days, t

Dimensionless 
time, tD

Dimensionless 
influx,	WeD

Average 
boundary 

pressure, pB 
(psia)

Step pressure, 
Δp

Water	influx,	
We (M bbl)

0 0 0 3000 0 0

30 7.5 5.038 2956 22.0 79

60 15.0 8.389 2917 41.5 282

90 22.5 11.414 2877 39.5 572

120 30.0 14.263 2844 36.5 933

150 37.5 16.994 2811 33.0 1353

180 45.0 19.641 2791 26.5 1810

210 52.5 22.214 2773 19.0 2284

240 60.0 24.728 2755 18.0 2782

Table 9.6 Dimensionless Influx, WeD, for Infinite Aquifer for Bottomwater Drive

′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0
0.1 0.700 0.677 0.508 0.349 0.251 0.195 0.176

0.2 0.793 0.786 0.696 0.547 0.416 0.328 0.295

0.3 0.936 0.926 0.834 0.692 0.548 0.440 0.396

0.4 1.051 1.041 0.952 0.812 0.662 0.540 0.486

0.5 1.158 1.155 1.059 0.918 0.764 0.631 0.569

0.6 1.270 1.268 1.167 1.021 0.862 0.721 0.651

0.7 1.384 1.380 1.270 1.116 0.953 0.806 0.729

0.8 1.503 1.499 1.373 1.205 1.039 0.886 0.803

0.9 1.621 1.612 1.477 1.286 1.117 0.959 0.872

(continued)
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1 1.743 1.726 1.581 1.347 1.181 1.020 0.932

2 2.402 2.393 2.288 2.034 1.827 1.622 1.509

3 3.031 3.018 2.895 2.650 2.408 2.164 2.026

4 3.629 3.615 3.477 3.223 2.949 2.669 2.510

5 4.217 4.201 4.048 3.766 3.462 3.150 2.971

6 4.784 4.766 4.601 4.288 3.956 3.614 3.416

7 5.323 5.303 5.128 4.792 4.434 4.063 3.847

8 5.829 5.808 5.625 5.283 4.900 4.501 4.268

9 6.306 6.283 6.094 5.762 5.355 4.929 4.680

10 6.837 6.816 6.583 6.214 5.792 5.344 5.080

11 7.263 7.242 7.040 6.664 6.217 5.745 5.468

12 7.742 7.718 7.495 7.104 6.638 6.143 5.852

13 8.196 8.172 7.943 7.539 7.052 6.536 6.231

14 8.648 8.623 8.385 7.967 7.461 6.923 6.604

15 9.094 9.068 8.821 8.389 7.864 7.305 6.973

16 9.534 9.507 9.253 8.806 8.262 7.682 7.338

17 9.969 9.942 9.679 9.218 8.656 8.056 7.699

18 10.399 10.371 10.100 9.626 9.046 8.426 8.057

19 10.823 10.794 10.516 10.029 9.432 8.793 8.411

20 11.241 11.211 10.929 10.430 9.815 9.156 8.763

21 11.664 11.633 11.339 10.826 10.194 9.516 9.111

22 12.075 12.045 11.744 11.219 10.571 9.874 9.457

23 12.486 12.454 12.147 11.609 10.944 10.229 9.801

24 12.893 12.861 12.546 11.996 11.315 10.581 10.142

25 13.297 13.264 12.942 12.380 11.683 10.931 10.481

26 13.698 13.665 13.336 12.761 12.048 11.279 10.817

27 14.097 14.062 13.726 13.140 12.411 11.625 11.152

28 14.493 14.458 14.115 13.517 12.772 11.968 11.485

29 14.886 14.850 14.501 13.891 13.131 12.310 11.816

30 15.277 15.241 14.884 14.263 13.488 12.650 12.145

31 15.666 15.628 15.266 14.634 13.843 12.990 12.473

32 16.053 16.015 15.645 15.002 14.196 13.324 12.799

33 16.437 16.398 16.023 15.368 14.548 13.659 13.123

34 16.819 16.780 16.398 15.732 14.897 13.992 13.446
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35 17.200 17.160 16.772 16.095 15.245 14.324 13.767

36 17.579 17.538 17.143 16.456 15.592 14.654 14.088

37 17.956 17.915 17.513 16.815 15.937 14.983 14.406

38 18.331 18.289 17.882 17.173 16.280 15.311 14.724

39 18.704 18.662 18.249 17.529 16.622 15.637 15.040

40 19.088 19.045 18.620 17.886 16.964 15.963 15.356

41 19.450 19.407 18.982 18.240 17.305 16.288 15.671

42 19.821 19.777 19.344 18.592 17.644 16.611 15.985

43 20.188 20.144 19.706 18.943 17.981 16.933 16.297

44 20.555 20.510 20.065 19.293 18.317 17.253 16.608

45 20.920 20.874 20.424 19.641 18.651 17.573 16.918

46 21.283 21.237 20.781 19.988 18.985 17.891 17.227

47 21.645 21.598 21.137 20.333 19.317 18.208 17.535

48 22.006 21.958 21.491 20.678 19.648 18.524 17.841

49 22.365 22.317 21.844 21.021 19.978 18.840 18.147

50 22.722 22.674 22.196 21.363 20.307 19.154 18.452

51 23.081 23.032 22.547 21.704 20.635 19.467 18.757

52 23.436 23.387 22.897 22.044 20.962 19.779 19.060

53 23.791 23.741 23.245 22.383 21.288 20.091 19.362

54 24.145 24.094 23.593 22.721 21.613 20.401 19.664

55 24.498 24.446 23.939 23.058 21.937 20.711 19.965

56 24.849 24.797 24.285 23.393 22.260 21.020 20.265

57 25.200 25.147 24.629 23.728 22.583 21.328 20.564

58 25.549 25.496 24.973 24.062 22.904 21.636 20.862

59 25.898 25.844 25.315 24.395 23.225 21.942 21.160

60 26.246 26.191 25.657 24.728 23.545 22.248 21.457

61 26.592 26.537 25.998 25.059 23.864 22.553 21.754

62 26.938 26.883 26.337 25.390 24.182 22.857 22.049

63 27.283 27.227 26.676 25.719 24.499 23.161 22.344

64 27.627 27.570 27.015 26.048 24.816 23.464 22.639

65 27.970 27.913 27.352 26.376 25.132 23.766 22.932

66 28.312 28.255 27.688 26.704 25.447 24.068 23.225

67 28.653 28.596 28.024 27.030 25.762 24.369 23.518

68 28.994 28.936 28.359 27.356 26.075 24.669 23.810

69 29.334 29.275 28.693 27.681 26.389 24.969 24.101

(continued)
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70 29.673 29.614 29.026 28.006 26.701 25.268 24.391

71 30.011 29.951 29.359 28.329 27.013 25.566 24.681

72 30.349 30.288 29.691 28.652 27.324 25.864 24.971

73 30.686 30.625 30.022 28.974 27.634 26.161 25.260

74 31.022 30.960 30.353 29.296 27.944 26.458 25.548

75 31.357 31.295 30.682 29.617 28.254 26.754 25.836

76 31.692 31.629 31.012 29.937 28.562 27.049 26.124

77 32.026 31.963 31.340 30.257 28.870 27.344 26.410

78 32.359 32.296 31.668 30.576 29.178 27.639 26.697

79 32.692 32.628 31.995 30.895 29.485 27.933 26.983

80 33.024 32.959 32.322 31.212 29.791 28.226 27.268

81 33.355 33.290 32.647 31.530 30.097 28.519 27.553

82 33.686 33.621 32.973 31.846 30.402 28.812 27.837

83 34.016 33.950 33.297 32.163 30.707 29.104 28.121

84 34.345 34.279 33.622 32.478 31.011 29.395 28.404

85 34.674 34.608 33.945 32.793 31.315 29.686 28.687

86 35.003 34.935 34.268 33.107 31.618 29.976 28.970

87 35.330 35.263 34.590 33.421 31.921 30.266 29.252

88 35.657 35.589 34.912 33.735 32.223 30.556 29.534

89 35.984 35.915 35.233 34.048 32.525 30.845 29.815

90 36.310 36.241 35.554 34.360 32.826 31.134 30.096

91 36.636 36.566 35.874 34.672 33.127 31.422 30.376

92 36.960 36.890 36.194 34.983 33.427 31.710 30.656

93 37.285 37.214 36.513 35.294 33.727 31.997 30.935

94 37.609 37.538 36.832 35.604 34.026 32.284 31.215

95 37.932 37.861 37.150 35.914 34.325 32.570 31.493

96 38.255 38.183 37.467 36.233 34.623 32.857 31.772

97 38.577 38.505 37.785 36.532 34.921 33.142 32.050

98 38.899 38.826 38.101 36.841 35.219 33.427 32.327

99 39.220 39.147 38.417 37.149 35.516 33.712 32.605

100 39.541 39.467 38.733 37.456 35.813 33.997 32.881

105 41.138 41.062 40.305 38.987 37.290 35.414 34.260

110 42.724 42.645 41.865 40.508 38.758 36.821 35.630

115 44.299 44.218 43.415 42.018 40.216 38.221 36.993
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120 45.864 45.781 44.956 43.520 41.666 39.612 38.347

125 47.420 47.334 46.487 45.012 43.107 40.995 39.694

130 48.966 48.879 48.009 46.497 44.541 42.372 41.035

135 50.504 50.414 49.523 47.973 45.967 43.741 42.368

140 52.033 51.942 51.029 49.441 47.386 45.104 43.696

145 53.555 53.462 52.528 50.903 48.798 46.460 45.017

150 55.070 54.974 54.019 52.357 50.204 47.810 46.333

155 56.577 56.479 55.503 53.805 51.603 49.155 47.643

160 58.077 57.977 56.981 55.246 52.996 50.494 48.947

165 59.570 59.469 58.452 56.681 54.384 51.827 50.247

170 61.058 60.954 59.916 58.110 55.766 53.156 51.542

175 62.539 62.433 61.375 59.534 57.143 54.479 52.832

180 64.014 63.906 62.829 60.952 58.514 55.798 54.118

185 65.484 65.374 64.276 62.365 59.881 57.112 55.399

190 66.948 66.836 65.718 63.773 61.243 58.422 56.676

195 68.406 68.293 67.156 65.175 62.600 59.727 57.949

200 69.860 69.744 68.588 66.573 63.952 61.028 59.217

205 71.309 71.191 70.015 67.967 65.301 62.326 60.482

210 72.752 72.633 71.437 69.355 66.645 63.619 61.744

215 74.191 74.070 72.855 70.740 67.985 64.908 63.001

220 75.626 75.503 74.269 72.120 69.321 66.194 64.255

225 77.056 76.931 75.678 73.496 70.653 67.476 65.506

230 78.482 78.355 77.083 74.868 71.981 68.755 66.753

235 79.903 79.774 78.484 76.236 73.306 70.030 67.997

240 81.321 81.190 79.881 77.601 74.627 71.302 69.238

245 82.734 82.602 81.275 78.962 75.945 72.570 70.476

250 84.144 84.010 82.664 80.319 77.259 73.736 71.711

255 85.550 85.414 84.050 81.672 78.570 75.098 72.943

260 86.952 86.814 85.432 83.023 79.878 76.358 74.172

265 88.351 88.211 86.811 84.369 81.182 77.614 75.398

270 89.746 89.604 88.186 85.713 82.484 78.868 76.621

275 91.138 90.994 89.558 87.053 83.782 80.119 77.842

280 92.526 92.381 90.926 88.391 85.078 81.367 79.060

285 93.911 93.764 92.292 89.725 86.371 82.612 80.276

290 95.293 95.144 93.654 91.056 87.660 83.855 81.489

(continued)
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295 96.672 96.521 95.014 92.385 88.948 85.095 82.700

300 98.048 97.895 96.370 93.710 90.232 86.333 83.908

305 99.420 99.266 97.724 95.033 91.514 87.568 85.114

310 100.79 100.64 99.07 96.35 92.79 88.80 86.32

315 102.16 102.00 100.42 97.67 94.07 90.03 87.52

320 103.52 103.36 101.77 98.99 95.34 91.26 88.72

325 104.88 104.72 103.11 100.30 96.62 92.49 89.92

330 106.24 106.08 104.45 101.61 97.89 93.71 91.11

335 107.60 107.43 105.79 102.91 99.15 94.93 92.30

340 108.95 108.79 107.12 104.22 100.42 96.15 93.49

345 110.30 110.13 108.45 105.52 101.68 97.37 94.68

350 111.65 111.48 109.78 106.82 102.94 98.58 95.87

355 113.00 112.82 111.11 108.12 104.20 99.80 97.06

360 114.34 114.17 112.43 109.41 105.45 101.01 98.24

365 115.68 115.51 113.76 110.71 106.71 102.22 99.42

370 117.02 116.84 115.08 112.00 107.96 103.42 100.60

375 118.36 118.18 116.40 113.29 109.21 104.63 101.78

380 119.69 119.51 117.71 114.57 110.46 105.83 102.95

385 121.02 120.84 119.02 115.86 111.70 107.04 104.13

390 122.35 122.17 120.34 117.14 112.95 108.24 105.30

395 123.68 123.49 121.65 118.42 114.19 109.43 106.47

400 125.00 124.82 122.94 119.70 115.43 110.63 107.64

405 126.33 126.14 124.26 120.97 116.67 111.82 108.80

410 127.65 127.46 125.56 122.25 117.90 113.02 109.97

415 128.97 128.78 126.86 123.52 119.14 114.21 111.13

420 130.28 130.09 128.16 124.79 120.37 115.40 112.30

425 131.60 131.40 129.46 126.06 121.60 116.59 113.46

430 132.91 132.72 130.75 127.33 122.83 117.77 114.62

435 134.22 134.03 132.05 128.59 124.06 118.96 115.77

440 135.53 135.33 133.34 129.86 125.29 120.14 116.93

445 136.84 136.64 134.63 131.12 126.51 121.32 118.08

450 138.15 137.94 135.92 132.38 127.73 122.50 119.24

455 139.45 139.25 137.20 133.64 128.96 123.68 120.39

460 140.75 140.55 138.49 134.90 130.18 124.86 121.54
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465 142.05 141.85 139.77 136.15 131.39 126.04 122.69

470 143.35 143.14 141.05 137.40 132.61 127.21 123.84

475 144.65 144.44 142.33 138.66 133.82 128.38 124.98

480 145.94 145.73 143.61 139.91 135.04 129.55 126.13

485 147.24 147.02 144.89 141.15 136.25 130.72 127.27

490 148.53 148.31 146.16 142.40 137.46 131.89 128.41

495 149.82 149.60 147.43 143.65 138.67 133.06 129.56

500 151.11 150.89 148.71 144.89 139.88 134.23 130.70

510 153.68 153.46 151.24 147.38 142.29 136.56 132.97

520 156.25 156.02 153.78 149.85 144.70 138.88 135.24

530 158.81 158.58 156.30 152.33 147.10 141.20 137.51

540 161.36 161.13 158.82 154.79 149.49 143.51 139.77

550 163.91 163.68 161.34 157.25 151.88 145.82 142.03

560 166.45 166.22 163.85 159.71 154.27 148.12 144.28

570 168.99 168.75 166.35 162.16 156.65 150.42 146.53

580 171.52 171.28 168.85 164.61 159.02 152.72 148.77

590 174.05 173.80 171.34 167.05 161.39 155.01 151.01

600 176.57 176.32 173.83 169.48 163.76 157.29 153.25

610 179.09 178.83 176.32 171.92 166.12 159.58 155.48

620 181.60 181.34 178.80 174.34 168.48 161.85 157.71

630 184.10 183.85 181.27 176.76 170.83 164.13 159.93

640 186.60 186.35 183.74 179.18 173.18 166.40 162.15

650 189.10 188.84 186.20 181.60 175.52 168.66 164.37

660 191.59 191.33 188.66 184.00 177.86 170.92 166.58

670 194.08 193.81 191.12 186.41 180.20 173.18 168.79

680 196.57 196.29 193.57 188.81 182.53 175.44 170.99

690 199.04 198.77 196.02 191.21 184.86 177.69 173.20

700 201.52 201.24 198.46 193.60 187.19 179.94 175.39

710 203.99 203.71 200.90 195.99 189.51 182.18 177.59

720 206.46 206.17 203.34 198.37 191.83 184.42 179.78

730 208.92 208.63 205.77 200.75 194.14 186.66 181.97

740 211.38 211.09 208.19 203.13 196.45 188.89 184.15

750 213.83 213.54 210.62 205.50 198.76 191.12 186.34

760 216.28 215.99 213.04 207.87 201.06 193.35 188.52

770 218.73 218.43 215.45 210.24 203.36 195.57 190.69

(continued)
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780 221.17 220.87 217.86 212.60 205.66 197.80 192.87

790 223.61 223.31 220.27 214.96 207.95 200.01 195.04

800 226.05 225.74 222.68 217.32 210.24 202.23 197.20

810 228.48 228.17 225.08 219.67 212.53 204.44 199.37

820 230.91 230.60 227.48 222.02 214.81 206.65 201.53

830 233.33 233.02 229.87 224.36 217.09 208.86 203.69

840 235.76 235.44 232.26 226.71 219.37 211.06 205.85

850 238.18 237.86 234.65 229.05 221.64 213.26 208.00

860 240.59 240.27 237.04 231.38 223.92 215.46 210.15

870 243.00 242.68 239.42 233.72 226.19 217.65 212.30

880 245.41 245.08 241.80 236.05 228.45 219.85 214.44

890 247.82 247.49 244.17 238.37 230.72 222.04 216.59

900 250.22 249.89 246.55 240.70 232.98 224.22 218.73

910 252.62 252.28 248.92 243.02 235.23 226.41 220.87

920 255.01 254.68 251.28 245.34 237.49 228.59 223.00

930 257.41 257.07 253.65 247.66 239.74 230.77 225.14

940 259.80 259.46 256.01 249.97 241.99 232.95 227.27

950 262.19 261.84 258.36 252.28 244.24 235.12 229.39

960 264.57 264.22 260.72 254.59 246.48 237.29 231.52

970 266.95 266.60 263.07 256.89 248.72 239.46 233.65

980 269.33 268.98 265.42 259.19 250.96 241.63 235.77

990 271.71 271.35 267.77 261.49 253.20 243.80 237.89

1000 274.08 273.72 270.11 263.79 255.44 245.96 240.00

1010 276.35 275.99 272.35 265.99 257.58 248.04 242.04

1020 278.72 278.35 274.69 268.29 259.81 250.19 244.15

1030 281.08 280.72 277.03 270.57 262.04 252.35 246.26

1040 283.44 283.08 279.36 272.86 264.26 254.50 248.37

1050 285.81 285.43 281.69 275.15 266.49 256.66 250.48

1060 288.16 287.79 284.02 277.43 268.71 258.81 252.58

1070 290.52 290.14 286.35 279.71 270.92 260.95 254.69

1080 292.87 292.49 288.67 281.99 273.14 263.10 256.79

1090 295.22 294.84 290.99 284.26 275.35 265.24 258.89

1100 297.57 297.18 293.31 286.54 277.57 267.38 260.98

1110 299.91 299.53 295.63 288.81 279.78 269.52 263.08
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1120 302.26 301.87 297.94 291.07 281.98 271.66 265.17

1130 304.60 304.20 300.25 293.34 284.19 273.80 267.26

1140 306.93 306.54 302.56 295.61 286.39 275.93 269.35

1150 309.27 308.87 304.87 297.87 288.59 278.06 271.44

1160 311.60 311.20 307.18 300.13 290.79 280.19 273.52

1170 313.94 313.53 309.48 302.38 292.99 282.32 275.61

1180 316.26 315.86 311.78 304.64 295.19 284.44 277.69

1190 318.59 318.18 314.08 306.89 297.38 286.57 279.77

1200 320.92 320.51 316.38 309.15 299.57 288.69 281.85

1210 323.24 322.83 318.67 311.39 301.76 290.81 283.92

1220 325.56 325.14 320.96 313.64 303.95 292.93 286.00

1230 327.88 327.46 323.25 315.89 306.13 295.05 288.07

1240 330.19 329.77 325.54 318.13 308.32 297.16 290.14

1250 332.51 332.08 327.83 320.37 310.50 229.27 292.21

1260 334.82 334.39 330.11 322.61 312.68 301.38 294.28

1270 337.13 336.70 332.39 324.85 314.85 303.49 296.35

1280 339.44 339.01 334.67 327.08 317.03 305.60 298.41

1290 341.74 341.31 336.95 329.32 319.21 307.71 300.47

1300 344.05 343.61 339.23 331.55 321.38 309.81 302.54

1310 346.35 345.91 341.50 333.78 323.55 311.92 304.60

1320 348.65 348.21 343.77 336.01 325.72 314.02 306.65

1330 350.95 350.50 346.04 338.23 327.89 316.12 308.71

1340 353.24 352.80 348.31 340.46 330.05 318.22 310.77

1350 355.54 355.09 350.58 342.68 332.21 320.31 312.82

1360 357.83 357.38 352.84 344.90 334.38 322.41 314.87

1370 360.12 359.67 355.11 347.12 336.54 324.50 316.92

1380 362.41 361.95 357.37 349.34 338.70 326.59 318.97

1390 364.69 364.24 359.63 351.56 340.85 328.68 321.02

1400 366.98 366.52 361.88 353.77 343.01 330.77 323.06

1410 369.26 368.80 364.14 355.98 345.16 332.86 325.11

1420 371.54 371.08 366.40 358.19 347.32 334.94 327.15

1430 373.82 373.35 368.65 360.40 349.47 337.03 329.19

1440 376.10 375.63 370.90 362.61 351.62 339.11 331.23

1450 378.38 377.90 373.15 364.81 353.76 341.19 333.27

1460 380.65 380.17 375.39 367.02 355.91 343.27 335.31

(continued)
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1470 382.92 382.44 377.64 369.22 358.06 345.35 337.35

1480 385.19 384.71 379.88 371.42 360.20 347.43 339.38

1490 387.46 386.98 382.13 373.62 362.34 349.50 341.42

1500 389.73 389.25 384.37 375.82 364.48 351.58 343.45

1525 395.39 394.90 389.96 381.31 369.82 356.76 348.52

1550 401.04 400.55 395.55 386.78 375.16 361.93 353.59

1575 406.68 406.18 401.12 392.25 380.49 367.09 358.65

1600 412.32 411.81 406.69 397.71 385.80 372.24 363.70

1625 417.94 417.42 412.24 403.16 391.11 377.39 368.74

1650 423.55 423.03 417.79 408.60 396.41 382.53 373.77

1675 429.15 428.63 423.33 414.04 401.70 387.66 378.80

1700 434.75 434.22 428.85 419.46 406.99 392.78 383.82

1725 440.33 439.79 434.37 424.87 412.26 397.89 388.83

1750 445.91 445.37 439.89 430.28 417.53 403.00 393.84

1775 451.48 450.93 445.39 435.68 422.79 408.10 398.84

1800 457.04 456.48 450.88 441.07 428.04 413.20 403.83

1825 462.59 462.03 456.37 446.46 433.29 418.28 408.82

1850 468.13 467.56 461.85 451.83 438.53 423.36 413.80

1875 473.67 473.09 467.32 457.20 443.76 428.43 418.77

1900 479.19 478.61 472.78 462.56 448.98 433.50 423.73

1925 484.71 484.13 478.24 467.92 454.20 438.56 428.69

1950 490.22 489.63 483.69 473.26 459.41 443.61 433.64

1975 495.73 495.13 489.13 478.60 464.61 448.66 438.59

2000 501.22 500.62 494.56 483.93 469.81 453.70 443.53

2025 506.71 506.11 499.99 489.26 475.00 458.73 448.47

2050 512.20 511.58 505.41 494.58 480.18 463.76 453.40

2075 517.67 517.05 510.82 499.89 485.36 468.78 458.32

2100 523.14 522.52 516.22 505.19 490.53 473.80 463.24

2125 528.60 527.97 521.62 510.49 495.69 478.81 468.15

2150 534.05 533.42 527.02 515.78 500.85 483.81 473.06

2175 539.50 538.86 532.40 521.07 506.01 488.81 477.96

2200 544.94 544.30 537.78 526.35 511.15 493.81 482.85

2225 550.38 549.73 543.15 531.62 516.29 498.79 487.74

2250 555.81 555.15 548.52 536.89 521.43 503.78 492.63
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2275 561.23 560.56 553.88 542.15 526.56 508.75 497.51

2300 566.64 565.97 559.23 547.41 531.68 513.72 502.38

2325 572.05 571.38 564.58 552.66 536.80 518.69 507.25

2350 577.46 576.78 569.92 557.90 541.91 523.65 512.12

2375 582.85 582.17 575.26 563.14 547.02 528.61 516.98

2400 588.24 587.55 580.59 568.37 552.12 533.56 521.83

2425 593.63 592.93 585.91 573.60 557.22 538.50 526.68

2450 599.01 598.31 591.23 578.82 562.31 543.45 531.53

2475 604.38 603.68 596.55 584.04 567.39 548.38 536.37

2500 609.75 609.04 601.85 589.25 572.47 553.31 541.20

2550 620.47 619.75 612.45 599.65 582.62 563.16 550.86

2600 631.17 630.43 623.03 610.04 592.75 572.99 560.50

2650 641.84 641.10 633.59 620.40 602.86 582.80 570.13

2700 652.50 651.74 644.12 630.75 612.95 592.60 579.73

2750 663.13 662.37 654.64 641.07 623.02 602.37 589.32

2800 673.75 672.97 665.14 651.38 633.07 612.13 598.90

2850 684.34 683.56 675.61 661.67 643.11 621.88 608.45

2900 694.92 694.12 686.07 671.94 653.12 631.60 617.99

2950 705.48 704.67 696.51 682.19 663.13 641.32 627.52

3000 716.02 715.20 706.94 692.43 673.11 651.01 637.03

3050 726.54 725.71 717.34 702.65 683.08 660.69 646.53

3100 737.04 736.20 727.73 712.85 693.03 670.36 656.01

3150 747.53 746.68 738.10 723.04 702.97 680.01 665.48

3200 758.00 757.14 748.45 733.21 712.89 689.64 674.93

3250 768.45 767.58 758.79 743.36 722.80 699.27 684.37

3300 778.89 778.01 769.11 753.50 732.69 708.87 693.80

3350 789.31 788.42 779.42 763.62 742.57 718.47 703.21

3400 799.71 798.81 789.71 773.73 752.43 728.05 712.62

3450 810.10 809.19 799.99 783.82 762.28 737.62 722.00

3500 820.48 819.55 810.25 793.90 772.12 747.17 731.38

3550 830.83 829.90 820.49 803.97 781.94 756.72 740.74

3600 841.18 840.24 830.73 814.02 791.75 766.24 750.09

3650 851.51 850.56 840.94 824.06 801.55 775.76 759.43

3700 861.83 860.86 851.15 834.08 811.33 785.27 768.76

3750 872.13 871.15 861.34 844.09 821.10 794.76 778.08

(continued)
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3800 882.41 881.43 871.51 854.09 830.86 804.24 787.38

3850 892.69 891.70 881.68 864.08 840.61 813.71 796.68

3900 902.95 901.95 891.83 874.05 850.34 823.17 805.96

3950 913.20 912.19 901.96 884.01 860.06 832.62 815.23

4000 923.43 922.41 912.09 893.96 869.77 842.06 824.49

4050 933.65 932.62 922.20 903.89 879.47 851.48 833.74

4100 943.86 942.82 932.30 913.82 889.16 860.90 842.99

4150 954.06 953.01 942.39 923.73 898.84 870.30 852.22

4200 964.25 963.19 952.47 933.63 908.50 879.69 861.44

4250 974.42 973.35 962.53 943.52 918.16 889.08 870.65

4300 984.58 983.50 972.58 953.40 927.80 898.45 879.85

4350 994.73 993.64 982.62 963.27 937.42 907.81 889.04

4400 1004.9 1003.8 992.7 973.1 947.1 917.2 898.2

4450 1015.0 1013.9 1002.7 983.0 956.7 926.5 907.4

4500 1025.1 1024.0 1012.7 992.8 966.3 935.9 916.6

4550 1035.2 1034.1 1022.7 1002.6 975.9 945.2 925.7

4600 1045.3 1044.2 1032.7 1012.4 985.5 954.5 934.9

4650 1055.4 1054.2 1042.6 1022.2 995.0 963.8 944.0

4700 1065.5 1064.3 1052.6 1032.0 1004.6 973.1 953.1

4750 1075.5 1074.4 1062.6 1041.8 1014.1 982.4 962.2

4800 1085.6 1084.4 1072.5 1051.6 1023.7 991.7 971.4

4850 1095.6 1094.4 1082.4 1061.4 1033.2 1000.9 980.5

4900 1105.6 1104.5 1092.4 1071.1 1042.8 1010.2 989.5

4950 1115.7 1114.5 1102.3 1080.9 1052.3 1019.4 998.6

5000 1125.7 1124.5 1112.2 1090.6 1061.8 1028.7 1007.7

5100 1145.7 1144.4 1132.0 1110.0 1080.8 1047.2 1025.8

5200 1165.6 1164.4 1151.7 1129.4 1099.7 1065.6 1043.9

5300 1185.5 1184.3 1171.4 1148.8 1118.6 1084.0 1062.0

5400 1205.4 1204.1 1191.1 1168.2 1137.5 1102.4 1080.0

5500 1225.3 1224.0 1210.7 1187.5 1156.4 1120.7 1098.0

5600 1245.1 1243.7 1230.3 1206.7 1175.2 1139.0 1116.0

5700 1264.9 1263.5 1249.9 1226.0 1194.0 1157.3 1134.0

5800 1284.6 1283.2 1269.4 1245.2 1212.8 1175.5 1151.9

5900 1304.3 1302.9 1288.9 1264.4 1231.5 1193.8 1169.8
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6000 1324.0 1322.6 1308.4 1283.5 1250.2 1211.9 1187.7

6100 1343.6 1342.2 1327.9 1302.6 1268.9 1230.1 1205.5

6200 1363.2 1361.8 1347.3 1321.7 1287.5 1248.3 1223.3

6300 1382.8 1381.4 1366.7 1340.8 1306.2 1266.4 1241.1

6400 1402.4 1400.9 1386.0 1359.8 1324.7 1284.5 1258.9

6500 1421.9 1420.4 1405.3 1378.8 1343.3 1302.5 1276.6

6600 1441.4 1439.9 1424.6 1397.8 1361.9 1320.6 1294.3

6700 1460.9 1459.4 1443.9 1416.7 1380.4 1338.6 1312.0

6800 1480.3 1478.8 1463.1 1435.6 1398.9 1356.6 1329.7

6900 1499.7 1498.2 1482.4 1454.5 1417.3 1374.5 1347.4

7000 1519.1 1517.5 1501.5 1473.4 1435.8 1392.5 1365.0

7100 1538.5 1536.9 1520.7 1492.3 1454.2 1410.4 1382.6

7200 1557.8 1556.2 1539.8 1511.1 1472.6 1428.3 1400.2

7300 1577.1 1575.5 1559.0 1529.9 1491.2 1446.2 1417.8

7400 1596.4 1594.8 1578.1 1548.6 1509.3 1464.1 1435.3

7500 1615.7 1614.0 1597.1 1567.4 1527.6 1481.9 1452.8

7600 1634.9 1633.2 1616.2 1586.1 1545.9 1499.7 1470.3

7700 1654.1 1652.4 1635.2 1604.8 1564.2 1517.5 1487.8

7800 1673.3 1671.6 1654.2 1623.5 1582.5 1535.3 1505.3

7900 1692.5 1690.7 1673.1 1642.2 1600.7 1553.0 1522.7

8000 1711.6 1709.9 1692.1 1660.8 1619.0 1570.8 1540.1

8100 1730.8 1729.0 1711.0 1679.4 1637.2 1588.5 1557.6

8200 1749.9 1748.1 1729.9 1698.0 1655.3 1606.2 1574.9

8300 1768.9 1767.1 1748.8 1716.6 1673.5 1623.9 1592.3

8400 1788.0 1786.2 1767.7 1735.2 1691.6 1641.5 1609.7

8500 1807.0 1805.2 1786.5 1753.7 1709.8 1659.2 1627.0

8600 1826.0 1824.2 1805.4 1722.2 1727.9 1676.8 1644.3

8700 1845.0 1843.2 1824.2 1790.7 1746.0 1694.4 1661.6

8800 1864.0 1862.1 1842.9 1809.2 1764.0 1712.0 1678.9

8900 1833.0 1881.1 1861.7 1827.7 1782.1 1729.6 1696.2

9900 1901.9 1900.0 1880.5 1846.0 1800.1 1747.1 1713.4

9100 1920.8 1918.9 1889.2 1864.5 1818.1 1764.7 1730.7

9200 1939.7 1937.4 1917.9 1882.9 1836.1 1782.2 1747.9

9300 1958.6 1956.6 1936.6 1901.3 1854.1 1799.7 1765.1

9400 1977.4 1975.4 1955.2 1919.7 1872.0 1817.2 1782.3

(continued)
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9500 1996.3 1994.3 1973.9 1938.0 1890.0 1834.7 1799.4

9600 2015.1 2013.1 1992.5 1956.4 1907.9 1852.1 1816.6

9700 2033.9 2031.9 2011.1 1974.7 1925.8 1869.6 1833.7

9800 2052.7 2050.6 2029.7 1993.0 1943.7 1887.0 1850.9

9900 2071.5 2069.4 2048.3 2011.3 1961.6 1904.4 1868.0

1.00 × 104 2.090 × 103 2.088 × 103 2.067 × 103 2.029 × 103 1.979 × 103 1.922 × 103 1.855 × 103

1.25 × 104 2.553 × 103 2.551 × 103 2.526 × 103 2.481 × 103 2.421 × 103 2.352 × 103 2.308 × 103

1.50 × 104 3.009 × 103 3.006 × 103 2.977 × 103 2.925 × 103 2.855 × 103 2.775 × 103 2.724 × 103

1.75 × 104 3.457 × 103 3.454 × 103 3.421 × 103 3.362 × 103 3.284 × 103 3.193 × 103 3.135 × 103

2.00 × 104 3.900 × 103 3.897 × 103 3.860 × 103 3.794 × 103 3.707 × 103 3.605 × 103 3.541 × 103

2.50 × 104 4.773 × 103 4.768 × 103 4.724 × 103 4.646 × 103 4.541 × 103 4.419 × 103 4.341 × 103

3.00 × 104 5.630 × 103 5.625 × 103 5.574 × 103 5.483 × 103 5.361 × 103 5.219 × 103 5.129 × 103

3.50 × 104 6.476 × 103 6.470 × 103 6.412 × 103 6.309 × 103 6.170 × 103 6.009 × 103 5.906 × 103

4.00 × 104 7.312 × 103 7.305 × 103 7.240 × 103 7.125 × 103 6.970 × 103 6.790 × 103 6.675 × 103

4.50 × 104 8.139 × 103 8.132 × 103 8.060 × 103 7.933 × 103 7.762 × 103 7.564 × 103 7.437 × 103

5.00 × 104 8.959 × 103 8.951 × 103 8.872 × 103 8.734 × 103 8.548 × 103 8.331 × 103 8.193 × 103

6.00 × 104 1.057 × 104 1.057 × 104 1.047 × 104 1.031 × 104 1.010 × 104 9.846 × 103 9.684 × 103

7.00 × 104 1.217 × 104 1.217 × 104 1.206 × 104 1.188 × 104 1.163 × 104 1.134 × 104 1.116 × 104

8.00 × 104 1.375 × 104 1.375 × 104 1.363 × 104 1.342 × 104 1.315 × 104 1.283 × 104 1.262 × 104

9.00 × 104 1.532 × 104 1.531 × 104 1.518 × 104 1.496 × 104 1.465 × 104 1.430 × 104 1.407 × 104

1.00 × 105 1.687 × 104 1.686 × 104 1.672 × 104 1.647 × 104 1.614 × 104 1.576 × 104 1.551 × 104

1.25 × 105 2.071 × 104 2.069 × 104 2.052 × 104 2.023 × 104 1.982 × 104 1.936 × 104 1.906 × 104

1.50 × 105 2.448 × 104 2.446 × 104 2.427 × 104 2.392 × 104 2.345 × 104 2.291 × 104 2.256 × 104

2.00 × 105 3.190 × 104 3.188 × 104 3.163 × 104 3.119 × 104 3.059 × 104 2.989 × 104 2.945 × 104

2.50 × 105 3.918 × 104 3.916 × 104 3.885 × 104 3.832 × 104 3.760 × 104 3.676 × 104 3.622 × 104

3.00 × 105 4.636 × 104 4.633 × 104 4.598 × 104 4.536 × 104 4.452 × 104 4.353 × 104 4.290 × 104

4.00 × 105 6.048 × 104 6.004 × 104 5.999 × 104 5.920 × 104 5.812 × 104 5.687 × 104 5.606 × 104

5.00 × 105 7.436 × 104 7.431 × 104 7.376 × 104 7.280 × 104 7.150 × 104 6.998 × 104 6.900 × 104

6.00 × 105 8.805 × 104 8.798 × 104 8.735 × 104 8.623 × 104 8.471 × 104 8.293 × 104 8.178 × 104

7.00 × 105 1.016 × 105 1.015 × 105 1.008 × 105 9.951 × 104 9.777 × 104 9.573 × 104 9.442 × 104

8.00 × 105 1.150 × 105 1.149 × 105 1.141 × 105 1.127 × 105 1.107 × 105 1.084 × 105 1.070 × 105

9.00 × 105 1.283 × 105 1.282 × 105 1.273 × 105 1.257 × 105 1.235 × 105 1.210 × 105 1.194 × 105

1.00 × 106 1.415 × 105 1.412 × 105 1.404 × 105 1.387 × 105 1.363 × 105 1.335 × 105 1.317 × 105

1.50 × 106 2.059 × 105 2.060 × 105 2.041 × 105 2.016 × 105 1.982 × 105 1.943 × 105 1.918 × 105
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2.00 × 106 2.695 × 105 2.695 × 105 2.676 × 105 2.644 × 105 2.601 × 105 2.551 × 105 2.518 × 105

2.50 × 106 3.320 × 105 3.319 × 105 3.296 × 105 3.254 × 105 3.202 × 105 3.141 × 105 3.101 × 105

3.00 × 106 3.937 × 105 3.936 × 105 3.909 × 105 3.864 × 105 3.803 × 105 3.731 × 105 3.684 × 105

4.00 × 106 5.154 × 105 5.152 × 105 5.118 × 105 5.060 × 105 4.981 × 105 4.888 × 105 4.828 × 105

5.00 × 106 6.352 × 105 6.349 × 105 6.308 × 105 6.238 × 105 6.142 × 105 6.029 × 105 5.956 × 105

6.00 × 106 7.536 × 105 7.533 × 105 7.485 × 105 7.402 × 105 7.290 × 105 7.157 × 105 7.072 × 105

7.00 × 106 8.709 × 105 8.705 × 105 8.650 × 105 8.556 × 105 8.427 × 105 8.275 × 105 8.177 × 105

8.00 × 106 9.972 × 105 9.867 × 105 9.806 × 105 9.699 × 105 9.555 × 105 9.384 × 105 9.273 × 105

9.00 × 106 1.103 × 106 1.102 × 106 1.095 × 106 1.084 × 106 1.067 × 106 1.049 × 106 1.036 × 106

1.00 × 107 1.217 × 106 1.217 × 106 1.209 × 106 1.196 × 106 1.179 × 106 1.158 × 106 1.144 × 106

1.50 × 107 1.782 × 106 1.781 × 106 1.771 × 106 1.752 × 106 1.727 × 106 1.697 × 106 1.678 × 106

2.00 × 107 2.337 × 106 2.336 × 106 2.322 × 106 2.298 × 106 2.266 × 106 2.227 × 106 2.202 × 106

2.50 × 107 2.884 × 106 2.882 × 106 2.866 × 106 2.837 × 106 2.797 × 106 2.750 × 106 2.720 × 106

3.00 × 107 3.425 × 106 3.423 × 106 3.404 × 106 3.369 × 106 3.323 × 106 3.268 × 106 3.232 × 106

4.00 × 107 4.493 × 106 4.491 × 106 4.466 × 106 4.422 × 106 4.361 × 106 4.290 × 106 4.244 × 106

5.00 × 107 5.547 × 106 5.544 × 106 5.514 × 106 5.460 × 106 5.386 × 106 5.299 × 106 5.243 × 106

6.00 × 107 6.590 × 106 6.587 × 106 6.551 × 106 6.488 × 106 6.401 × 106 6.299 × 106 6.232 × 106

7.00 × 107 7.624 × 106 7.620 × 106 7.579 × 106 7.507 × 106 7.407 × 106 7.290 × 106 7.213 × 106

8.00 × 107 8.651 × 106 8.647 × 106 8.600 × 106 8.519 × 106 8.407 × 106 8.274 × 106 8.188 × 106

9.00 × 107 9.671 × 106 9.666 × 106 9.615 × 106 9.524 × 106 9.400 × 106 9.252 × 106 9.156 × 106

1.00 × 108 1.069 × 107 1.067 × 107 1.062 × 107 1.052 × 107 1.039 × 107 1.023 × 107 1.012 × 107

1.50 × 108 1.567 × 107 1.567 × 107 1.555 × 107 1.541 × 107 1.522 × 107 1.499 × 107 1.483 × 107

2.00 × 108 2.059 × 107 2.059 × 107 2.048 × 107 2.029 × 107 2.004 × 107 1.974 × 107 1.954 × 107

2.50 × 108 2.546 × 107 2.545 × 107 2.531 × 107 2.507 × 107 2.476 × 107 2.439 × 107 2.415 × 107

3.00 × 108 3.027 × 107 3.026 × 107 3.010 × 107 2.984 × 107 2.947 × 107 2.904 × 107 2.875 × 107

4.00 × 108 3.979 × 107 3.978 × 107 3.958 × 107 3.923 × 107 3.875 × 107 3.819 × 107 3.782 × 107

5.00 × 108 4.920 × 107 4.918 × 107 4.894 × 107 4.851 × 107 4.793 × 107 4.724 × 107 4.679 × 107

6.00 × 108 5.852 × 107 5.850 × 107 5.821 × 107 5.771 × 107 5.702 × 107 5.621 × 107 5.568 × 107

7.00 × 108 6.777 × 107 6.774 × 107 6.741 × 107 6.684 × 107 6.605 × 107 6.511 × 107 6.450 × 107

8.00 × 108 7.700 × 107 7.693 × 107 7.655 × 107 7.590 × 107 7.501 × 107 7.396 × 107 7.327 × 107

9.00 × 108 8.609 × 107 8.606 × 107 8.564 × 107 8.492 × 107 8.393 × 107 8.275 × 107 8.199 × 107

1.00 × 109 9.518 × 107 9.515 × 107 9.469 × 107 9.390 × 107 9.281 × 107 9.151 × 107 9.066 × 107

1.50 × 109 1.401 × 108 1.400 × 108 1.394 × 108 1.382 × 108 1.367 × 108 1.348 × 108 1.336 × 108

2.00 × 109 1.843 × 108 1.843 × 108 1.834 × 108 1.819 × 108 1.799 × 108 1.774 × 108 1.758 × 108

2.50 × 109 2.281 × 108 2.280 × 108 2.269 × 108 2.251 × 108 2.226 × 108 2.196 × 108 2.177 × 108

(continued)
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3.00 × 109 2.714 × 108 2.713 × 108 2.701 × 108 2.680 × 108 2.650 × 108 2.615 × 108 2.592 × 108

4.00 × 109 3.573 × 108 3.572 × 108 3.556 × 108 3.528 × 108 3.489 × 108 3.443 × 108 3.413 × 108

5.00 × 109 4.422 × 108 4.421 × 108 4.401 × 108 4.367 × 108 4.320 × 108 4.263 × 108 4.227 × 108

6.00 × 109 5.265 × 108 5.262 × 108 5.240 × 108 5.199 × 108 5.143 × 108 5.077 × 108 5.033 × 108

7.00 × 109 6.101 × 108 6.098 × 108 6.072 × 108 6.025 × 108 5.961 × 108 5.885 × 108 5.835 × 108

8.00 × 109 6.932 × 108 6.930 × 108 6.900 × 108 6.847 × 108 6.775 × 108 6.688 × 108 6.632 × 108

9.00 × 109 7.760 × 108 7.756 × 108 7.723 × 108 7.664 × 108 7.584 × 108 7.487 × 108 7.424 × 108

1.00 × 1010 8.583 × 108 8.574 × 108 8.543 × 108 8.478 × 108 8.389 × 108 8.283 × 108 8.214 × 108

1.50 × 1010 1.263 × 109 1.264 × 109 1.257 × 109 1.247 × 109 1.235 × 109 1.219 × 109 1.209 × 109

2.00 × 1010 1.666 × 109 1.666 × 109 1.659 × 109 1.646 × 109 1.630 × 109 1.610 × 109 1.596 × 109

2.50 × 1010 2.065 × 109 2.063 × 109 2.055 × 109 2.038 × 109 2.018 × 109 1.993 × 109 1.977 × 109

3.00 × 1010 2.458 × 109 2.458 × 109 2.447 × 109 2.430 × 109 2.405 × 109 2.376 × 109 2.357 × 109

4.00 × 1010 3.240 × 109 3.239 × 109 3.226 × 109 3.203 × 109 3.171 × 109 3.133 × 109 3,108 × 109

5.00 × 1010 4.014 × 109 4.013 × 109 3.997 × 109 3.968 × 109 3.929 × 109 3.883 × 109 3.852 × 109

6.00 × 1010 4.782 × 109 4.781 × 109 4.762 × 109 4.728 × 109 4.682 × 109 4.627 × 109 4.591 × 109

7.00 × 1010 5.546 × 109 5.544 × 109 5.522 × 109 5.483 × 109 5.430 × 109 5.366 × 109 5.325 × 109

8.00 × 1010 6.305 × 109 6.303 × 109 6.278 × 109 6.234 × 109 6.174 × 109 6.102 × 109 6.055 × 109

9.00 × 1010 7.060 × 109 7.058 × 109 7.030 × 109 6.982 × 109 6.914 × 109 6.834 × 109 6.782 × 109

1.00 × 1011 7.813 × 109 7.810 × 109 7.780 × 109 7.726 × 109 7.652 × 109 7.564 × 109 7.506 × 109

1.50 × 1011 1.154 × 1010 1.153 × 1010 1.149 × 1010 1.141 × 1010 1.130 × 1010 1.118 × 1010 1.109 × 1010

2.00 × 1011 1.522 × 1010 1.521 × 1010 1.515 × 1010 1.505 × 1010 1.491 × 1010 1.474 × 1010 1.463 × 1010

2.50 × 1011 1.886 × 1010 1.885 × 1010 1.878 × 1010 1.866 × 1010 1.849 × 1010 1.828 × 1010 1.814 × 1010

3.00 × 1011 2.248 × 1010 2.247 × 1010 2.239 × 1010 2.224 × 1010 2.204 × 1010 2.179 × 1010 2.163 × 1010

4.00 × 1011 2.965 × 1010 2.964 × 1010 2.953 × 1010 2.934 × 1010 2.907 × 1010 2.876 × 1010 2.855 × 1010

5.00 × 1011 3.677 × 1010 3.675 × 1010 3.662 × 1010 3.638 × 1010 3.605 × 1010 3.566 × 1010 3.540 × 1010

6.00 × 1011 4.383 × 1010 4.381 × 1010 4.365 × 1010 4.337 × 1010 4.298 × 1010 4.252 × 1010 4.221 × 1010

7.00 × 1011 5.085 × 1010 5.082 × 1010 5.064 × 1010 5.032 × 1010 4.987 × 1010 4.933 × 1010 4.898 × 1010

8.00 × 1011 5.783 × 1010 5.781 × 1010 5.760 × 1010 5.723 × 1010 5.673 × 1010 5.612 × 1010 5.572 × 1010

9.00 × 1011 6.478 × 1010 6.476 × 1010 6.453 × 1010 6.412 × 1010 6.355 × 1010 6.288 × 1010 6.243 × 1010

1.00 × 1012 7.171 × 1010 7.168 × 1010 7.143 × 1010 7.098 × 1010 7.035 × 1010 6.961 × 1010 6.912 × 1010

1.50 × 1012 1.060 × 1011 1.060 × 1011 1.056 × 1011 1.050 × 1011 1.041 × 1011 1.030 × 1011 1.022 × 1011

2.00 × 1012 1.400 × 1011 1.399 × 1011 1.394 × 1011 1.386 × 1011 1.374 × 1011 1.359 × 1011 1.350 × 1011

Table 9.6 Dimensionless Influx, WeD, for Infinite Aquifer for Bottomwater Drive (continued)
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Table 9.7 Dimensionless Influx, WeD, for ′ =rD 4  for Bottomwater Drive

′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0
2 2.398 2.389 2.284 2.031 1.824 1.620 1.507

3 3.006 2.993 2.874 2.629 2.390 2.149 2.012

4 3.552 3.528 3.404 3.158 2.893 2.620 2.466

5 4.053 4.017 3.893 3.627 3.341 3.045 2.876

6 4.490 4.452 4.332 4.047 3.744 3.430 3.249

7 4.867 4.829 4.715 4.420 4.107 3.778 3.587

8 5.191 5.157 5.043 4.757 4.437 4.096 3.898

9 5.464 5.434 5.322 5.060 4.735 4.385 4.184

10 5.767 5.739 5.598 5.319 5.000 4.647 4.443

11 5.964 5.935 5.829 5.561 5.240 4.884 4.681

12 6.188 6.158 6.044 5.780 5.463 5.107 4.903

13 6.380 6.350 6.240 5.983 5.670 5.316 5.113

14 6.559 6.529 6.421 6.171 5.863 5.511 5.309

15 6.725 6.694 6.589 6.345 6.044 5.695 5.495

16 6.876 6.844 6.743 6.506 6.213 5.867 5.671

17 7.014 6.983 6.885 6.656 6.371 6.030 5.838

18 7.140 7.113 7.019 6.792 6.523 6.187 5.999

19 7.261 7.240 7.140 6.913 6.663 6.334 6.153

20 7.376 7.344 7.261 7.028 6.785 6.479 6.302

22 7.518 7.507 7.451 7.227 6.982 6.691 6.524

24 7.618 7.607 7.518 7.361 7.149 6.870 6.714

26 7.697 7.685 7.607 7.473 7.283 7.026 6.881

28 7.752 7.752 7.674 7.563 7.395 7.160 7.026

30 7.808 7.797 7.741 7.641 7.484 7.283 7.160

34 7.864 7.864 7.819 7.741 7.618 7.451 7.350

38 7.909 7.909 7.875 7.808 7.719 7.585 7.496

42 7.931 7.931 7.909 7.864 7.797 7.685 7.618

46 7.942 7.942 7.920 7.898 7.842 7.752 7.697

50 7.954 7.954 7.942 7.920 7.875 7.808 7.764

60 7.968 7.968 7.965 7.954 7.931 7.898 7.864

70 7.976 7.976 7.976 7.968 7.965 7.942 7.920

80 7.982 7.982 7.987 7.976 7.976 7.965 7.954

90 7.987 7.987 7.987 7.984 7.983 7.976 7.965

100 7.987 7.987 7.987 7.987 7.987 7.983 7.976

120 7.987 7.987 7.987 7.987 7.987 7.987 7.987
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Table 9.8 Dimensionless Influx, WeD, for ′ =rD 6  for Bottomwater Drive

′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0
6 4.780 4.762 4.597 4.285 3.953 3.611 3.414

7 5.309 5.289 5.114 4.779 4.422 4.053 3.837

8 5.799 5.778 5.595 5.256 4.875 4.478 4.247

9 6.252 6.229 6.041 5.712 5.310 4.888 4.642

10 6.750 6.729 6.498 6.135 5.719 5.278 5.019

11 7.137 7.116 6.916 6.548 6.110 5.648 5.378

12 7.569 7.545 7.325 6.945 6.491 6.009 5.728

13 7.967 7.916 7.719 7.329 6.858 6.359 6.067

14 8.357 8.334 8.099 7.699 7.214 6.697 6.395

15 8.734 8.709 8.467 8.057 7.557 7.024 6.713

16 9.093 9.067 8.819 8.398 7.884 7.336 7.017

17 9.442 9.416 9.160 8.730 8.204 7.641 7.315

18 9.775 9.749 9.485 9.047 8.510 7.934 7.601

19 10.09 10.06 9.794 9.443 8.802 8.214 7.874

20 10.40 10.37 10.10 9.646 9.087 8.487 8.142

22 10.99 10.96 10.67 10.21 9.631 9.009 8.653

24 11.53 11.50 11.20 10.73 10.13 9.493 9.130

26 12.06 12.03 11.72 11.23 10.62 9.964 9.594

28 12.52 12.49 12.17 11.68 11.06 10.39 10.01

30 12.95 12.92 12.59 12.09 11.46 10.78 10.40

35 13.96 13.93 13.57 13.06 12.41 11.70 11.32

40 14.69 14.66 14.33 13.84 13.23 12.53 12.15

45 15.27 15.24 14.94 14.48 13.90 13.23 12.87

50 15.74 15.71 15.44 15.01 14.47 13.84 13.49

60 16.40 16.38 16.15 15.81 15.34 14.78 14.47

70 16.87 16.85 16.67 16.38 15.99 15.50 15.24

80 17.20 17.18 17.04 16.80 16.48 16.06 15.83

90 17.43 17.42 17.30 17.10 16.85 16.50 16.29

100 17.58 17.58 17.49 17.34 17.12 16.83 16.66

110 17.71 17.69 17.63 17.50 17.34 17.09 16.93

120 17.78 17.78 17.73 17.63 17.49 17.29 17.17

130 17.84 17.84 17.79 17.73 17.62 17.45 17.34

140 17.88 17.88 17.85 17.79 17.71 17.57 17.48

150 17.92 17.91 17.88 17.84 17.77 17.66 17.58

175 17.95 17.95 17.94 17.92 17.87 17.81 17.76
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′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0
200 17.97 17.97 17.96 17.95 17.93 17.88 17.86

225 17.97 17.97 17.97 17.96 17.95 17.93 17.91

250 17.98 17.98 17.98 17.97 17.96 17.95 17.95

300 17.98 17.98 17.98 17.98 17.98 17.97 17.97

350 17.98 17.98 17.98 17.98 17.98 17.98 17.98

400 17.98 17.98 17.98 17.98 17.98 17.98 17.98

450 17.98 17.98 17.98 17.98 17.98 17.98 17.98

500 17.98 17.98 17.98 17.98 17.98 17.98 17.98

Table 9.9 Dimensionless Influx, WeD, for ′ =rD 9  for Bottomwater Drive

′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0

9 6.301 6.278 6.088 5.756 5.350 4.924 4.675

10 6.828 6.807 6.574 6.205 5.783 5.336 5.072

11 7.250 7.229 7.026 6.650 6.204 5.732 5.456

12 7.725 7.700 7.477 7.086 6.621 6.126 5.836

13 8.173 8.149 7.919 7.515 7.029 6.514 6.210

14 8.619 8.594 8.355 7.937 7.432 6.895 6.578

15 9.058 9.032 8.783 8.351 7.828 7.270 6.940

16 9.485 9.458 9.202 8.755 8.213 7.634 7.293

17 9.907 9.879 9.613 9.153 8.594 7.997 7.642

18 10.32 10.29 10.01 9.537 8.961 8.343 7.979

19 10.72 10.69 10.41 9.920 9.328 8.691 8.315

20 11.12 11.08 10.80 10.30 9.687 9.031 8.645

22 11.89 11.86 11.55 11.02 10.38 9.686 9.280

24 12.63 12.60 12.27 11.72 11.05 10.32 9.896

26 13.36 13.32 12.97 12.40 11.70 10.94 10.49

28 14.06 14.02 13.65 13.06 12.33 11.53 11.07

30 14.73 14.69 14.30 13.68 12.93 12.10 11.62

34 16.01 15.97 15.54 14.88 14.07 13.18 12.67

38 17.21 17.17 16.70 15.99 15.13 14.18 13.65

40 17.80 17.75 17.26 16.52 15.64 14.66 14.12

45 19.15 19.10 18.56 17.76 16.83 15.77 15.21

50 20.42 20.36 19.76 18.91 17.93 16.80 16.24

(continued)
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′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0
55 21.46 21.39 20.80 19.96 18.97 17.83 17.24

60 22.40 22.34 21.75 20.91 19.93 18.78 18.19

70 23.97 23.92 23.36 22.55 21.58 20.44 19.86

80 25.29 25.23 24.71 23.94 23.01 21.91 21.32

90 26.39 26.33 25.85 25.12 24.24 23.18 22.61

100 27.30 27.25 26.81 26.13 25.29 24.29 23.74

120 28.61 28.57 28.19 27.63 26.90 26.01 25.51

140 29.55 29.51 29.21 28.74 28.12 27.33 26.90

160 30.23 30.21 29.96 29.57 29.04 28.37 27.99

180 30.73 30.71 30.51 30.18 29.75 29.18 28.84

200 31.07 31.04 30.90 30.63 30.26 29.79 29.51

240 31.50 31.49 31.39 31.22 30.98 30.65 30.45

280 31.72 31.71 31.66 31.56 31.39 31.17 31.03

320 31.85 31.84 31.80 31.74 31.64 31.49 31.39

360 31.90 31.90 31.88 31.85 31.78 31.68 31.61

400 31.94 31.94 31.93 31.90 31.86 31.79 31.75

450 31.96 31.96 31.95 31.94 31.91 31.88 31.85

500 31.97 31.97 31.96 31.96 31.95 31.93 31.90

550 31.97 31.97 31.97 31.96 31.96 31.95 31.94

600 31.97 31.97 31.97 31.97 31.97 31.96 31.95

700 31.97 31.97 31.97 31.97 31.97 31.97 31.97

800 31.97 31.97 31.97 31.97 31.97 31.97 31.97

Table 9.9 Dimensionless Influx, WeD, for ′ =rD 9  for Bottomwater Drive (continued)

Table 9.10 Dimensionless Influx, WeD, for ′ =rD 10  for Bottomwater Drive

′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0

22 12.07 12.04 11.74 11.21 10.56 9.865 9.449

24 12.86 12.83 12.52 11.97 11.29 10.55 10.12

26 13.65 13.62 13.29 12.72 12.01 11.24 10.78

28 14.42 14.39 14.04 13.44 12.70 11.90 11.42

30 15.17 15.13 14.77 14.15 13.38 12.55 12.05
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′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0
32 15.91 15.87 15.49 14.85 14.05 13.18 12.67

34 16.63 16.59 16.20 15.54 14.71 13.81 13.28

36 17.33 17.29 16.89 16.21 15.35 14.42 13.87

38 18.03 17.99 17.57 16.86 15.98 15.02 14.45

40 18.72 18.68 18.24 17.51 16.60 15.61 15.02

42 19.38 19.33 18.89 18.14 17.21 16.19 15.58

44 20.03 19.99 19.53 18.76 17.80 16.75 16.14

46 20.67 20.62 20.15 19.36 18.38 17.30 16.67

48 21.30 21.25 20.76 19.95 18.95 17.84 17.20

50 21.92 21.87 21.36 20.53 19.51 18.38 17.72

52 22.52 22.47 21.95 21.10 20.05 18.89 18.22

54 23.11 23.06 22.53 21.66 20.59 19.40 18.72

56 23.70 23.64 23.09 22.20 21.11 19.89 19.21

58 24.26 24.21 23.65 22.74 21.63 20.39 19.68

60 24.82 24.77 24.19 23.26 22.13 20.87 20.15

65 26.18 26.12 25.50 24.53 23.34 22.02 21.28

70 27.47 27.41 26.75 25.73 24.50 23.12 22.36

75 28.71 28.55 27.94 26.88 25.60 24.17 23.39

80 29.89 29.82 29.08 27.97 26.65 25.16 24.36

85 31.02 30.95 30.17 29.01 27.65 26.10 25.31

90 32.10 32.03 31.20 30.00 28.60 27.03 26.25

95 33.04 32.96 32.14 30.95 29.54 27.93 27.10

100 33.94 33.85 33.03 31.85 30.44 28.82 27.98

110 35.55 35.46 34.65 33.49 32.08 30.47 29.62

120 36.97 36.90 36.11 34.98 33.58 31.98 31.14

130 38.28 38.19 37.44 36.33 34.96 33.38 32.55

140 39.44 39.37 38.64 37.56 36.23 34.67 33.85

150 40.49 40.42 39.71 38.67 37.38 35.86 35.04

170 42.21 42.15 41.51 40.54 39.33 37.89 37.11

190 43.62 43.55 42.98 42.10 40.97 39.62 38.90

210 44.77 44.72 44.19 43.40 42.36 41.11 40.42

230 45.71 45.67 45.20 44.48 43.54 42.38 41.74

250 46.48 46.44 46.01 45.38 44.53 43.47 42.87

270 47.11 47.06 46.70 46.13 45.36 44.40 43.84

(continued)
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9.4 Pseudosteady-State Models
The edgewater and bottomwater unsteady-state methods discussed in section 9.3 provide correct proce-
dures for calculating water influx in nearly any reservoir application. However, the calculations tend to 
be somewhat cumbersome, and therefore there have been various attempts to simplify the calculations, 
including the Carter-Tracy model referenced earlier. The most popular and seemingly accurate method 
is one developed by Fetkovich, using an aquifer material balance and an equation that describes the flow 
rate from the aquifer.19 The equations for flow rate used by Fetkovich are similar to the productivity in-
dex equation defined in Chapter 8. The productivity index required pseudosteady-state flow conditions. 
Thus this method neglects the effects of the transient period in the calculations of water influx, which 
will obviously introduce errors into the calculations. However, the method has been found to give results 
similar to those of the van Everdingen and Hurst model in many applications.

Fetkovich first wrote a material balance equation on the aquifer for constant water and rock 
compressibilities as

 p p
W

W pi
e i= − 



 +  (9.15)

where p  is the average pressure in the aquifer after the removal of We bbl of water, pi is the initial 
pressure of the aquifer, and Wei is the initial encroachable water in place at the initial pressure. 
Fetkovich next defined a generalized rate equation as

′zD

tD 0.05 0.1 0.3 0.5 0.7 0.9 1.0
290 47.61 47.58 47.25 46.75 46.07 45.19 44.68

310 48.03 48.00 47.72 47.26 46.66 45.87 45.41

330 48.38 48.35 48.10 47.71 47.16 46.45 46.03

350 48.66 48.64 48.42 48.08 47.59 46.95 46.57

400 49.15 49.14 48.99 48.74 48.38 47.89 47.60

450 49.46 49.45 49.35 49.17 48.91 48.55 48.31

500 49.65 49.64 49.58 49.45 49.26 48.98 48.82

600 49.84 49.84 49.81 49.74 49.65 49.50 49.41

700 49.91 49.91 49.90 49.87 49.82 49.74 49.69

800 49.94 49.94 49.93 49.92 49.90 49.85 49.83

900 49.96 49.96 49.94 49.94 49.93 49.91 49.90

1000 49.96 49.96 49.96 49.96 49.94 49.93 49.93

1200 49.96 49.96 49.96 49.96 49.96 49.96 49.96

Table 9.10 Dimensionless Influx, WeD, for ′ =rD 10  for Bottomwater Drive (continued)
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 q B J p pw w R
ma= −( )  (9.16)

where qwBw is the flow rate of water from the aquifer, J is the productivity index of the aquifer and 
is a function of the aquifer geometry, pR is the pressure at the reservoir-aquifer boundary, and ma is 
equal to 1 for Darcy flow during the pseudosteady-state flow region. Equations (9.15) and (9.16) 
can be combined to yield the following equation (see Fetkovich19 and Dake20 for the complete 
derivation):

 W W
p

p p ee
ei

i
i R

Jp t
W

i

ei= − −










( ) 1  (9.17)

This equation was derived for constant pressures at both the reservoir-aquifer boundary, pR, and 
the average pressure in the aquifer, p.  At this point, to apply the equation to a typical reservoir 
application where both of these pressures are changing with time, it would normally be required 
to use the principle of superposition. Fetkovich showed that by calculating the water influx for a 
short time period, Δt, with a corresponding average aquifer pressure, p,  and an average boundary 
pressure, pR ,  and then starting the calculation over again for a new period and new pressures, 
superposition was not needed. The following equations are used in the calculation for water influx 
with this method:

 Δ
Δ
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( )1 1  (9.18)

 p p W
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1 1  (9.19)

 p p p
Rn

Rn Rn= +−1

2
 (9.20)

where n represents a particular interval, pn−1  is the average aquifer pressure at the end of the n – 1 
time interval, pRn  is the average reservoir-aquifer boundary pressure during interval n, and We is 
the total, or cumulative, water influx and is given by

 We = ΣΔWen (9.21)

The productivity index, J, used in the calculation procedure is a function of the geometry of the 
aquifer. Table 9.11 contains several aquifer productivity indices as presented by Fetkovich.19 When 
you use the equations for the condition of a constant pressure outer aquifer boundary, the average 
aquifer pressure in Eq. (9.18) will always be equal to the initial outer boundary pressure, which is 
usually pi. Example 9.6 illustrates the use of the Fetkovich method.
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Example 9.6  Calculating the Water Influx for the Reservoir in Example 9.4 Using the 
Fetkovich Approach

Given
φ = 20.9%
k = 275 md (average reservoir permeability, presumed the same for the aquifer)
μ = 0.25 cp
ct = 6 × 10–6 psi–1

h = 19.2 ft; area of reservoir = 1216 ac
Estimated area of aquifer = 250,000 ac
θ = 180°

Solution

 Area of aquifer =  or 
1
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Table 9.11 Productivity Indices for Radial and Linear Aquifers (Taken from Fetkovich)19

Type of outer aquifer boundary Radial	flowa Linear	flowb

Finite— no flow

J
i r re R

=







−

0 00708
360
0 75

.

[ln( / ) . ]

kh
θ J lkwh

iL
= 0 00338.

Finite— constant pressure

J
i r re R

=





0 00708

360
.

[ / ]

kh

ln( )

θ J kwh
iL

= 0 001127.

a Units are in normal field units with k in millidarcies.
b w is width and L is length of linear aquifer.
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Solving Eqs. (9.22) and (9.23), we get Table 9.12.
The water influx values calculated by the Fetkovich method agree fairly closely with those 

calculated by the van Everdingen and Hurst method used in Example 9.4. The Fetkovich method 
consistently gives water influx values smaller than the values calculated by the van Everdingen and 

Table 9.12 Water Influx by Fetkovich Approach

Time pR pRn p pn Rn− −1 ΔWe We pn

0 3793 3793 0 0 0 3793

1 3788 3790.5 2.5 8,600 8,600 3792.8

2 3774 3781 11.8 40,500 49,100 3791.9

3 3748 3761 30.9 106,100 155,200 3789.7

4 3709 3728.5 61.2 210,000 365,300 3785.1

5 3680 3694.5 90.6 311,200 676,500 3778.4

6 3643 3661.5 116.9 401,600 1,078,100 3769.8
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Hurst method for this problem (Fig. 9.14). This result could be because the Fetkovich method does 
not apply to an aquifer that remains in the transient time flow. It is apparent from observing the 
values of pn–1

, which are the average pressure values in the aquifer, that the pressure in the aquifer 
is not dropping very fast, which would indicate that the aquifer is very large and that the water flow 
from it to the reservoir could be transient in nature.

Problems
9.1 Assuming the Schilthuis steady-state water influx model, use the pressure drop history for 

the Conroe Field given in Fig. 9.15 and a water influx constant, k′, of 2170/ft3/day/psi to find 
the cumulative water encroachment at the end of the second and fourth periods by graphical 
integration for Table 7.1.

9.2 The pressure history for the Peoria Field is given in Fig. 9.16. Between 36 and 48 months, 
production in the Peoria Field remained substantially constant at 8450 STB/day, at a daily 
gas-oil ratio of 1052 SCF/STB, and 2550 STB of water per day. The initial solution GOR 
was 720 SCF/STB. The cumulative produced GOR at 36 months was 830 SCF/STB, and at 
48 months, it was 920 SCF/STB. The two-phase formation volume factor at 2500 psia was 
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Figure 9.14 Results of water influx calculations from Example 9.6.
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Figure 9.15  Calculation of quantity of water that has encroached into the Conroe Field (after 
Schilthuis5).

9.050 ft3/STB, and the gas volume factor at the same pressure was 0.00490 ft3/SCF. Calcu-
late the cumulative water influx during the first 36 months.

9.3 During a period of production from a certain reservoir, the average reservoir pressure re-
mained constant at 3200 psia. During the stabilized pressure, the oil- and water-producing 
rates were 30,000 STB/day and 5000 STB/day, respectively. Calculate the incremental water 
influx for a later period when the pressure drops from 3000 psia to 2800 psia. Assume the 
following relationship for pressure and time holds:

 dp
dt

p= −0 003.  psi/month

Other data are as follows:

 pi = 3500 psia
 Rsoi = 750 SCF/STB
 Bt= 1.45 bbl/STB at 3200 psia
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Figure 9.16 Pressure decline in the Peoria Field.

 Bg = 0.002 bbl/STB at 3200 psia
 R = 800 SCF/STB at 3200 psia
 Bw = 1.04 bbl/STB at 3200 psia

9.4 The pressure decline in a reservoir from the initial pressure down to a certain pressure, p, 
was approximately linear at –0.500 psi/day. Assuming the Schilthuis steady-state water in-
flux model and a water influx constant of k′, in ft3/day-psi, determine an expression for the 
water influx as a function of time in bbl.

9.5 An aquifer of 28,850 ac includes a reservoir of 451 ac. The formation has a porosity of 22%, 
thickness of 60 ft, a compressibility of 4(10)–6 psi–1, and a permeability of 100 md. The water 
has a viscosity of 0.30 cp and a compressibility of 3(10)–6 psi–1. The connate water saturation 
of the reservoir is 26%, and the reservoir is approximately centered in this closed aquifer. It 
is exposed to water influx on its entire periphery.

(a) Calculate the effective radii of the aquifer and the reservoir and their ratio.
(b) Calculate the volume of water the aquifer can supply to the reservoir by rock compac-

tion and water expansion per psi of pressure drop throughout the aquifer.
(c) Calculate the volume of the initial hydrocarbon contents of the reservoir.
(d) Calculate the pressure drop throughout the aquifer required to supply water equivalent 

to the initial hydrocarbon contents of the reservoir.
(e) Calculate the theoretical time-conversion constant for the aquifer.
(f) Calculate the theoretical value of B′ for the aquifer.
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(g) Calculate the water influx at 100 days, 200 days, 400 days, and 800 days if the reservoir 
boundary pressure is lowered and maintained at 3450 psia from an initial pressure of 
3500 psia.

(h) If the boundary pressure was changed from 3450 psia to 3460 psia after 100 days and 
maintained there, what would the influx be at 200 days, 400 days, and 800 days as 
measured from the first pressure decrement at time zero?

(i) Calculate the cumulative water influx at 500 days from the following boundary pres-
sure history:

t(days) 0 100 200 300 400 500

p(psia) 3500 3490 3476 3458 3444 3420

(j) Repeat part (i) assuming an infinite aquifer and again assuming re/rR = 5.0.
(k) At what time in days do the aquifer limits begin to affect the influx?
(l) From the limiting value of WeD for re/rR = 8.0, find the maximum water influx available 

per psi drop. Compare this result with that calculated in part (b).

9.6 Find the cumulative water influx for the fifth and sixth periods in Example 9.4 and Table 9.3.

9.7 The actual pressure history of a reservoir is simulated by the following data, which assume 
that the pressure at the original oil-water contact is changed instantaneously by a finite 
amount, Δp.

(a) Use the van Everdingen and Hurst method to calculate the total cumulative water 
influx.

(b) How much of this water influx occurred in the first 2 years?

Time in years Δp (psi)
0 40

0.5 60

1.0 94

1.5 186

2.0 110

2.5 120

3.0

Other reservoir properties include the following:

 Reservoir area = 19,600,000 ft2

 Aquifer area = 686,900,000 ft2
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 k = 10.4 md
 φ = 25%
 μw = 1.098 cp
 ct = 7.01(10)–6 psi–1

 h = 10 ft

9.8 An oil reservoir is located between two intersecting faults as shown in the areal view in  
Fig. 9.17. The reservoir shown is bounded by an aquifer estimated by geologists to have an 
area of 26,400 ac. Other aquifer data are as follows:

 φ = 21%
 k = 275 md
 h = 30 ft
 ct = 7(10)–6 psi–1

 μw = 0.92 cp

The average reservoir pressure, measured at 3-month intervals, is as follows:

Time in days p (psia)
0 2987

91.3 2962

182.6 2927

273.9 2882

365.2 2837

456.5 2793

Aquifer

Oil–water
contact

Fault II

Fault I

Oil reservoir
1350 acres

60º

Figure 9.17 Reservoir between interconnecting faults.
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Use both the van Everdingen and Hurst and the Fetkovich methods to calculate the 
water influx that occurred during each of the 3-month intervals. Assume that the average 
reservoir pressure history approximates the oil reservoir-aquifer boundary pressure history.21

9.9 For the oil reservoir-aquifer boundary pressure relationship that follows, use the van 
Everdingen and Hurst method to calculate the cumulative water influx at each quarter (see 
Fig. 9.18):

 φ = 20%
 k = 200 md
 h = 40 ft
 ct = 7(10)–6 psi–1

 μw = 0.80 cp
 Area of oil reservoir = 1000 ac
 Area of aquifer = 15,000 ac

9.10 Repeat Problem 9.9 using the Fetkovich method, and compare the results with the results of 
Problem 9.9.

Quarter

p,
 p

si
a

0 1 2 3 54 6
3600

3700

3900

4000

3800

4100

3988

3932

3858

3772

3678

4020

Figure 9.18 Boundary pressure relationship for Problem 9.9.
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The Displacement of Oil and Gas

10.1 Introduction
This chapter includes a discussion of the fundamental concepts that influence the displacement 
of oil and gas both by internal displacement processes and by external flooding processes. It is 
meant to be an introduction to these topics and not an exhaustive treatise. The reader, if interested, 
is referred to other works that cover the material in this chapter.1–5 The reservoir engineer should 
be exposed to these concepts because they form the basis for understanding secondary and tertiary 
flooding techniques, discussed in the next chapter, as well as some primary recovery mechanisms.

10.2	 Recovery	Efficiency
The overall recovery efficiency E of any fluid displacement process is given by the product of 
the macroscopic, or volumetric displacement, efficiency, Ev, and the microscopic displacement 
efficiency, Ed:

 E = EvEd (10.1)

The macroscopic displacement efficiency is a measure of how well the displacing fluid has contact-
ed the oil-bearing parts of the reservoir. The microscopic displacement efficiency is a measure of 
how well the displacing fluid mobilizes the residual oil once the fluid has contacted the oil.

The macroscopic displacement efficiency is made up of two other terms: the areal, Es, sweep 
efficiency and the vertical, Ei, sweep efficiency.

10.2.1	 Microscopic	Displacement	Efficiency
The microscopic displacement efficiency is affected by the following factors: interfacial and sur-
face tension forces, wettability, capillary pressure, and relative permeability.

When a drop of one immiscible fluid is immersed in another fluid and comes to rest on a 
solid surface, the surface area of the drop will take a minimum value owing to the forces acting 

C h a p t e r  1 0
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at the fluid-fluid and rock-fluid interfaces. The forces per unit length acting at the fluid-fluid and 
rock-fluid interfaces are referred to as interfacial tensions. The interfacial tension between two flu-
ids represents the amount of work required to create a new unit of surface area at the interface. The 
interfacial tension can also be thought of as a measure of the immiscibility of two fluids. Typical 
values of oil-brine interfacial tensions are on the order of 20 dynes/cm to 30 dynes/cm. When cer-
tain chemical agents are added to an oil-brine system, it is possible to reduce the interfacial tension 
by several orders of magnitude.

The tendency for a solid to prefer one fluid over another is called wettability. Wettability is a 
function of the chemical composition of both the fluids and the rock. Surfaces can be either oil wet 
or water wet, depending on the chemical composition of the fluids. The degree to which a rock is 
either oil wet or water wet is strongly affected by the absorption or desorption of constituents in the 
oil phase. Large, polar compounds in the oil phase can absorb onto the solid surface, leaving an oil 
film that may alter the wettability of the surface.

The concept of wettability leads to another significant factor in the recovery of oil. This fac-
tor is capillary pressure. To illustrate capillary pressure, consider a capillary tube that contains both 
oil and brine, the oil having a lower density than the brine. The pressure in the oil phase immedi-
ately above the oil-brine interface in the capillary tube will be slightly greater than the pressure in 
the water phase just below the interface. This difference in pressure is called the capillary pressure, 
Pc, of the system. The greater pressure will always occur in the nonwetting phase. An expression 
relating the contact angle, θ; the radius, rc, of the capillary in feet; the oil-brine interfacial tension, 
σwo, in dynes/cm; and the capillary pressure in psi is given by

 P
rc

wo

c
=

−9 519 10 7. ( ) cosσ θ
 (10.2)

This equation suggests that the capillary pressure in a porous medium is a function of the chemical 
composition of the rock and fluids, the pore-size distribution of the sand grains in the rock, and 
the saturation of the fluids in the pores. Capillary pressures have also been found to be a function 
of the saturation history, although this dependence is not reflected in Eq. (10.2). For this reason, 
different values of capillary pressure are obtained during the drainage process (i.e., displacing the 
wetting phase by the nonwetting phase), then during the imbibitions process (i.e., displacing the 
nonwetting phase with the wetting phase). This hysteresis phenomenon is exhibited in all rock- 
fluid systems.

It has been shown that the pressure required to force a nonwetting phase through a small 
capillary can be very large. For instance, the pressure drop required to force an oil drop through 
a tapering constriction that has a forward radius of 0.00002 ft, a rearward radius of 0.00005 ft, 
a contact angle of 0°, and an interfacial tension of 25 dynes/cm is 0.71 psi. If the oil drop were 
0.00035-ft long, a pressure gradient of 2029 psi/ft would be required to move the drop through the 
constriction. Pressure gradients of this magnitude are not realizable in reservoirs. Typical pressure 
gradients obtained in reservoir systems are of the order of 1 psi/ft to 2 psi/ft.
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Another factor affecting the microscopic displacement efficiency is the fact that when two 
or more fluid phases are present and flowing, the saturation of one phase affects the permeability 
of the other(s). The next section discusses in detail the important concept of relative permeability.

10.2.2 Relative Permeability
Except for gases at low pressures, the permeability of a rock is a property of the rock and not of the 
fluid that flows through it, provided that the fluid saturates 100% of the pore space of the rock. This 
permeability at 100% saturation of a single fluid is called the absolute permeability of the rock. 
If a core sample 0.00215 ft2 in cross section and 0.1-ft long flows a 1.0 cp brine with a formation 
volume factor of 1.0 bbl/STB at the rate of 0.30 STB/day under a 30 psi pressure differential, it has 
an absolute permeability of

 k q B L
A p

w w w

c
= =μ

0 001127

0 30 1 0 0 1

0 001127 0.

. ( . )( . )

. ( .Δ 000215 30
413

)( )
=  md

If the water is replaced by an oil of 3.0-cp viscosity and 1.2-bbl/STB formation volume factor, then, 
under the same pressure differential, the flow rate will be 0.0834 STB/day, and again the absolute 
permeability is

 k q B L
A p

o o o

c
= =μ

0 001127

0 0834 1 2 3 0 0 1

0 00.

. ( . )( . )( . )

.Δ 11127 0 00215 30
413

( . )( )
=  md

If the same core is maintained at 70% water saturation (Sw = 70%) and 30% oil saturation 
(So = 30%), and at these and only these saturations and under the same pressure drop, it flows  
0.18 STB/day of the brine and 0.01 STB/day of the oil, then the effective permeability to water is

 k q B L
A pw

w w w

c
= =μ

0 001127

0 18 1 0 1 0 0 1

0 001.

. ( . )( . )( . )

.Δ 1127 0 00215 30
248

( . )( )
=  md

and the effective permeability to oil is

 k q B L
A po

o o o

c
= =μ

0 001127

0 01 1 2 3 0 0 1

0 001.

. ( . )( . )( . )

.Δ 1127 0 00215 30
50

( . )( )
=  md

The effective permeability, then, is the permeability of a rock to a particular fluid when that fluid 
has a pore saturation of less than 100%. As noted in the foregoing example, the sum of the effective 
permeabilities (i.e., 298 md) is always less than the absolute permeability, 413 md.

When two fluids, such as oil and water, are present, their relative rates of flow are determined 
by their relative viscosities, their relative formation volume factors, and their relative permeabilities. 
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Relative permeability is the ratio of effective permeability to the absolute permeability. For the pre-
vious example, the relative permeabilities to water and to oil are
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The flowing water-oil ratio at reservoir conditions depends on the viscosity ratio and the 
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At 70% water saturation and 30% oil saturation, the water is flowing at 14.9 times the oil rate. 
Relative permeabilities may be substituted for effective permeabilities in the previous calculation 
because the relative permeability ratio, krw/kro, equals the effective permeability ratio, kw/ko. The 
term relative permeability ratio is more commonly used. For the previous example,

 
k
k

k k
k k

k
k

rw

ro

w

o

w

o
= = = = =/

/

.

.

248

50

0 60

0 12
5

Water flows at 14.9 times the oil rate because of a viscosity ratio of 3 and a relative permeability 
ratio of 5, both of which favor the water flow. Although the relative permeability ratio varies with 
the water-oil saturation ratio—in this example 70/30, or 2.33—the relationship is unfortunately far 
from one of simple proportionality.

Figure 10.1 shows a typical plot of oil and water relative permeability curves for a particular 
rock as a function of water saturation. Starting at 100% water saturation, the curves show that a 
decrease in water saturation to 85% (a 15% increase in oil saturation) sharply reduces the relative 
permeability to water from 100% down to 60%, and at 15% oil saturation, the relative permeability 
to oil is essentially zero. This value of oil saturation, 15% in this case, is called the critical satura-
tion, the saturation at which oil first begins to flow as the oil saturation increases. It is also called 
the residual saturation, the value below which the oil saturation cannot be reduced in an oil-water 
system. This explains why oil recovery by water drive is not 100% efficient. If the initial connate 



10.2	 Recovery	Efficiency	 361

water saturation is 20% for this particular rock, then the maximum recovery from the portion of the 
reservoir invaded by high-pressure water influx is

 Recovery
Initial Final

Initial

0.80 0.15

0.80
81%= − = − =

Experiments show that essentially the same relative permeability curves are obtained for a 
gas-water system as for the oil-water system, which also means that the critical, or residual, gas 
saturation will be the same. Furthermore, it has been found that if both oil and free gas are present, 
the residual hydrocarbon saturation (oil and gas) will be about the same, in this case 15%. Sup-
pose, then, that the rock is invaded by water at a pressure below saturation pressure so that gas has 
evolved from the oil phase and is present as free gas. If, for example, the residual free gas saturation 
behind the flood front is 10%, then the oil saturation is 5%, and neglecting small changes in the 
formation volume factors of the oil, the recovery is increased to
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Figure 10.1 Water-oil relative permeability curves.
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The recovery, of course, would not include the amount of free gas that once was part of the initial 
oil phase and has come out of solution.

Returning to Fig. 10.1, as the water saturation decreases further, the relative permeability to water 
continues to decrease and the relative permeability to oil increases. At 20% water saturation, the (con-
nate) water is immobile, and the relative permeability to oil is quite high. This explains why some rocks 
may contain as much as 50% connate water and yet produce water-free oil. Most reservoir rocks are 
preferentially water wet—that is, the water phase and not the oil phase is next to the walls of the pore 
spaces. Because of this, at 20% water saturation, the water occupies the least favorable portions of the 
pore spaces—that is, as thin layers about the sand grains, as thin layers on the walls of the pore cavities, 
and in the smaller crevices and capillaries. The oil, which occupies 80% of the pore space, is in the most 
favorable portions of the pore spaces, which is indicated by a relative permeability of 93%. The curves 
further indicate that about 10% of the pore spaces contribute nothing to the permeability, for at 10% 
water saturation, the relative permeability to oil is essentially 100%. Conversely, on the other end of the 
curves, 15% of the pore spaces contribute 40% of the permeability, for an increase in oil saturation from 
zero to 15% reduces the relative permeability to water from 100% to 60%.

In describing two-phase flow mathematically, it is typically the relative permeability ratio 
that enters the equations. Figure 10.2 is a plot of the relative permeability ratio versus water satura-
tion for the same data of Fig. 10.1. Because of the wide range of kro/krw values, the relative permea-
bility ratio is usually plotted on the log scale of a semilog graph. The central or main portion of the 
curve is quite linear on the semilog plot and in this portion of the curve, the relative permeability 
ratio may be expressed as a function of the water saturation by

 
k
k

aero

rw

bsw= −  (10.3)

The constants a and b may be determined from the graph shown in Fig. 10.2, or they may be deter-
mined from simultaneous equations. At Sw = 0.30, kro/krw = 25, and at Sw = 0.70, kro/krw = 0.14. Then,

 25 = ae–0.30b and 0.14 = ae –0.70b

Solving simultaneously, the intercept a = 1220 and the slope b = 13.0. Equation (10.3) indicates that 
the relative permeability ratio for a rock is a function of only the relative saturations of the fluids pres-
ent. Although it is true that the viscosities, the interfacial tensions, and other factors have some effect 
on the relative permeability ratio, for a given rock, it is mainly a function of the fluid saturations.

In many rocks, there is a transition zone between the water and the oil zones. In the true water 
zone, the water saturation is essentially 100%, although in some reservoirs, a small oil saturation 
may be found a considerable distance vertically below the oil-water contact. In the oil zone, there is 
usually connate water present, which is essentially immobile. For the present example, the connate 
water saturation is 20% and the oil saturation is 80%. Only water will be produced from a well 
completed in the true water zone, and only oil will be produced from the true oil zone. In the transi-
tion zone (Fig. 10.3), both oil and water will be produced, and the fraction that is water will depend 
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on the oil and water saturations at the point of completion. If the well in Fig. 10.3 is completed in 
a uniform sand at a point where So = 60% and Sw = 40%, the fraction of water in reservoir flow rate 
units or reservoir watercut may be calculated using Eq. (8.19):
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Since watercut, fw, is defined as
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Figure 10.2 Semilog plot of relative permeability ratio versus saturation.
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Combining these equations and canceling common terms,

 f k
k kw

w w

w w o o
=

+
/

/

μ
μ μ/

 f k
k

k
k

w
o w

w o

ro w

rw o

=
+

=
+

1

1

1

1
μ
μ

μ
μ

 (10.5)

The fractional flow in surface flow rate units, or surface watercut, may be expressed as
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 (10.6)

Either Eq. (10.5) or (10.6) can be used with the data of Fig. 10.1 and with viscosity data to calculate 
the watercut. From Fig. 10.1, at Sw = 0.40, krw = 0.045, and kro = 0.36. If μw = 1.0 cp and μo = 3.0 cp, 
then the reservoir watercut is

0 0.2 0.4 0.6
Water saturation

0.8 1.0

Water

Water

Transition
zone

Water + oil Oil

Oil

Figure 10.3 Sketch showing the variation in oil and water saturations in the transition zone.
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If the calculations for the reservoir watercut are repeated at several water saturations, and 
then the calculated values plotted versus water saturation, Fig. 10.4 will be the result. This plot is 
referred to as the fractional flow curve. The curve shows that the fractional flow of water ranges 
from 0 (for S

w
≤ the connate water saturation) to 1 (for S

w
 ≥ 1 minus the residual oil saturation).

10.2.3	 Macroscopic	Displacement	Efficiency
The following factors affect the macroscopic displacement efficiency: heterogeneities and anisot-
ropy, mobility of the displacing fluids compared with the mobility of the displaced fluids, the 
physical arrangement of injection and production wells, and the type of rock matrix in which the 
oil or gas exists.
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Figure 10.4 Fractional flow curve for the relative permeability data of Figure 10.1.
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Heterogeneities and anisotropy of a hydrocarbon-bearing formation have a significant effect 
on the macroscopic displacement efficiency. The movement of fluids through the reservoir will 
not be uniform if there are large variations in such properties as porosity, permeability, and clay 
cement. Limestone formations generally have wide fluctuations in porosity and permeability. Also, 
many formations have a system of microfractures or large macrofractures. Any time a fracture oc-
curs in a reservoir, fluids will try to travel through the fracture because of the high permeability of 
the fracture, which may lead to substantial bypassing of hydrocarbon.

Many producing zones are variable in permeability, both vertically and horizontally, leading 
to reduced vertical, Ei, and areal, Es, sweep efficiencies. Zones or strata of higher or lower per-
meability often exhibit lateral continuity throughout a reservoir or a portion thereof. Where such 
permeability stratification exists, the displacing water sweeps faster through the more permeable 
zones so that much of the oil in the less permeable zones must be produced over a long period of 
time at high water-oil ratios. The situation is the same, whether the water comes from natural influx 
or from injection systems.

The areal sweep efficiency is also affected by the type of flow geometry in a reservoir system. 
As an example, linear displacement occurs in uniform beds of constant cross section, where the 
entire input and outflow ends are open to flow. Under these conditions, the flood front advances as a 
plane (neglecting gravitational forces), and when it breaks through at the producing end, the sweep 
efficiency is 100%—that is, 100% of the bed volume has been contacted by the displacing fluid. If 
the displacing and displaced fluids are injected into and produced from wells located at the input 
and outflow ends of a uniform linear bed, such as the direct line-drive pattern arrangement shown 
in Fig. 10.5(a), the flood front is not a plane, and at breakthrough, the sweep efficiency is far from 
100%, as shown in Fig. 10.5(b).

Mobility is a relative measure of how easily a fluid moves through porous media. The 
apparent mobility, as defined in Chapter 8, is the ratio of effective permeability to fluid vis-
cosity. Since the effective permeability is a function of fluid saturations, several apparent mo-
bilities can be defined. When a fluid is being injected into a porous medium containing both 
the injected fluid and a second fluid, the apparent mobility of the displacing phase is usually 
measured at the average displacing phase saturation when the displacing phase just begins to 
break through at the production site. The apparent mobility of the nondisplacing phase is mea-
sured at the displacing phase saturation that occurs just before the beginning of the injection 
of the displacing phase.

Areal sweep efficiencies are a strong function of the mobility ratio. The mobility ratio M, as 
defined in Chapter 8, is a measure of the relative apparent mobilities in a displacement process and 
is given by

 
M k

k
w w

o o
= /

/

μ
μ

A phenomenon called viscous fingering can take place if the mobility of the displacing phase 
is much greater than the mobility of the displaced phase. Viscous fingering simply refers to the 
penetration of the much more mobile displacing phase into the phase that is being displaced.
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Figure 10.6(b) shows the effect of mobility ratio on areal sweep efficiency at initial breakthrough 
for a five-spot network (shown in Fig. 10.6(a)) obtained using the X-ray shadowgraph. The pat-
tern at breakthrough for a mobility ratio of 1 obtained with an electrolytic model is included for 
comparison.

The arrangement of injection and production wells depends primarily on the geology of 
the formation and the size (areal extent) of the reservoir. For a given reservoir, an operator has 
the option of using the existing well arrangement or drilling new wells in other locations. If the 
operator opts to use the existing well arrangement, there may be a need to consider converting 
production wells to injection wells or vice versa. An operator should also recognize that, when 

(a)

Producing well

Injection well

(b)

Figure 10.5(a) Direct-line-drive flooding network.

Figure 10.5(b)  The photographic history of a direct-line-drive fluid-injection system, under 
steady-state conditions, as obtained with a blotting-paper electrolytic model (after 
Wyckoff, Botset, and Muskat6).
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Producing well

Injection well
(a)

Mobility ratio = 0.45

Mobility
ratio = 1

Mobility
ratio = 1.67

X-ray
Electrolytic model

(b)

Figure 10.6(a) Five-spot flooding network.

Figure 10.6(b)  X-ray shadowgraph studies showing the effect of mobility ratio on areal sweep 
efficiency at breakthrough (after Slobod and Caudle7).
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a production well is converted to an injection well, the production capacity of the reservoir will 
have been reduced. This decision can often lead to major cost items in an overall project and 
should be given a great deal of consideration. Knowledge of any directional permeability effects 
and other heterogeneities can aid in the consideration of well arrangements. The presence of 
faults, fractures, and high-permeability streaks can dictate the shutting in of a well near one of 
these heterogeneities. Directional permeability trends can lead to a poor sweep efficiency in a 
developed pattern and can suggest that the pattern be altered in one direction or that a different 
pattern be used.

Sandstone formations are characterized by a more uniform pore geometry than limestone 
formations. Limestone formations have large holes (vugs) and can have significant fractures that 
are often connected. Limestone formations are associated with connate water that can have high 
levels of divalent ions such as Ca2+ and Mg2+. Vugular porosity and high-divalent ion content in 
their connate waters hinder the application of injection processes in limestone reservoirs. On the 
other hand, sometimes a sandstone formation can be composed of small sand grains that are so 
tightly packed that fluids will not readily flow through the formation.

10.3 Immiscible Displacement Processes
10.3.1 The Buckley-Leverett Displacement Mechanism
Oil is displaced from a rock by water similar to how fluid is displaced from a cylinder by a leaky 
piston. Buckley and Leverett developed a theory of displacement based on the relative permeability 
concept.8 Their theory is presented here.

Consider a linear bed containing oil and water (Fig. 10.7). Let the total throughput, q′ = qwBw + 
qoBo, in reservoir barrels be the same at all cross sections. For the present, we will neglect gravitational 

q't AC

O

dx

x

Water Oil

q't

fw fw – dfw

Figure 10.7 Representation of a linear bed containing oil and water.
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and capillary forces that may be acting. Let Sw be the water saturation in any element at time t (days). 
Then if oil is being displaced from the element, at time (t + dt), the water saturation will be (Sw + dSw). 
If φ is the total porosity fraction, Ac is the cross section in square feet, and dx is the thickness of the 
element in feet, then the rate of increase of water in the element at time t in barrels per day is

 
dW
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t

c w
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φ  

5 615.
 (10.7)

The subscript x on the derivative indicates that this derivative is different for each element. If fw is 
the fraction of water in the total flow of ′qt  barrels per day, then f qw t′  is the rate of water entering 
the left-hand face of the element, dx. The oil saturation will be slightly higher at the right-hand 
face, so the fraction of water flowing there will be slightly less, or fw – dfw. Then the rate of water 
leaving the element is ( ) .f df qw w t− ′  The net rate of gain of water in the element at any time, then, is

 dW
dt

f df q f q q dfw w t w t t w= − ′ − ′ = − ′( )  (10.8)

Equating (10.7) and (10.8),
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Now, for a given rock, the fraction of water fw is a function only of the water saturation Sw, as indi-
cated by Eq. (10.5), assuming constant oil and water viscosities. The water saturation, however, is 
a function of both time and position, x, which may be expressed as fw = F(Sw) and Sw = G(t, x). Then
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Now, there is interest in determining the rate of advance of a constant saturation plane, or front, 
(∂x/∂t)Sw (i.e., where Sw is constant). Then, from Eq. (10.10),
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Substituting Eq. (10.9) in Eq. (10.11),
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But
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Eq. (10.12) then becomes
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Because the porosity, area, and throughput are constant and because, for any value of Sw, the deriva-
tive ∂fw/∂Sw is a constant, the rate dx/dt is constant. This means that the distance a plane of constant 
saturation, Sw, advances is directly proportional to time and to the value of the derivative (∂fw/∂Sw) 
at that saturation, or
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We now apply Eq. (10.15) to a reservoir under active water drive where the walls are located 
in uniform rows along the strike on 40-ac spacing, as shown in Fig. 10.8. This gives rise to approx-
imate linear flow, and if the daily production of each of the three wells located along the dip is 200 
STB of oil per day, then for an active water drive and an oil volume factor of 1.50 bbl/STB, the total 
reservoir throughput, ′qt ,  will be 900 bbl/day.

The cross-sectional area is the product of the width, 1320 ft, and the true formation thickness, 
20 ft, so that for a porosity of 25%, Eq. (10.15) becomes
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If we let x = 0 at the bottom of the transition zone, as indicated in Fig. 10.8, then the distances the 
various constant water saturation planes will travel in, say, 60, 120, and 240 days are given by
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The value of the derivative (∂fw/∂Sw) may be obtained for any value of water saturation, Sw, 
by plotting fw from Eq. (10.5) versus Sw and graphically taking the slopes at values of Sw. This is 
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shown in Fig. 10.9 at 40% water saturation, using the relative permeability ratio data of Table 10.1 
and a water-oil viscosity ratio of 0.50. For example, at Sw = 0.40, where ko/kw = 5.50 (Table 10.1),

 fw =
+ ×

=1

1 0 50 5 50
0 267

. .
.

The slope taken graphically at Sw = 0.40 and fw = 0.267 is 2.25, as shown in Fig. 10.9.
The derivative (∂fw/∂Sw) may also be obtained mathematically using Eq. (10.3) to represent 

the relationship between the relative permeability ratio and the water saturation. Differentiating Eq. 
(10.16), the following is obtained:
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For the ko/kw data of Table 10.1, a = 540 and b = 11.5. Then, at Sw = 0.40, for example, by Eq. (10.17),
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Figure 10.8 Representation of a reservoir under an active water drive.
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Figure 10.9 Watercut plotted versus water saturation.

Table 10.1 Buckley- Leverett Frontal Advance Calculations
(1) (2) (3) (4) (5) (6) (7)
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(Eq. [10.5])
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0.20 inf. 0.000 0.00 0 0 0

0.30 17.0 0.105 1.08 50 100 200

0.40 5.50 0.267 2.25 104 208 416

0.50 1.70 0.541 2.86 131 262 524

0.60 0.55 0.784 1.95 89 179 358

0.70 0.17 0.922 0.83 38 76 153

0.80 0.0055 0.973 0.30 14 28 55

0.90 0.000 1.000 0.00 0 0 0



374	 Chapter	10	 •	 The	Displacement	of	Oil	and	Gas

Figure 10.9 shows the fractional watercut, fW, and also the derivative (∂fw/∂Sw) plotted against water 
saturation from the data of Table 10.1. Equation (10.17) was used to determine the values of the 
derivative. Since Eq. (10.3) does not hold for the very high and for the quite low water saturation 
ranges, some error is introduced below 30% and above 80% water saturation. Since these are in the 
regions of the lower values of the derivatives, the overall effect on the calculation is small.

The lowermost curve of Fig. 10.10 represents the initial distribution of water and oil in the 
linear sand body of Fig. 10.8. Above the transition zone, the connate water saturation is constant at 
20%. Equation (10.16) may be used with the values of the derivatives, calculated in Table 10.1 and 
plotted in Fig. 10.9, to construct the frontal advance curves shown in Fig. 10.10 at 60, 120, and 240 
days. For example, at 50% water saturation, the value of the derivative is 2.86; so by Eq. (10.16), 
at 60 days, the 50% water saturation plane, or front, will advance a distance of

 x f
S

w

w Sw

= ∂
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= × =46 46 2 86 131.  feet

This distance is plotted as shown in Fig. 10.10 along with the other distances that have been  
calculated in Table 10.1 for the other time values and other water saturations. These curves are char-
acteristically double valued or triple valued. For example, Fig. 10.10 indicates that the water satu-
ration after 240 days at 400 ft is 20%, 36%, and 60%. The saturation can be only one value at any 
place and time. The difficulty is resolved by dropping perpendiculars so that the areas to the right  
(A) equal the areas to the left (B), as shown in Fig. 10.10.
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Figure 10.10 Fluid distributions at initial conditions and at 60, 120, and 240 days.
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Figure 10.11 represents the initial water and oil distributions in the reservoir unit and also 
the distributions after 240 days, provided the flood front has not reached the lowermost well. 
The area to the right of the flood front in Fig. 10.11 is commonly called the oil bank and the 
area to the left is sometimes called the drag zone. The area above the 240-day curve and below 
the 90% water saturation curve represents oil that may yet be recovered or dragged out of the 
high-water saturation portion of the reservoir by flowing large volumes of water through it. The 
area above the 90% water saturation curve represents unrecoverable oil, since the critical oil 
saturation is 10%.

This presentation of the displacement mechanism has assumed that capillary and gravita-
tional forces are negligible. These two forces account for the initial distribution of oil and water 
in the reservoir unit, and they also act to modify the sharp flood front in the manner indicated in  
Fig. 10.11. If production ceases after 240 days, the oil-water distribution will approach one similar 
to the initial distribution, as shown by the dashed curve in Fig. 10.11.

Figure 10.11 also indicates that a well in this reservoir unit will produce water-free oil until 
the flood front approaches the well. Thereafter, in a relatively short period, the watercut will rise 
sharply and be followed by a relatively long period of production at high, and increasingly higher, 
watercuts. For example, just behind the flood front at 240 days, the water saturation rises from 20% 
to about 60%—that is, the watercut rises from zero to 78.4% (see Table 10.1). When a producing 
formation consists of two or more rather definite strata, or stringers, of different permeabilities, the 
rates of advance in the separate strata will be proportional to their permeabilities, and the overall 
effect will be a combination of several separate displacements, such as described for a single ho-
mogeneous stratum.
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Figure 10.11 Water saturation plotted versus distance along bed.
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10.3.2	 	The	Displacement	of	Oil	by	Gas,	with	and	without	Gravitational	
Segregation

The method discussed in the previous section also applies to the displacement of oil by gas drive. The 
treatment of oil displacement by gas in this section considers only gravity drainage along dip. Richard-
son and Blackwell showed that in some cases there can be a significant vertical component of drainage.9

Due to the high oil-gas viscosity ratios and the high gas-oil relative permeability ratios at 
low gas saturations, the displacement efficiency by gas is generally much lower than that by wa-
ter, unless the gas displacement is accompanied by substantial gravitational segregation. This is 
basically the same reason for the low recoveries from reservoirs produced under the dissolved gas 
drive mechanism. The effect of gravitational segregation in water-drive oil reservoirs is usually of 
much less concern because of the higher displacement efficiencies and the lower oil-water density 
differences, whereas the converse is generally true for gas-oil systems. Welge showed that capillary 
forces may generally be neglected in both, and he introduced a gravitational term in Eq. (10.5), as 
will be shown in the following equations.10 As with water displacement, a linear system is assumed, 
and a constant gas pressure throughout the system is also assumed so that a constant throughput 
rate may be used. These assumptions also allow us to eliminate changes caused by gas density, oil 
density, oil volume factor, and the like. Equation (8.1) may be applied to both the oil and gas flow, 
assuming the connate water is essentially immobile, so that the fraction of the flowing reservoir 
fluid volume, which is gas, is
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The total velocity is vt, which is the total throughput rate ′qt  divided by the cross-sectional area 
Ac. The reservoir gas density, ρg, is in lb

m
/ft3. The constant 0.00694 that appears in Eqs. (10.18) 

and (10.19) is a result of multiplying 0.433 and 62.4 lb
m
/ft3, the density of water. When capillary 

forces are neglected, as they are in this application, the pressure gradients in the oil and gas 
phases are equal. Equation (8.1) may be solved for the pressure gradient by applying it to the oil 
phase, or
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Substituting the pressure gradient of Eq. (10.19) in Eq. (10.18),
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Expanding and multiplying through by (ko/kg)(μg/μo),
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But υo/υt is the fraction of oil flowing, which equals 1 minus the gas flowing, (1 – fg). Then, finally,
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The relative permeability ratio (kro/krg) may be used for the effective permeability ratio in the de-
nominator of Eq. (10.22); however, the permeability to oil, ko, in the numerator is the effective 
permeability and cannot be replaced by the relative permeability. It may, however, be replaced with 
(krok), where k is the absolute permeability. The total velocity, υt, is the total throughput rate, ′qt ,  
divided by the cross-sectional area, Ac. Inserting these equivalents, the fractional gas flow equation 
with gravitational segregation becomes
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If the gravitational forces are small, Eq. (10.23) reduces to the same type of fractional flow equa-
tion as Eq. (10.5), or
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Although Eq. (10.24) is not rate sensitive (i.e., it does not depend on the throughput rate), 
Eq. (10.23) includes the throughput velocity ′q At c/  and is therefore rate sensitive. Since the total 
throughput rate, ′qt ,  is in the denominator of the gravitational term of Eq. (10.23), rapid displace-
ment (i.e., large ′[ ]q At c/ ) reduces the size of the gravitational term, and so causes an increase in 
the fraction of gas flowing, fg. A large value of fg implies low displacement efficiency. If the gravi-
tational term is sufficiently large, fg becomes zero, or even negative, which indicates countercurrent 
flow of gas updip and oil downdip, resulting in maximum displacement efficiency. In the case of 
a gas cap that overlies most of an oil zone, the drainage is vertical, and cos α = 1.00; in addition, 
the cross-sectional area is large. If the vertical effective permeability ko is not reduced to a very low 
level by low permeability strata, gravitational drainage will substantially improve recovery.
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The use of Eq. (10.23) is illustrated using the data given by Welge for the Mile Six Pool, Peru, 
where advantage was taken of good gravitational segregation characteristics to improve recovery.10 
Pressure maintenance by gas injection has been practiced since 1933 by returning produced gas 
and other gas to the gas cap so that reservoir pressure has been maintained within 200 psi of its 
initial value. Figure 10.12 shows the average relative permeability characteristics of the Mile Six 
Pool reservoir rock. As is common in gas-oil systems, the saturations are expressed in percentages 
of the hydrocarbon porosity, and the connate water, being immobile, is considered as part of the 
rock. The other pertinent reservoir rock and fluid data are given in Table 10.2. Substituting these 
data in Eq. (10.25),
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The values of fg have been calculated in Table 10.2 for three conditions: (1) assuming neg-
ligible gravitational segregation by using Eq. (10.24); (2) using the gravitational term equal to 
2.50 kro for the Mile Six Pool, Eq. (10.25); and (3) assuming the gravitational term equals 1.25kro, 
or half the value at Mile Six Pool. The values of fg for these three conditions are shown plotted in 
Fig. 10.13. The negative values of fg for the conditions that existed in the Mile Six Pool indicate 
countercurrent gas flow (i.e., gas updip and oil downdip) in the range of gas saturations between an 
assumed critical gas saturation of 5% and about 17%.

The distance of advance of any gas saturation plane may be calculated for the Mile Six Pool, 
using Eq. (10.15), replacing water as the displacing fluid by gas, or
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Figure 10.12 Relative permeabilities for the Mile Six Pool, Peru.

Figure 10.13 Fraction of gas in reservoir stream for the Mile Six Pool, Peru.



Table 10.2 Mile Six Pool Reservoir Data and Calculations
Average absolute permeability = 300 md Reservoir oil specific gravity = 0.78 (water = 1)

Average hydrocarbon porosity = 0.1625 Reservoir gas specific gravity = 0.08 (water = 1)

Average connate water = 0.35 Reservoir temperature = 114°F

Average dip angle = 17° 30′ (α = 90°–  17°30′) Average reservoir pressure = 850 psia

Average cross- sectional area = 1,237,000 sq ft Average throughput = 11,600 reservoir bbl per day

Reservoir oil viscosity = 1.32 cp Oil volume factor = 1.25 bbl/STB

Reservoir gas viscosity = 0.0134 cp Solution gas at 850 psia = 400 SCF/STB

Gas deviation factor = 0.74

Sg 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60

ko/kg inf. 38 8.80 3.10 1.40 0.72 0.364 0.210 0.118 0.072 0.024 0.00

Gravity term = 0

fg 0 0.720 0.918 0.969 0.986 0.993 0.996 0.998 0.990 1.00 1.00 1.00

∂fg/∂Sg 7.40 1.20 0.60 0.30

x = 32∂fg/∂Sg 237 38 19 10

Gravity term = 2.50 × kro

kro 0.77 0.59 0.44 0.34 0.26 0.19 0.14 0.10 0.065 0.040 0.018 0.00

2.50 × kro 1.92 1.48 1.10 0.85 0.65 0.48 0.35 0.25 0.160 0.10 0.045 0.00

1– 2.5 kro – 0.92 – 0.48 – 0.10 0.15 0.35 0.52 0.65 0.75 0.84 0.90 0.955 1.00

fg 0 – 0.29 – 0.092 0.145 0.345 0.516 0.647 0.749 0.840 0.900 0.955 1.00

∂fg/∂Sg 3.30 4.40 4.30 3.60 3.00 2.50 1.95 1.60 1.20 0.80

32∂fg/∂Sg 106 141 138 115 96 80 62 51 38 26

Gravity term = 1.25 × kro

1.25 kro 0.96 0.74 0.55 0.425 0.325 0.240 0.175 0.125 0.080 0.050 0.023 0.00

1– 1.25 kro 0.04 0.26 0.45 0.575 0.675 0.760 0.825 0.875 0.920 0.950 0.977 1.00

fg 0.190 0.413 0.557 0.666 0.755 0.822 0.873 0.920 0.950 0.977 1.00

∂fg /∂Sg 4.00 3.60 2.40 1.90 1.50 1.20 1.00 0.80 0.60

32∂fg/∂Sg 128 115 77 61 48 38 32 26 19
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The values of the derivatives (∂fg/∂Sg) given in Table 10.2 have been determined graphically 
from Fig. 10.13. Figure 10.14 shows the plots of Eq. (10.26) to obtain the gas-oil distributions and 
the positions of the gas front after 100 days. The shape of the curves will not be altered for any oth-
er time. The distribution and fronts at 1000 days, for example, may be obtained by simply changing 
the scale on the distance axis by a factor of 10.

Welge showed that the position of the front may be obtained by drawing a secant from the 
origin as shown in Fig. 10.13.10 For example, the secant is tangent to the lower curve at 40% gas 
saturation. Then, in Fig. 10.14, the front may be found by dropping a perpendicular from the 
40% gas saturation as indicated. This will balance the areas of the S-shaped curve, which was 
done by trial and error in Fig. 10.10 for water displacement. In the case of water displacement, 
the secant should be drawn, not from the origin, but from the connate water saturation, as indi-
cated by the dashed line in Fig. 10.9. This is tangent at a water saturation of 60%. Referring to 
Fig. 10.10, the 240-day front is seen to occur at 60% water saturation. Owing to the presence 
of an initial transition zone, the fronts at 60 days and 120 days occur at slightly lower values of 
water saturation.

The much greater displacement efficiency with gravity segregation than without is apparent 
from Fig. 10.14. Since the permeability to oil is essentially zero at 60% gas saturation, the maxi-
mum recovery by gas displacement and gravity drainage is 60% of the initial oil in place. Actually, 
some small permeability to oil exists at even very low oil saturations, which explains why some 
fields may continue to produce at low rates for quite long periods after the pressure has been 
depleted. The displacement efficiency may be calculated from Fig. 10.14 by the measurement of 
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Figure 10.14 Fluid distributions in the Mile Six Pool after 100 days injection.
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areas. For example, the displacement efficiency at Mile Six Pool with full gravity segregation is in 
excess of

 Recovery
Area 

Area Area 
=

+
=

+
=B

A B
32 5

4 7 32 5
0 874

.

. .
. ,, . % or 87 4

If the gravity segregation had been half as effective, the recovery would have been about 60%; 
without gravity segregation, the recovery would have been only 24%. These recoveries are ex-
pressed as percentages of the recoverable oil. In terms of the initial oil in place, the recoveries are 
only 60% as large, or 52.4%, 36.0%, and 14.4%, respectively. Welge, Shreve and Welch, Kern, 
and others have extended the concepts presented here to the prediction of gas-oil ratios, produc-
tion rates, and cumulative recoveries, including the treatment of production from wells behind the 
displacement front.10,11,12 Smith has used the magnitude of the gravity term [(ko/μo)(ρo – ρg) cos α] 
as a criterion for determining those reservoirs in which gravity segregation is likely to be of consid-
erable importance.13 The data of Table 10.3 indicate that this gravity term must have a value above 
about 600 in the units used to be effective. An inspection of Eq. (10.23), however, shows that the 
throughput velocity ′( )q At c/  is also of primary importance.

One interesting application of gravity segregation is to the recovery of updip or “attic” oil in 
active water-drive reservoirs possessing good gravity segregation characteristics. When the struc-
turally highest well(s) has gone to water production, high-pressure gas is injected for a period. This 
gas migrates updip and displaces the oil downdip, where it may be produced from the same well in 
which the gas was injected. The injected gas is, of course, unrecoverable.

It appears from the previous discussions and examples that water is generally more efficient 
than gas in displacing oil from reservoir rocks, mainly because (1) the water viscosity is of the or-
der of 50 times the gas viscosity and (2) the water occupies the less conductive portions of the pore 
spaces, whereas the gas occupies the more conductive portions. Thus, in water displacement, the 
oil is left to the central and more conductive portions of the pore channels, whereas in gas displace-
ment, the gas invades and occupies the more conductive portions first, leaving the oil and water to 
the less conductive portions. What has been said of water displacement is true for preferentially 
water wet (hydrophilic) rock, which is the case for most reservoir rocks. When the rock is prefer-
entially oil wet (hydrophobic), the displacing water will invade the more conductive portions first, 
just as gas does, resulting in lower displacement efficiencies. In this case, the efficiency by water 
still exceeds that by gas because of the viscosity advantage that water has over gas.

10.3.3 Oil Recovery by Internal Gas Drive
Oil is produced from volumetric, undersaturated reservoirs by expansion of the reservoir fluids. 
Down to the bubble-point pressure, the production is caused by liquid (oil and connate water) ex-
pansion and rock compressibility (see Chapter 6, section 6.6). Below the bubble point, the expan-
sion of the connate water and the rock compressibility are negligible, and as the oil phase contracts 
owing to release of gas from solution, production is a result of expansion of the gas phase. When 
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Table 10.3 Gravity Drainage Experience (after R. H. Smith, Except for Mile Six Pool13)
Field and reservoir Oil  

viscosity 
(cp)

Oil  
permeability 

(md)

Oil 
mobility 
(md/cp)

Dip 
angle 
(deg.)

cos αa Density 
difference, 

Δp

Gravity 
drainage 

term, 
ko

oμ
ρ αΔ cos

Sand 
thick-

ness (ft)

Gravity 
drain-
age

Lakeview 17 2000 118 24 0.41 53.7 2590 100 Yes

Lance Creek 27B 0.4 80 200 4.5 0.08 39.3 630 Thin 
bedding

Yes

Sun Dance E2– 3 1.3 1100 846 22 0.37 40.6 12,710 45 Yes

Oklahoma City 2.1 600 286 36 0.59 34.9 5880 ? Yes

Kettleman, Temblor 0.8 72 90 30 0.50 35.6 1600 80 Yes

West Coyote, Emery 1.45 28 19.3 17 0.29 38.1 210 75 ?

San Miguelito, First 
Grubb

1.1 34 30.9 39 0.62 39.3 750 40 Yes

Huntington Beach, 
Lower Ashton

1.8 125 69 25 0.42 41.8 1220 50 Yes

Ellwood, Vaqueros 1.5 250 167 32 0.53 43.1 3810 120 Yes

San Ardo, Campbell 2000 4700 2.35 4 0.07 56.2 10 230 . . . 

Wilmington, Upper 
Terminal Block V

12.6 284 22.5 4 0.07 52.4 80 40 . . . 

Huntington Beach, Jones 40 600 15 11 0.19 54.3 150 40 No

Mile Six Pool, Peru 1.32 300 224 17.5 0.30 43.7 2980 635 Yes
a α = 90°–  dip angle
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the gas saturation reaches the critical value, free gas begins to flow. At fairly low gas saturations, 
the gas mobility, kg/μg, becomes large, and the oil mobility, ko/μo, becomes small, resulting in high 
gas-oil ratios and in low oil recoveries, usually in the range of 5% to 25%.

Because the gas originates internally within the oil, the method described in the previous 
section for the displacement of oil by external gas drive is not applicable. In addition, constant 
pressure was assumed in the external displacement so that the gas and oil viscosities and volume 
factors remained constant during the displacement. With internal gas drive, the pressure drops as 
production proceeds, and the gas and oil viscosities and volume factors continually change, further 
complicating the mechanism.

Because of the complexity of the internal gas drive mechanism, a number of simplifying as-
sumptions must be made to keep the mathematical forms reasonably simple. The following assump-
tions, generally made, do reduce the accuracy of the methods but, in most cases, not appreciably:

1. Uniformity of the reservoir at all times regarding porosity, fluid saturations, and relative per-
meabilities. Studies have shown that the gas and oil saturations about wells are surprisingly 
uniform at all stages of depletion.

2. Uniform pressure throughout the reservoir in both the gas and oil zones. This means the 
gas and oil volume factors, the gas and oil viscosities, and the solution gas will be the same 
throughout the reservoir.

3. Negligible gravity segregation forces
4. Equilibrium at all times between the gas and the oil phases
5. A gas liberation mechanism that is the same as that used to determine the fluid properties
6. No water encroachment and negligible water production

Several methods appear in the literature for predicting the performance of internal gas drive 
reservoirs from their rock and fluid properties. Three are discussed in this chapter: (1) Muskat’s 
method, (2) Schilthuis’s method, and (3) Tarner’s method.14,15,16 These methods relate the pressure 
decline to the oil recovery and the gas-oil ratio.

The reader will recall that the material balance is successful in predicting the perfor-
mance of volumetric reservoirs down to pressures at which free gas begins to flow. In the study 
of the Kelly-Snyder Field, Canyon Reef Reservoir, for example, in Chapter 6, section 6.4, 
the produced gas-oil ratio was assumed to be equal to the dissolved gas-oil ratio, down to the 
pressure at which the gas saturation reached 10%, the critical gas saturation assumed for that 
reservoir. Below this pressure (i.e., at higher gas saturations), both gas and oil flow to the well-
bores, their relative rates being controlled by their viscosities, which change with pressure, 
and by their relative permeabilities, which change with their saturations. It is not surprising, 
then, that the material balance principle (static) is combined with the producing gas-oil ratio 
equation (dynamic) to predict the performance at pressures at which the gas saturation exceeds 
the critical value.

In the Muskat method, the values of the many variables that affect the production of gas and 
oil and the values of the rates of changes of these variables with pressure are evaluated at any stage 
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of depletion (pressure). Assuming these values hold for a small drop in pressure, the incremental 
gas and oil production can be calculated for the small pressure drop. These variables are recalcu-
lated at the lower pressure, and the process is continued to any desired abandonment pressure. To 
derive the Muskat equation, let Vp be the reservoir pore volume in barrels. Then, the stock-tank 
barrels of oil remaining Nr at any pressure are given by

 N
S V
Br
o p

o
=  = stock-tank barrels (10.27)

Differentiating with respect to pressure,
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The gas remaining in the reservoir, both free and dissolved, at the same pressure, in standard cubic 
feet, is
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Differentiating with respect to pressure,
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If reservoir pressure is dropping at the rate dp/dt, then the current or producing gas-oil ratio at this 
pressure is

 R dG dp
dN dp

r

r
= /

/
 (10.31)

Substituting Eqs. (10.28) and (10.30) in Eq. (10.31),
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Equation (10.32) is simply an expression of the material balance for volumetric, undersaturated 
reservoirs in differential form. The producing gas-oil ratio may also be written as

 R R
k B
k Bso

g o o

o g g
= +

μ
μ  (10.33)

Equation (10.33) applies both to the flowing free gas and to the solution gas that flows to the well-
bore in the oil. These two types of gas make up the total surface producing gas-oil ratio, R, in SCF/
STB. Equation (10.33) may be equated to Eq. (10.32) and solved for dSo/dp to give
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To simplify the handling of Eq. (10.34), the terms in the numerator that are functions of pressure 
may only be grouped together and given the group symbols X(p), Y(p), and Z(p) as follows:
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Using these group symbols and placing Eq. (10.34) in an incremental form,
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Equation (10.36) gives the change in oil saturation that accompanies a pressure drop, Δp. The func-
tions X(p), Y(p), and Z(p) are obtained from the reservoir fluid properties using Eq. (10.35). The 
values of the derivatives dRso/dp, dBo/dp, and dBg/dp are found graphically from the plots of Rso, 
Bo, and Bg versus pressure. It has been found that when determining dBg/dp, the numbers are more 
accurately obtained by plotting 1/Bg versus pressure. When this is done, the following substitution 
is used:
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or
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In calculating ΔSo for any pressure drop Δp, the values of So, X(p), Y(p), Z(p), kg/ko, and μo/μg 
at the beginning of the interval may be used. Better results will be obtained, however, if values at 
the middle of the pressure drop interval are used. The value of So at the middle of the interval can 
be closely estimated from the ΔSo value for the previous interval and the value of kg/ko used cor-
responding to the estimated midinterval value of the oil saturation. In addition to Eq. (10.36), the 
total oil saturation must be calculated. This is done by simply multiplying the value of ΔSo/Δp by 
the pressure drop, Δp, and then subtracting the ΔSo from the oil saturation value that corresponds 
to the pressure at the beginning of the pressure drop interval, as shown in the following equation:

 S S p S
poj o j
o= − 



−( )1 Δ Δ

Δ
 (10.38)

where j corresponds to the pressure at the end of the pressure increment and j – 1 corresponds to 
the pressure at the beginning of the pressure increment.

The following procedure is used to solve for the ΔSo for a given pressure drop Δp:

1. Plot Rso, Bo, and Bg or 1/Bg versus pressure and determine the slope of each plot.
2. Solve Eq. (10.36) for ΔSo/Δp using the oil saturation that corresponds to the initial pressure 

of the given Δp.
3. Estimate Soj using Eq. (10.38).
4. Solve Eq. (10.36) using the oil saturation from step 3.
5. Determine an average value for ΔSo/Δp from the two values calculated in steps 2 and 4.
6. Using (ΔSo/Δp)ave, solve for Soj using Eq. (10.38). This value of Soj becomes So(j–1)

 for the next 
pressure drop interval.

7. Repeat steps 2 through 6 for all pressure drops of interest.

The Schilthuis method begins with the general material balance equation, which reduces to 
the following for a volumetric, undersaturated reservoir, using the single-phase formation volume 
factor:

 N
N B B R R

B B B R R
p o g p so

o oi g soi so
=

+ −
− + −
[ ( )]

( )  (10.39)

Notice that this equation contains variables that are a function of only the reservoir pressure, Bt, 
Bg, Rsoi, and Bti, and the unknown variables, Rp and Np. Rp, of course, is the ratio of cumulative oil 
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production, Np, to cumulative gas production, Gp. To use this equation as a predictive tool for Np, a 
method must be developed to estimate Rp. The Schilthuis method uses the total surface producing 
gas-oil ratio or the instantaneous gas-oil ratio, R, defined previously in Eq. (10.33) as

 R R
k B
k Bso

g o o

o g g
= +

μ
μ  (10.33)

The first term on the right-hand side of Eq. (10.33) accounts for the production of solution 
gas, and the second term accounts for the production of free gas in the reservoir. The second term 
is a ratio of the gas to oil flow equations discussed in Chapter 8. To calculate R with Eq. (10.33), 
information about the permeabilities to gas and oil is required. This information is usually known 
from laboratory measurements as a function of fluid saturations and is often available in graphic 
form (see Fig. 10.15). The fluid saturation equation is also needed:
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where

SL is the total liquid saturation (i.e., SL = Sw + So, which also equals 1 – Sg).

The solution of this set of equations to obtain production values requires a trial-and-error 
procedure. First, the material balance equation is rearranged to yield the following:
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All the parameters in Eq. (10.41) are known as functions of pressure from laboratory studies 
except Np/N and Rp. When the correct values of these two variables are used in Eq. (10.41) at a 
given pressure, then the left-hand side of the equation equals zero. The trial-and-error procedure 
follows this sequence of steps:

1. Guess a value for an incremental oil production (ΔNp/N) that occurs during a small drop in 
the average reservoir pressure (Δp).

2. Determine the cumulative oil production to pressure pj = pj–1
 – Δp by adding all the previous 

incremental oil productions to the guess during the current pressure drop. The subscript, j – 1, 
refers to the conditions at the beginning of the pressure drop and j to the conditions at the end 
of the pressure drop.
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 N
N

N
N

p p= ∑
Δ  (10.42)

3. Solve the total liquid saturation equation, Eq. (10.40), for SL at the current pressure of interest.
4. Knowing SL, determine a value for kg/ko from permeability ratio versus saturation informa-

tion, and then solve Eq. (10.33) for Rj at the current pressure.
5. Calculate the incremental gas production using an average value of the gas-oil ratio over the 

current pressure drop:

 R
R Rj j

ave =
+−1

2
 (10.43)
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6. Determine the cumulative gas production by adding all previous incremental gas productions 
in a similar manner to step 2, in which the cumulative oil was determined.

 G
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G
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Δ  (10.45)

Fluid saturation
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Figure 10.15 Permeability ratio versus fluid saturation.



390	 Chapter	10	 •	 The	Displacement	of	Oil	and	Gas

7. Calculate a value for Rp with the cumulative oil and gas amounts.

 R
G N
N Np

p

p
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/

/
 (10.46)

8. With the cumulative oil recovery from step 2 and the Rp from step 7, solve Eq. (10.41) to 
determine if the left-hand side equals zero. If the left-hand side does not equal zero, then a 
new incremental recovery should be guessed and the procedure repeated until Eq. (10.41) is 
satisfied.

Any one of a number of iteration techniques can be used to assist in the trial-and-error pro-
cedure. One that has been used is the secant method,17 which has the following iteration formula:
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To apply the secant method to the foregoing procedure, the left-hand side of Eq. (10.41) 
becomes the function, f, and the cumulative oil recovery becomes x. The secant method provides 
the new guess for oil recovery, and the sequence of steps is repeated until the function, f, is zero or 
within a specified tolerance (e.g., ±10–4). The solution procedure described earlier is fairly easy to 
program on a computer. The authors are keenly aware that programs like Excel can be used to solve 
this problem without writing a separate program to include a solution procedure like the secant 
method. However, an understanding of the secant method may help the reader to visualize how 
these solvers work, and for that reason, it is presented here.

The Tarner method for predicting reservoir performance by internal gas drive is presented 
in a form proposed by Tracy.18 Neglecting the formation and water compressibility terms, the gen-
eral material balance in terms of the single-phase oil formation volume factor may be written as 
follows:
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Tracy suggested writing
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where Φn, Φg, and Φw are simply a convenient collection of many terms, all of which are functions 
of pressure, except the ratio m, the initial free gas-to-oil volume. The general material balance 
equation may now be written as

 N = NpΦn + GpΦg – (We –Wp)Φw (10.52)

Applying this equation to the case of a volumetric, undersaturated reservoir,

 N = NpΦn + GpΦg (10.53)

In progressing from the conditions at any pressure, pj–1
, to a lower pressure, pj, Tracy 

suggested the estimation of the producing gas-oil ratio, R, at the lower pressure rather than 
estimating the production ΔNp during the interval, as we did in the Schilthuis method. The 
value of R may be estimated by extrapolating the plot of R versus pressure, as calculated at the 
higher pressure. Then the estimated average gas-oil ratio between the two pressures is given 
by Eq. (10.43):

 R
R Rj j

ave =
+−1

2
 (10.43)

From this estimated average gas-oil ratio for the Δp interval, the estimated production, ΔNp, for the 
interval is made using Eq. (10.53) in the following form:

 N = (Np(j–1)
 + ΔNp)Φnj + (Gp(j–1) 

+ R
ave

(ΔNp))Φgj (10.54)

From the value of ΔNp in Eq. (10.56), the value of Npj is found:

 Npj = Np(j–1)
 + ΔNp (10.55)

In addition to these equations, the total liquid saturation equation is required, Eq. (10.40). The 
solution procedure becomes as follows:
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1. Calculate the values of Φn and Φg as a function of pressure.
2. Estimate a value for Rj in order to calculate an R

ave
 for a pressure drop of interest, Δp.

3. Calculate ΔNp by rearranging Eq. (10.54) to give
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4. Calculate the total oil recovery from Eq. (10.55).
5. Determine kg/ko by calculating the total liquid saturation, SL, from Eq. (10.40) and using kg/ko 

versus saturation information.
6. Calculate a value of Rj by using Eq. (10.33), and compare it with the assumed value in step 

2. If these two values agree within some tolerance, then the ΔNp calculated in step 3 is cor-
rect for this pressure drop interval. If the value of Rj does not agree with the assumed value 
in step 2, then the calculated value should be used as the new guess and steps 2 through 6 
repeated.

As a further check, the value of Rave can be recalculated and Eq. (10.56) solved for ΔNp. Again, if 
the new value agrees with what was previously calculated in step 3 within some tolerance, it can 
be assumed that the oil recovery is correct. The three methods are illustrated in Example 10.1.

Table 10.4 Fluid Property Data for Example 10.1
Pressure 

(psia)
Bo (bbl/STB) Rso (SCF/STB) Bg (bbl/SCF) μo (cp) μg (cp)

2500 1.498 721 0.001048 0.488 0.0170

2300 1.463 669 0.001155 0.539 0.0166

2100 1.429 617 0.001280 0.595 0.0162

1900 1.395 565 0.001440 0.658 0.0158

1700 1.361 513 0.001634 0.726 0.0154

1500 1.327 461 0.001884 0.802 0.0150

1300 1.292 409 0.002206 0.887 0.0146

1100 1.258 357 0.002654 0.981 0.0142

900 1.224 305 0.003300 1.085 0.0138

700 1.190 253 0.004315 1.199 0.0134

500 1.156 201 0.006163 1.324 0.0130

300 1.121 149 0.010469 1.464 0.0126

100 1.087 97 0.032032 1.617 0.0122
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Example 10.1 Calculating Oil Recovery as a Function of Pressure
This example uses the (1) Muskat, (2) Schilthuis, and (3) Tarner methods for an undersaturated, 
volumetric reservoir. The recovery is calculated for the first 200-psi pressure increment from the 
initial pressure down to a pressure of 2300 psia.

Given
Initial reservoir pressure = 2500 psia
Initial reservoir temperature = 180°F
Initial oil in place = 56 × 106 STB
Initial water saturation = 0.20
Fluid property data are given in Table 10.4.
Permeability ratio data are plotted in Fig. 10.16.

Solution
The Muskat method involves the following sequence of steps:

1. Rso, Bo, and 1/Bg are plotted versus pressure to determine the slopes. Although the plots 
are not shown, the following values can be determined:
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The values of X(p), Y(p), and Z(p) are tabulated as follows, as a function of pressure:

Pressure X(p) Y(p) Z(p)
2500 psia 0.000182 0.003277 0.000454

2300 psia 0.000205 0.003795 0.000500

2. Calculate ΔSo/Δp using X(p), Y(p), and Z(p) at 2500 psia:
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3. Estimate Soj:

 S S p S
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 (10.38)

 Soj = 0.80 – 200(0.000146) = 0.7709

4. Calculate ΔSo/Δp using the Soj from step 3 and X(p), Y(p), and Z(p) at 2300 psia:
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5. Calculate the average ΔSo/Δp:
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6. Calculate Soj using (ΔSoΔp)ave from step 5:
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 Soj = 0.8 – 0.000159(200) = 0.7682

This value of So can now be used to calculate the oil recovery that has occurred down 
to a pressure of 2300 psia:
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Because the Schilthuis method involves an interactive procedure, an iterative solver, like 
Excel’s solver, is used to assist in the solution. For this problem, Np/N is the guess value that the 
solver will use to solve Eq. (10.41). The solver requires one guess value of Np/N to begin the 
iteration process.

1. Assume incremental oil recovery:
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3. Determine kg/ko from Fig. 10.16 and calculate R:
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4. Calculate incremental gas recovery:
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Figure 10.16 Permeability ratio relationship for Example 10.1.
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6. Use Excel’s solver function to solve Eq. (10.41) iteratively by changing Np/N until the 
left-hand side of Eq. (10.41) is equal to zero:
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Using this method, the correct value of fractional oil recovery down to 2300 psia is 
0.0165. To compare with the Muskat method, the recovery ratio must be multiplied by the 
initial oil in place, 56 M STB, to yield the total cumulative recovery:

 Np = 56(10)6 (0.0167) = 935,200 STB

The Tarner method requires the following steps:

1. Calculate Φn and Φg at 2300 psia:
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o so g

o oi soi so g
oi

gi
g gi

B R B

B B R R B mB
B

B B
=

−

− + − + + −( ) ( )
 (10.49)



398	 Chapter	10	 •	 The	Displacement	of	Oil	and	Gas

 
Φn = −

− + −
1 463 669 0 001155

1 463 1 498 721 669 0 00

. ( . )

. . ( ) . 11155
27 546= .

 Φg
g

o oi soi so g
oi

gi
g gi

B

B B R R B mB
B

B B
=

− + − + + −( ) ( )
 (10.50)

 Φg =
− + −

=0 001155

1 463 1 498 721 669 0 001155
0 0460

.

. . ( ) .
. 99

2. Assume Rj = 670 SCF/STB, which is just slightly larger than Rso, suggesting that only a 
very small amount of gas is flowing to the wellbore and is being produced:

 Rave = + =721 670

2
695 5.

3. Calculate ΔNp:
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4. Calculate Np:

 Npj = Np(j–1)
 + ΔNp (10.55)

 Np = ΔNp = 939,300 STB

5. Determine kg/ko:
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From this value of SL, the permeability ratio, kg/ko, can be obtained from Fig. 10.16. 
Since the curve is off the plot, a very small value of kg/ko = 0.00001 is estimated.

6. Calculate Rj and compare it with the assumed value in step 2:
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 = 669 4.

This value agrees very well with the value of 670 that was assumed in step 2, satisfying 
the constraints of the Tarner method. For the data given in this example, the three methods 
of calculation yielded values of Np that are within 0.5%. This suggests that any one of the 
three methods may be used to predict oil and gas recovery, especially considering that 
many of the parameters used in the equations could be in error more than 0.5%.

10.4 Summary
The intent of this chapter was to present fundamental concepts that can help reservoir engineers 
understand the immiscible displacement of oil and gas. Many practicing engineers will need to 
add the tool of reservoir simulation to the concepts discussed in this chapter. The simulation of 
reservoirs involves many of the equations that have been presented in this chapter, along with much 
more involved mathematics and computer programming. The interested reader is referred to a num-
ber of published works that describe the important field of reservoir simulation.19–22

Problems
10.1 (a)  A rock 10 cm long and 2 cm2 in cross section flows 0.0080 cm3/sec of a 2.5-cp oil under a 

1.5-atm pressure drop. If the oil saturates the rock 100%, what is its absolute permeability?
(b) What will be the rate of 0.75-cp brine in the same core under a 2.5-atm pressure drop 

if the brine saturates the rock 100%?
(c) Is the rock more permeable to the oil at 100% oil saturation or to the brine at 100% 

brine saturation?
(d) The same core is maintained at 40% water saturation and 60% oil saturation. Under a 

2.0-atm pressure drop, the oil flow is 0.0030 cm3/sec and the water flow is 0.004 cm3/
sec. What are the effective permeabilities to water and to oil at these saturations?

(e) Explain why the sum of the two effective permeabilities is less than the absolute 
permeability.



400	 Chapter	10	 •	 The	Displacement	of	Oil	and	Gas

(f) What are the relative permeabilities to oil and water at 40% water saturation?
(g) What is the relative permeability ratio ko/kw at 40% water saturation?
(h) Show that the effective permeability ratio is equal to the relative permeability ratio.

10.2 The following permeability data were measured on a sandstone as a function of its water 
saturation:

Sw 0 10 20 30a 40 50 60 70 75 80 90 100

kro 1.0 1.0 1.0 0.94 0.80 0.44 0.16 0.045 0 0 0 0

krw 0 0 0 0 0.04 0.11 0.20 0.30 0.36 0.44 0.68 1.0
a Critical saturations for oil and water

(a) Plot the relative permeabilities to oil and water versus water saturation on Cartesian 
coordinate paper.

(b) Plot the relative permeability ratio versus water saturation on semilog paper.
(c) Find the constants a and b in Eq. (10.3) from the slope and intercept of your graph. 

Also find a and b by substituting two sets of data in Eq. (10.3) and solving simulta-
neous equations.

(d) If μo = 3.4 cp, μw = 0.68 cp, Bo = 1.50 bbl/STB, and Bw = 1.05 bbl/STB, what is the 
surface watercut of a well completed in the transition zone where the water saturation 
is 50%?

(e) What is the reservoir watercut in part (d)?
(f) What percentage of recovery will be realized from this sandstone under high-pressure 

water drive from that portion of the reservoir above the transition zone invaded by wa-
ter? The initial water saturation above the transition zone is 30%.

(g) If water drive occurs at a pressure below saturation pressure such that the average gas 
saturation is 15% in the invaded portion, what percentage of recovery will be realized? 
The average oil volume factor at the lower pressure is 1.35 bbl/STB and the initial oil 
volume factor is 1.50 bbl/STB.

(h) What fraction of the absolute permeability of this sandstone is due to the least perme-
able pore channels that make up 20% of the pore volume? What fraction is due to the 
most permeable pore channels that make up 25% of the pore volume?

10.3 Given the following reservoir data,

 Throughput rate = 1000 bbl/day
 Average porosity = 18%
 Initial water saturation = 20%
 Cross-sectional area = 50,000 ft2

 Water viscosity = 0.62 cp
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 Oil viscosity = 2.48 cp
 ko/kw versus Sw data in Figs. 10.1 and 10.2

assume zero transition zone and

(a) Calculate fw and plot versus Sw.
(b) Graphically determine ∂fw/∂Sw at a number of points and plot versus Sw.
(c) Calculate ∂fw/∂Sw at several values of Sw using Eq. (10.17), and compare with the graph-

ical values of part (b).
(d) Calculate the distances of advance of the constant saturation fronts at 100, 200, and 

400 days. Plot on Cartesian coordinate paper versus Sw. Equalize the areas within and 
without the flood front lines to locate the position of the flood fronts.

(e) Draw a secant line from Sw = 0.20 tangent to the fw versus Sw curve in part (b), and show 
that the value of Sw at the point of tangency is also the point at which the flood front 
lines are drawn.

(f) Calculate the fractional recovery when the flood front first intercepts a well, using the 
areas of the graph of part (d). Express the recovery in terms of both the initial oil in 
place and the recoverable oil in place (i.e., recoverable after infinite throughput).

(g) To what surface watercut will a well rather suddenly rise when it is just enveloped by 
the flood fronts? Use Bo = 1.50 bbl/STB and Bw = 1.05 bbl/STB.

(h) Do the answers to parts (f) and (g) depend on how far the front has traveled? Explain.

10.4 Show that for radial displacement where rw <<,

 r q
h

f
S

t w

w
= ′









∂
∂







5 615
1 2

.
/

πϕ

where r is the distance a constant saturation front has traveled.

10.5 Given the following reservoir data,

Sg 10a 15 20 25 30 35 40 45 50 62a

kg/ko 0 0.08 0.20 0.40 0.85 1.60 3.00 5.50 10.0

kro 0.70 0.52 0.38 0.28 0.20 0.14 0.11 0.07 0.04 0
a Critical saturations for gas and oil

 Absolute permeability = 400 md
 Hydrocarbon porosity = 15%
 Connate water = 28%
 Dip angle = 20°
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 Cross-sectional area = 750,000 ft2

 Oil viscosity = 1.42 cp
 Gas viscosity = 0.015 cp
 Reservoir oil specific gravity = 0.75
 Reservoir gas specific gravity = 0.15 (water = 1)
 Reservoir throughput at constant pressure = 10,000 bbl/day

(a) Calculate and plot the fraction of gas, fg, versus gas saturation similar to Fig. 10.13 both 
with and without the gravity segregation term.

(b) Plot the gas saturation versus distance after 100 days of gas injection both with and 
without the gravity segregation term.

(c) Using the areas of part (b), calculate the recoveries behind the flood front with and 
without gravity segregation in terms of both initial oil and recoverable oil.

10.6 Derive an equation, including a gravity term similar to Eq. (10.23) for water displacing oil.

10.7 Rework the water displacement calculation of Table 10.1, and include a gravity segregation 
term. Assume an absolute permeability of 500 md, a dip angle of 45°, and a density differ-
ence of 20% between the reservoir oil and water and an oil viscosity of 1.6 cp. Plot water 
saturation versus distance after 240 days and compare with Fig. 10.11.

Sw 20 30 40 50 60 70 80 90

kro 0.93 0.60 0.35 0.22 0.12 0.05 0.01 0

10.8 Continue the calculations of Problem 10.1 down to a reservoir pressure of 100 psia, using

(a) Muskat method
(b) Schilthuis method
(c) Tarner method
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Enhanced Oil Recovery

11.1 Introduction
The initial production of hydrocarbons from an oil-bearing formation is accomplished by the use 
of natural reservoir energy. As discussed in Chapter 1, this type of production is termed prima-
ry production. Sources of natural reservoir energy that lead to primary production include the 
swelling of reservoir fluids, the release of solution gas as the reservoir pressure declines, nearby 
communicating aquifers, and gravity drainage. When the natural reservoir energy has been deplet-
ed, it becomes necessary to augment the natural energy from an external source. The Society of 
Petroleum Engineers has defined the term enhanced oil recovery (EOR) as the following: “one or 
more of a variety of processes that seek to improve recovery of hydrocarbon from a reservoir after 
the primary production phase.”1

These EOR techniques have been lumped into two categories—secondary and tertiary recov-
ery processes. It is these processes that provide the additional energy to produce oil from reservoirs 
in which the primary energy has been depleted.

Typically, the first attempt to supply energy from an external source is accomplished by 
the injection of an immiscible fluid—either water, referred to as waterflooding, or a natural gas, 
referred to as gasflooding. The use of this injection scheme is called a secondary recovery opera-
tion. Frequently, the main purpose of either a water or a gas injection process is to repressurize the 
reservoir and then maintain the reservoir at a high pressure. Hence the term pressure maintenance 
is sometimes used to describe most secondary recovery processes.

Tertiary recovery processes were developed for application in situations where secondary 
processes had become ineffective. However, the same tertiary processes were also considered for 
reservoir applications where secondary recovery techniques were not used because of low recovery 
potential. In the latter case, the name tertiary is a misnomer. For most reservoirs, it is advantageous 
to begin a secondary or a tertiary process concurrent with primary production. For these applica-
tions, the term EOR was introduced.

A process that is not discussed in this text is the use of pumpjacks at the end of primary 
production. A pumpjack is basically a device used with a downhole pump to help lift oil from the 

C h a p t e r  1 1
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reservoir when the reservoir pressure has been depleted to a point where the oil cannot travel to 
the surface. Most producing companies will employ this technology, but it is not considered an 
enhanced oil recovery process.

On the average, primary production methods will produce from a reservoir about 25% to 
30% of the initial oil in place. The remaining oil, 70% to 75% of the initial resource, is a large and 
attractive target for enhanced oil recovery techniques. This chapter will provide an introduction to 
the main types of EOR techniques that have been used in the industry. Much of the information 
in this chapter has been taken from an article written by one of the authors and published in the 
Encyclopedia of Physical Science and Technology (third edition).2 The information is used with 
permission from Elsevier.

11.2 Secondary Oil Recovery
As mentioned in the previous section, there are in general two types of secondary recovery 
processes—waterflooding and gasflooding. These will both be discussed in this section. Water-
flooding has been the most used process, but gasflooding has proven very useful with reservoirs 
with a gas cap and where the hydrocarbon formation has a significant dip structure to it.

Waterflooding recovers oil by the water moving through the reservoir as a bank of fluid and 
“pushing” oil ahead of it. The recovery efficiency of a waterflood is largely a function of the sweep 
efficiency of the flood and the ratio of the oil and water viscosities. Sweep efficiency, as discussed 
in Chapter 10, is a measure of how well the water has contacted the available pore space in the 
oil-bearing zone. Gross heterogeneities in the rock matrix lead to low sweep efficiencies. Fractures, 
high-permeability streaks, and faults are examples of gross heterogeneities. Homogeneous rock 
formations provide the optimum setting for high sweep efficiencies. When injected water is much 
less viscous than the oil it is meant to displace, the water could begin to finger or channel through 
the reservoir. As discussed in Chapter 10, section 2.3, this fingering or channeling is referred to 
as viscous fingering and may lead to significant bypassing of residual oil and lower flooding effi-
ciencies. This bypassing of residual oil is an important issue in applying any enhanced oil recovery 
technique, including waterflooding.

Gas is also used in a secondary recovery process called gasflooding. When gas is the pres-
sure maintenance agent, it is usually injected into a zone of free gas (i.e., a gas cap) to maximize 
recovery by gravity drainage. The injected gas is usually produced natural gas from the reservoir in 
question. This, of course, defers the sale of that gas until the secondary operation is completed and 
the gas can be recovered by depletion. Other gases, such as N

2
 and CO

2
, can be injected to maintain 

reservoir pressure. This allows the natural gas to be sold as it is produced.

11.2.1	 Waterflooding
The waterflooding process was discovered quite by accident more than 100 years ago when water 
from a shallow water-bearing horizon leaked around a packer and entered an oil column in a well. 
The oil production from the well was curtailed, but production from surrounding wells increased. 
Over the years, the use of waterflooding grew slowly until it became the dominant fluid injection 
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recovery technique. In the following sections, an overview of the process is provided, including 
information regarding the characteristics of good waterflood candidates and the location of in-
jectors and producers in a waterflood. Ways to estimate the recovery of a waterflood are briefly 
discussed. The reader is referred to several good references on the subject that provide detailed 
design criteria.3–7

11.2.1.1	 Waterflooding	Candidates
Several factors lend an oil reservoir to a successful waterflood. They can be generalized in two 
categories: reservoir characteristics and fluid characteristics.

The main reservoir characteristics that affect a waterflood are depth, structure, homogeneity, 
and petrophysical properties such as porosity, saturation, and average permeability. The depth of 
the reservoir affects the waterflood in two ways. First, investment and operating costs generally 
increase as the depth increases, as a result of the increase in drilling and lifting costs. Second, the 
reservoir must be deep enough for the injection pressure to be less than the fracture pressure of the 
reservoir. Otherwise, fractures induced by high water injection rates could lead to poor sweep effi-
ciencies if the injected water channels through the reservoir to the producing wells. If the reservoir 
has a dipped structure, gravity effects can often be used to increase sweep efficiencies. The homo-
geneity of a reservoir plays an important role in the effectiveness of a waterflood. The presence 
of faults, permeability trends, and the like affect the location of new injection wells because good 
communication is required between injection and production wells. However, if serious channeling 
exists, as in some reservoirs that are significantly heterogeneous, then much of the reservoir oil will 
be bypassed and the water injection will be rendered useless. If a reservoir has insufficient porosity 
and oil saturation, then a waterflood may not be economically justified, on the basis that not enough 
oil will be produced to offset investment and operating costs. The average reservoir permeability 
should be high enough to allow sufficient fluid injection without parting or fracturing the reservoir.

The principal fluid characteristic is the viscosity of the oil compared to that of the injected 
water. The important variable to consider is actually the mobility ratio, which was defined earlier 
in Chapter 8 and includes not only the viscosity ratio but also a ratio of the relative permeabilities 
to each fluid phase:

 M k
k

w w

o o
= /

/

μ
μ

A good waterflood has a mobility ratio around 1. If the reservoir oil is extremely viscous, then the 
mobility ratio will likely be much greater than 1, viscous fingering will occur, and the water may 
bypass much of the oil.

11.2.1.2 Location of Injectors and Producers
The injection and production wells in a waterflood should be placed to accomplish the following: 
(1) provide the desired oil productivity and the necessary water injection rate to yield this oil pro-
ductivity and (2) take advantage of the reservoir characteristics, such as dip, faults, fractures, and 
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permeability trends. In general, two kinds of flooding patterns are used: peripheral flooding and 
pattern flooding.

Pattern flooding is used in reservoirs having a small dip and a large surface area. Some of 
the more common patterns are shown in Fig. 11.1. Table 11.1 lists the ratio of producing wells 
to injection wells in the patterns shown in Fig. 11.1. If the reservoir characteristics yield lower 
injection rates than those desired, the operator should consider using either a seven- or a nine-
spot pattern, where there are more injection wells per pattern than producing wells. A similar 
argument can be made for using a four-spot pattern in a reservoir with low flow rates in the 
production wells.

Producing well

Direct-line drive Staggered-line drive

Seven spot Nine spot

Four spot Five spot

Injection well

Figure 11.1 Geometry of common pattern floods.
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The direct-line drive and staggered-line drive patterns are frequently used because they usu-
ally involve the lowest investment. Some of the economic factors to consider include the cost of 
drilling new wells, the cost of switching existing wells to a different type (i.e., a producer to an 
injector), and the loss of revenue from the production when making a switch from a producer to 
an injector.

In peripheral flooding, the injectors are grouped together, unlike in pattern floods where the 
injectors are interspersed with the producers. Figure 11.2 illustrates two cases in which peripheral 
floods are sometimes used. In Fig. 11.2(a), a schematic of an anticlinal reservoir with an underlying 
aquifer is shown. The injectors are placed so that the injected water either enters the aquifer or is 
near the aquifer-reservoir interface. The pattern of wells on the surface, shown in Fig. 11.2(a), is a 
ring of injectors surrounding the producers. A monoclinal reservoir with an underlying aquifer is 
shown in Fig. 11.2(b). In this case, the injectors are again placed so that the injected water either 
enters the aquifer or enters near the aquifer-reservoir interface. When this is done, the well arrange-
ment shown in Fig. 11.2(b), where all the injectors are grouped together, is obtained.

Since the 1990s, other water injections schemes have been used. These include horizontal 
wells and injection pressures above the reservoir fracturing pressure. The use of these schemes 
has resulted in mixed success. The reader is encouraged to pursue the literature to research these 
techniques if further interest is warranted.6–9

11.2.1.3	 Estimation	of	Waterflood	Recovery	Efficiency
Equation (11.1) is an expression for the overall recovery efficiency for any fluid displacement 
process:

 E = EvEd (11.1)

where

E = overall recovery efficiency
Ev = volumetric displacement efficiency
Ed = microscopic displacement efficiency

Table 11.1 Ratio of Producing Wells to Injection Wells for Several Pattern Arrangements
Pattern Ratio	of	producing	wells	to	injection	wells
Four spot 2

Five spot 1

Seven spot 1/2

Nine spot 1/3

Direct- line drive 1

Staggered- line drive 1
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The volumetric displacement efficiency is made up of the areal displacement efficiency, Es, and the 
vertical displacement efficiency, Ei. To estimate the overall recovery efficiency, values for Es, Ei, 
and Ed must be estimated. Methods of estimating these terms are discussed in waterflood textbooks 
and are too lengthy to present in detail here.3–7 However, some brief, general comments concerning 
each of the displacement efficiencies can be made.

There are several methods of obtaining estimates for the microscopic displacement efficien-
cy. The basis for one method was presented in section 10.3.1 in Chapter 10. The areal displace-
ment, or sweep, efficiency is largely a function of pattern type and mobility ratio. The vertical 
displacement efficiency is primarily a function of reservoir heterogeneities and thickness of the 
reservoir formation.

Waterflooding is an important process for the reservoir engineer to understand. A success-
ful waterflood in a typical reservoir results in oil recoveries increasing from 25% after primary 

(a)

(b)

Water

Water

Oil

Oil

Figure 11.2  Well arrangements for (a) anticlinal and (b) monoclinal reservoirs with underlying 
aquifers.
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recovery to 30% to 33% overall. It has made and will continue to make large contributions to the 
recovery of reservoir oil.

11.2.2	 Gasflooding
Gasflooding was introduced in Chapter 5, sections 5.6 and 5.7, where the injection of an immis-
cible gas was discussed in retrograde gas reservoirs. Gas is frequently injected in these types of 
reservoirs to maintain the pressure at a level above the point at which liquid will begin to condense 
in the reservoir.10,11 This is done because of the value of the liquid and the potential to produce the 
liquid on the surface. Reservoir gas is also pushed to the producing wells by the injected gas, sim-
ilar to oil being pushed by a waterflood, as discussed in the previous section.

A second type of gasflooding is that shown in Fig. 11.3. A dry gas is injected into the gas 
cap of a saturated oil reservoir. This is done to maintain reservoir pressure and also for the gas 
cap to push down on the oil-bearing formation. Thus oil is pushed to the producing wells. Ob-
viously, the producing wells should be perforated in the liquid zone so that the production of oil 
will be maximized.

Steeply dipping reservoirs may yield high sweep efficiencies and high oil recoveries. A 
concern in gasflooding in more horizontal structures is the viscosity ratio of the gas to oil. Since 
a gas is typically much less viscous than oil, viscous fingering of the gas phase through the oil 
phase may occur, resulting in poor sweep efficiencies and low oil recoveries. Often in horizon-
tal reservoirs, to help with the poor sweep efficiencies, water is injected after an amount of gas 
injection. The water is followed by more gas. This process is referred to as the water alternating 
gas injection process, or WAG. Christensen et al. have shown the effectiveness of this process in 
several applications.12

CO2

CO2

Oil

Figure 11.3 Schematic of a typical gasflooding project in an undersaturated oil reservoir.
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As discussed in Chapter 5, N
2
 and CO

2
 have been used in gasflooding projects. With the 

increased desire to sequester CO
2
, the injection of CO

2
 has developed into a viable option as a 

secondary recovery process.13–15

11.3 Tertiary Oil Recovery
Tertiary oil recovery refers to the process of producing liquid hydrocarbons by methods other than the 
conventional use of reservoir energy (primary recovery) and secondary recovery schemes discussed 
in the last section. In this text, tertiary oil recovery processes will be classified into three categories: 
(1) miscible flooding processes, (2) chemical flooding processes, and (3) thermal flooding processes. 
The category of miscible displacement includes single-contact and multiple-contact miscible pro-
cesses. Chemical processes are polymer, micellar polymer, alkaline flooding, and microbial flooding. 
Thermal processes include hot water, steam cycling, steam drive, and in situ combustion. In general, 
thermal processes are applicable in reservoirs containing heavy crude oils, whereas chemical and 
miscible displacement processes are used in reservoirs containing light crude oils. The next few sec-
tions provide an introduction to these processes. If interested, the reader is again referred to several 
good references on the subject that provide detailed design criteria.6,7,16–20

11.3.1 Mobilization of Residual Oil
During the early stages of a waterflood in a water-wet reservoir system, the brine exists as a film 
around the sand grains, and the oil fills the remaining pore space. At an intermediate time during 
the flood, the oil saturation has been decreased and exists partly as a continuous phase in some 
pore channels but as discontinuous droplets in other channels. At the end of the flood, when the oil 
has been reduced to residual oil saturation, Sor, the oil exists primarily as a discontinuous phase of 
droplets or globules that have been isolated and trapped by the displacing brine.

The waterflooding of oil in an oil-wet system yields a different fluid distribution at Sor. Early 
in the waterflood, the brine forms continuous flow paths through the center portions of some of the 
pore channels. The brine enters more and more of the pore channels as the waterflood progresses. 
At residual oil saturation, the brine has entered a sufficient number of pore channels to shut off the 
oil flow. The residual oil exists as a film around the sand grains. In the smaller flow channels, this 
film may occupy the entire void space.

The mobilization of the residual oil saturation in a water-wet system requires that the discon-
tinuous globules be connected to form a continuous flow channel that leads to a producing well. In 
an oil-wet porous medium, the film of oil around the sand grains must be displaced to large pore 
channels and be connected in a continuous phase before it can be mobilized. The mobilization of 
oil is governed by the viscous forces (pressure gradients) and the interfacial tension forces that 
exist in the sand grain–oil–water system.

There have been several investigations of the effect of viscous forces and interfacial tension 
forces on the trapping and mobilization of residual oil.4–7,17,21,22 From these studies, correlations 
between a dimensionless parameter called the capillary number, Nvc, and fraction of oil recovered 
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have been developed. The capillary number is the ratio of the viscous force to the interfacial tension 
force and is defined by Eq. (11.2).

 N k p
Lvc

w

ow

o

ow
= =(constant) (constant)

υμ
σ ϕσ

Δ
 (11.2)

where υ is velocity, μw is the viscosity of the displacing fluid, σow is the interfacial tension between 
the displaced and displacing fluids, ko is the effective permeability to the displaced phase, φ is the 
porosity, and Δp/L is the pressure drop associated with the velocity.

Figure 11.4 is a schematic representation of the capillary number correlation in which the 
capillary number is plotted on the abscissa, and the ratio of residual oil saturation (value after 
conducting a tertiary recovery process to the value before the tertiary recovery process) is plotted 
as the vertical coordinate. The capillary number increases as the viscous force increases or as the 
interfacial tension force decreases.

The correlation suggests that a capillary number greater than 10–5 for the mobilization of un-
connected oil droplets is necessary. The capillary number increases as the viscous force increases 
or as the interfacial tension force decreases. The tertiary methods that have been developed and 
applied to reservoir situations are designed either to increase the viscous force associated with the 

Capillary number

10–8 10–7 10–6 10–5 10–4 10–3 10–2

(SOR) after

(SOR) before
0.5

1

0

Figure 11.4 Capillary number correlation.
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injected fluid or to decrease the interfacial tension force between the injected fluid and the reservoir 
oil. The next sections discuss the four general types of tertiary processes: miscible flooding, chem-
ical flooding, thermal flooding, and microbial flooding.

11.3.2 Miscible Flooding Processes
In Chapter 10, it was noted that the microscopic displacement efficiency is largely a function of in-
terfacial forces acting between the oil, rock, and displacing fluid. If the interfacial tension between 
the trapped oil and displacing fluid could be lowered to 10–2 to 10–3 dynes/cm, the oil droplets could 
be deformed and squeeze through the pore constrictions. A miscible process is one in which the 
interfacial tension is zero—that is, the displacing fluid and residual oil mix to form one phase. If 
the interfacial tension is zero, then the capillary number NVC becomes infinite and the microscopic 
displacement efficiency is maximized.

Figure 11.5 is a schematic of a miscible process. Fluid A is injected into the formation and 
mixes with the crude oil, forming an oil bank. A mixing zone develops between fluid A and the oil 
bank and will grow due to dispersion. Fluid A is followed by fluid B, which is miscible with fluid 
A but not generally miscible with the oil and which is much cheaper than fluid A. A mixing zone 
will also be created at the fluid A–fluid B interface. It is important that the amount of fluid A that is 
injected be large enough that the two mixing zones do not come in contact. If the front of the fluid 
A–fluid B mixing zone reaches the rear of the fluid A oil mixing zone, viscous fingering of fluid B 
through the oil could occur. On the other hand, the volume of fluid A must be kept small to avoid 
large injected-chemical costs.

Consider a miscible process with n-decane as the residual oil, propane as fluid A, and meth-
ane as fluid B. The system pressure and temperature are 2000 psia and 100°F, respectively. At 

Injection
well

Fluid
B

Fluid
A

Oil
bank

Connate
water

Residual oil

Projection
well

Figure 11.5 Schematic of an enhanced oil recovery process requiring the injection of two fluids.
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these conditions, both n-decane and propane are liquids and are therefore miscible in all propor-
tions. The system temperature and pressure indicate that any mixture of methane and propane 
would be in the gas state; therefore, the methane and propane would be miscible in all proportions. 
However, the methane and n-decane would not be miscible for similar reasons. If the pressure 
were reduced to 1000 psia and the temperature held constant, the propane and n-decane would 
again be miscible. However, mixtures of methane and propane could be located in a two-phase 
region and would not lend themselves to a miscible displacement. Note that, in this example, the 
propane appears to act as a liquid when in the presence of n-decane and as a gas when in contact 
with methane. It is this unique capacity of propane and other intermediate range hydrocarbons 
that leads to the miscible process.

There are, in general, two types of miscible processes. The first type is referred to as the 
single-contact miscible process and involves such injection fluids as liquefied petroleum gases 
(LPG) and alcohols. The injected fluids are miscible with residual oil immediately on contact. The 
second type is the multiple-contact, or dynamic, miscible process. The injected fluids in this case 
are usually methane, inert fluids, or an enriched methane gas supplemented with a C

2
-C

6
 fraction; 

this fraction of alkanes has the unique ability to behave like a liquid or a gas at many reservoir con-
ditions. The injected fluid and oil are usually not miscible on first contact but rely on a process of 
chemical exchange of the intermediate hydrocarbons between phases to achieve miscibility. These 
processes are discussed in great detail in other texts.16–20,23

11.3.2.1 Single-Contact Miscible Processes
The phase behavior of hydrocarbon systems can be described through the use of ternary diagrams 
such as Fig. 11.6. Crude oil phase behavior can typically be represented reasonably well by three 
fractions of the crude. One fraction is methane (C

1
). A second fraction is a mixture of ethane 

through hexane (C
2
-C

6
). The third fraction is the remaining hydrocarbon species lumped together 

and called C
7+

.
Figure 11.6 illustrates the ternary phase diagram for a typical hydrocarbon system with these 

three pseudocomponents at the corners of the triangle. There are one-phase and two-phase regions 
(enclosed within the curved line V

0
-C-L

0
) in the diagram. The one-phase region may be vapor or 

liquid (to the left of the dashed line through the critical point, C) or gas (to the right of the dashed 
line through the critical point). A gas could be mixed with either a liquid or a vapor in appropriate 
percentages and yield a miscible system. However, when liquid is mixed with a vapor, often the 
result is a composition in the two-phase region. A mixing process is represented on a ternary dia-
gram as a straight line. For example, if compositions V and G are mixed in appropriate proportions, 
the resulting mixture would fall on the line VG. If compositions V and L are mixed, the resulting 
overall composition M would fall on the line VL but the mixture would yield two phases since the 
resulting mixture would fall within the two-phase region. If two phases are formed, their composi-
tions, V

1
 and L

1
, would be given by a tie line extended through the point M to the phase envelope. 

The part of the phase boundary on the phase envelope from the critical point C to point V
0
 is the 

dew-point curve. The phase boundary from C to L
0
 is the bubble-point curve. The entire bubble 

point–dew point curve is referred to as the binodal curve.
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The oil–LPG–dry gas system will be used to illustrate the behavior of the first-contact misci-
ble process on a ternary diagram. Figure 11.7 is a ternary diagram with the points O, P, and V rep-
resenting the oil, LPG, and dry gas, respectively. The oil and LPG are miscible in all proportions. 
A mixing zone at the oil-LPG interface will grow as the front advances through the reservoir. At 
the rear of the LPG slug, the dry gas and LPG are miscible, and a mixing zone will also be created 
at this interface. If the dry gas–LPG mixing zone overtakes the LPG–oil mixing zone, miscibility 
will be maintained, unless the contact of the two zones yields mixtures inside the two-phase region 
(see Fig. 11.7, line M

0
M

1
).

Reservoir pressures sufficient to achieve miscibility are required. This limits the application 
of LPG processes to reservoirs having pressures at least of the order of 1500 psia. Reservoirs with 
pressures less than this might be amenable to alcohol flooding, another first-contact miscible pro-
cess, since alcohols tend to be soluble with both oil and water (the drive fluid in this case). The 
two main problems with alcohols are that they are expensive and they become diluted with connate 
water during a flooding process, which reduces the miscibility with the oil. Alcohols that have been 
considered are in the C

1
-C

4
 range.

C1

V0

V1

M
C

G

C2 – C6

L
L

V

1L0

C7+

Figure 11.6 Ternary diagram illustrating typical hydrocarbon phase behavior at constant tempera-
ture and pressure.
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11.3.2.2 Multiple-Contact Miscible Processes
Multiple-contact or dynamic miscible processes do not require the oil and displacing fluid to be 
miscible immediately on contact but rely on chemical exchange between the two phases for misci-
bility to be achieved. Figure 11.8 illustrates the high-pressure (lean-gas) vaporizing, or the dry gas 
miscible process.

The temperature and pressure are constant throughout the diagram at reservoir conditions.  
A vapor denoted by V in Fig. 11.8, consisting mainly of methane and a small percentage of inter-
mediates, will serve as the injection fluid. The oil composition is given by the point O. The follow-
ing sequence of steps occurs in the development of miscibility:

1. The injection fluid V comes in contact with crude oil O. They mix, and the resulting overall 
composition is given by M

1
. Since M

1
 is located in the two-phase region, a liquid phase L

1
 

and a vapor phase V
1
 will form with the compositions given by the intersections of a tie line 

through M
1
, with the bubble-point and dew-point curves, respectively.

2. The liquid L
1
 has been created from the original oil O by the vaporizing of some of the light 

components. Since the oil O was at its residual saturation and was immobile due to the rel-
ative permeability, K

ro
, being zero, when a portion of the oil is extracted, the volume, and 

C1

M1

M0

O

P

C2 – C6

V

C7+

Figure 11.7 Ternary diagram illustrating the single-contact miscible process.
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hence the saturation, will decrease and the oil will remain immobile. The vapor phase, since 
K

rg
 is greater than zero, will move away from the oil and be displaced downstream.

3. The vapor V
1
 will come in contact with fresh crude oil O, and again the mixing process will 

occur. The overall composition will yield two phases, V
2
 and L

2
. The liquid again remains im-

mobile and the vapor moves downstream, where it comes in contact with more fresh crude.
4. The process is repeated with the vapor-phase composition moving along the dew-point curve, 

V
1
-V

2
-V

3
, and so on, until the critical point, C, is reached. At this point, the process becomes 

miscible. In the real case, because of reservoir and fluid property heterogeneities and disper-
sion, there may be a breaking down and a reestablishment of miscibility.

Behind the miscible front, the vapor-phase composition continually changes along the dew-
point curve. This leads to partial condensing of the vapor phase with the resulting condensate being 
immobile, but the amount of liquid formed will be quite small. The liquid phase, behind the mis-
cible front, continually changes in composition along the bubble point. When all of the extractable 
components have been removed from the liquid, a small amount of liquid will be left, which will 
remain immobile. There will be these two quantities of liquid that will remain immobile and not be 
recovered by the miscible process. In practice, operators have reported that the vapor front travels 
anywhere from 20 ft to 40 ft from the wellbore before miscibility is achieved.

C1

V1

V2

V3

L3

L1A

L2

M1

C

C2 – C6

V

C7+

O

Figure 11.8 Ternary diagram illustrating the multicontact dry gas miscible process.
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The high-pressure vaporizing process requires a crude oil with significant percentages of 
intermediate compounds. It is these intermediates that are vaporized and combined with the injec-
tion fluid to form a vapor that will eventually be miscible with the crude oil. This requirement of 
intermediates means that the oil composition must lie to the right of a tie line extended through the 
critical point on the binodal curve (see Fig. 11.8). A composition lying to the left, such as denoted 
by point A, will not contain sufficient intermediates for miscibility to develop. This is due to the 
fact that the richest vapor in intermediates that can be formed will be on a tie line extended through 
point A. Clearly, this vapor will not be miscible with crude oil A.

As pressure is reduced, the two-phase region increases. It is desirable, of course, to keep 
the two-phase region minimal in size. As a rule, pressures of the order of 3000 psia or greater 
and an oil with an API gravity greater than 35 are required for miscibility in the high-pressure 
vaporizing process.

The enriched gas-condensing process is a second type of dynamic miscible process (Fig. 11.9). 
As in the high-pressure vaporizing process, where chemical exchange of intermediates is required 
for miscibility, miscibility is developed during a process of exchange of intermediates with the in-
jection fluid and the residual oil. In this case, however, the intermediates are condensed from the 
injection fluid to yield a “new” oil, which becomes miscible with the “old” oil and the injected fluid. 

C1

V1

V2

L1

L2

M1

C

O
C2 – C6C7+

G

Figure 11.9 Ternary diagram illustrating the multicontact enriched gas-condensing miscible process.
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The following steps occur in the process (the sequence of steps is similar to those described for the 
high-pressure vaporizing process but contain some significant differences):

1. An injection fluid G rich in intermediates mixes with residual oil O.
2. The mixture, given by the overall composition M

1
, separates into a vapor phase, V

1
, and a 

liquid phase, L
1
.

3. The vapor moves ahead of the liquid that remains immobile. The remaining liquid, L
1
, is then 

contacted by fresh injection fluid, G. Another equilibrium occurs, and phases having compo-
sitions V

2
 and L

2
 are formed.

4. The process is repeated until a liquid is formed from one of the equilibration steps that is 
miscible with G. Miscibility is then said to have been achieved.

Ahead of the miscible front, the oil continually changes in composition along the bubble-point 
curve. In contrast to the high-pressure vaporizing process, there is the potential for no residual oil 
to be left behind in the reservoir as long as there is a sufficient amount of G injected to supply the 
condensing intermediates. The enriched gas process may be applied to reservoirs containing crude 
oils with only small quantities of intermediates. Reservoir pressures are usually in the range of 
2000 psia to 3000 psia.

The intermediates are expensive, and so usually a dry gas is injected after a sufficient volume 
of enriched gas has been injected.

11.3.2.3 Inert Gas Injection Processes
The use of inert gases, in particular CO

2
 and N

2
, as injected fluids in miscible processes, has be-

come extremely popular. The representation of the process with CO
2
 or N

2
 on the ternary diagram 

is exactly the same as the high-pressure vaporizing process, with the exception that either CO
2
 or 

N
2
 becomes a component and methane is lumped with the intermediates. Typically the one-phase 

region is largest for CO
2
, with N

2
 and dry gas having about the same one-phase size. The larger the 

one-phase region, the more readily miscibility will be achieved. Miscibility pressures are lower for 
CO

2
, usually in the neighborhood of 1200 psia to 1500 psia, whereas N

2
 and dry gas yield much 

higher miscibility pressures (i.e., 3000 psia or more).
The capacity of CO

2
 to vaporize hydrocarbons is much greater than that of natural gas. It 

has been shown that CO
2
 vaporizes hydrocarbons primarily in the gasoline and gas-oil range. 

This capacity of CO
2
 to extract hydrocarbons is the primary reason for the use of CO

2
 as an oil 

recovery agent. It is also the reason CO
2
 requires lower miscibility pressures than natural gas. 

The presence of other diluent gases such as N
2
, methane, or flue gas with the CO

2
 will raise the 

miscibility pressure. The multiple-contact mechanism works nearly the same with a diluent gas 
added to the CO

2
 as it does for pure CO

2
. Frequently, an application of the CO

2
 process in the 

field will tolerate higher miscibility pressures than what pure CO
2
 would require. If this is the 

case, the operator can dilute the CO
2
 with other available gas, raising the miscibility pressure but 

also reducing the CO
2
 requirements. Due to the recent consideration to sequester CO

2
 because 

of its contributions to greenhouse gases, companies may find it very desirable to use CO
2
 as a 

flooding agent.
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The pressure at which miscibility is achieved is best determined by conducting a series of 
displacement experiments in a long, slim tube. A plot of oil recovery versus flooding pressure is 
made, and the minimum miscibility pressure is determined from the plot.

11.3.2.4 Problems in Applying the Miscible Process
Because of differences in density and viscosity between the injected fluid and the reservoir flu-
id(s), the miscible process often suffers from poor mobility. Viscous fingering and gravity override 
frequently occur. The simultaneous injection of a miscible agent and brine may take advantage of 
the high microscopic displacement efficiency of the miscible process and the high macroscopic 
displacement efficiency of a waterflood. However, the improvement may not be as good as hoped 
for since the miscible agent and brine may separate due to density differences, with the miscible 
agent flowing along the top of the porous medium and the brine along the bottom. Several other 
variations of the simultaneous injection scheme may be attempted. These typically involve the 
injection of a miscible agent followed by brine or the altering of miscible agent-brine injection. 
The latter variation has been named the WAG process (discussed earlier) and has become the most 
popular. A balance between amounts of injected water and gas has to be achieved. Too much gas 
will lead to viscous fingering and gravity override of the gas, whereas too much water could lead to 
the trapping of reservoir oil by the water. The addition of foam generating substances to the brine 
phase may aid in reducing the mobility of the gas phase.

Operational problems involving miscible processes include transportation of the miscible 
flooding agent, corrosion of equipment and tubing, and separation and recycling of the miscible 
flooding agent.

11.3.3 Chemical Flooding Processes
Chemical flooding processes involve the addition of one or more chemical compounds to an in-
jected fluid either to reduce the interfacial tension between the reservoir oil and injected fluid or to 
improve the sweep efficiency of the injected fluid by making it more viscous, thereby improving 
the mobility ratio. Both mechanisms are designed to increase the capillary number.

Three general methods are typically included in chemical flooding technology. The first is 
polymer flooding, in which a large macromolecule is used to increase the displacing fluid vis-
cosity. This process leads to improved sweep efficiency in the reservoir of the injected fluid. The 
remaining two methods, micellar-polymer flooding and alkaline flooding, make use of chemicals 
that reduce the interfacial tension between oil and a displacing fluid. This text will include a fourth 
method—microbial flooding.

11.3.3.1 Polymer Processes
The addition of large molecular weight molecules called polymers to an injected water can 
often increase the effectiveness of a conventional waterflood. Polymers are usually added to the 
water in concentrations ranging from 250 to 2000 parts per million (ppm). A polymer solution 
is more viscous than brine without polymer. In a flooding application, the increased viscosity 
will alter the mobility ratio between the injected fluid and the reservoir oil. The improved mo-
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bility ratio will lead to better vertical and areal sweep efficiencies and thus higher oil recover-
ies. Polymers have also been used to alter gross permeability variations in some reservoirs. In 
this application, polymers form a gel-like material by cross-linking with other chemical spe-
cies. The polymer gel sets up in large permeability streaks and diverts the flow of any injected 
fluid to a different location.

Two general types of polymers have been used. These are synthetically produced polyacryl-
amides and biologically produced polysaccharides. Polyacrylamides are long molecules with a 
small effective diameter. Thus they are susceptible to mechanical shear. High rates of flow through 
valves will sometimes break the polymer into smaller entities and reduce the viscosity of the solu-
tion. A reduction in viscosity can also occur as the polymer solution tries to squeeze through the 
pore openings on the sand face of the injection well. A carefully designed injection scheme is 
necessary. Polyacrylamides are also sensitive to salt. Large salt concentrations (i.e., greater than  
1–2 wt%) tend to make the polymer molecules curl up and lose their viscosity-building effect.

Polysaccharides are less susceptible to both mechanical shear and salt. Since they are pro-
duced biologically, care must be taken to prevent biological degradation in the reservoir. As a rule, 
polysaccharides are more expensive than polyacrylamides.

Polymer flooding has not been successful in high-temperature reservoirs. Neither polymer 
type has exhibited sufficiently long-term stability above 160°F in moderate-salinity or heavy- 
salinity brines.

Polymer flooding has the best application in moderately heterogeneous reservoirs and res-
ervoirs containing oils with viscosities less than 100 centipoise (cp). Polymer projects may find 
some success in reservoirs having widely differing properties—that is, permeabilities ranging 
from 20–2000 millidarcies (md), in situ oil viscosities of up to 100 cp, and reservoir tempera-
tures of up to 200°F.

Since the use of polymers does not affect the microscopic displacement efficiency, the im-
provement in oil recovery will be due to improved sweep efficiency over what is obtained during a 
conventional waterflood. Typical oil recoveries from polymer flooding applications are in the range 
of 1% to 5% of the initial oil in place. Operators are more likely to have a successful polymer flood 
if they start the process early in the producing life of the reservoir.

11.3.3.2 Micellar-Polymer Processes
The basic micellar-polymer process uses a surfactant to lower the interfacial tension between the 
injected fluid and the reservoir oil. A surfactant is a surface-active agent that contains a hydropho-
bic (“dislikes” water) part to the molecule and a hydrophilic (“likes” water) part. The surfactant 
migrates to the interface between the oil and water phases and helps make the two phases more 
miscible. Interfacial tensions can be reduced from ~30 dynes/cm, found in typical waterflooding 
applications, to 10–4 dynes/cm, with the addition of as little as 0.1 wt% to 5.0 wt% surfactant to 
water-oil systems. Soaps and detergents used in the cleaning industry are surfactants. The same 
principles involved in washing soiled linen or greasy hands are used in “washing” residual oil off 
rock formations. As the interfacial tension between an oil phase and a water phase is reduced, the 
capacity of the aqueous phase to displace the trapped oil phase from the pores of the rock matrix 
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increases. The reduction of interfacial tension results in a shifting of the relative permeability 
curves so that the oil will flow more readily at lower oil saturations.

When surfactants are mixed above a critical saturation in a water-oil system, the result is a 
stable mixture called a micellar solution. The micellar solution is made up of structures called mi-
croemulsions, which are homogeneous, transparent, and stable to phase separation. They can exist 
in several shapes, depending on the concentrations of surfactant, oil, water, and other constituents. 
Spherical microemulsions have typical size ranges from 10–6 to 10–4 mm. A microemulsion consists 
of external and internal phases sandwiched around one or more layers of surfactant molecules. The 
external phase can be either aqueous or hydrocarbon in nature, as can the internal phase.

Solutions of microemulsions are known by several other names, including surfactant solu-
tions, soluble oils, and micellar solutions. Figure 11.5 can be used to represent the micellar- 
polymer process. A certain volume of the micellar or surfactant solution, fluid A, is injected into 
the reservoir. The surfactant solution is then followed by a polymer solution, fluid B, to provide 
a mobility buffer between the surfactant solution and the drive water, which is used to push the 
entire system through the reservoir. The polymer solution is designed to prevent viscous fingering 
of the drive water through the surfactant solution as it starts to build up an oil bank ahead of it. As 
the surfactant solution moves through the reservoir, surfactant molecules are retained on the rock 
surface due to the process of adsorption. Often a preflush is injected ahead of the surfactant to 
precondition the reservoir and reduce the loss of surfactants to adsorption. This preflush contains 
sacrificial agents such as sodium tripolyphosphate.

There are, in general, two types of micellar-polymer processes. The first uses a low-concen-
tration surfactant solution (less than 2.5 wt%) but a large injected volume (up to 50% pore volume). 
The second involves a high-concentration surfactant solution (5 wt% to 12 wt%) and a small in-
jected volume (5% to 15% pore volume). Either type of process has the potential of achieving low 
interfacial tensions with a wide variety of brine crude oil systems.

Whether the low-concentration or the high-concentration system is selected, the system is 
made up of several components. The multicomponent facet leads to an optimization problem, since 
many different combinations could be chosen. Because of this, a detailed laboratory screening 
procedure is usually undertaken. The screening procedure typically involves three types of tests:  
(1) phase behavior studies, (2) interfacial tension studies, and (3) oil displacement studies.

Phase behavior studies are typically conducted in small (up to 100 ml) vials in order to de-
termine what type, if any, of microemulsion is formed with a given micellar-crude oil system. The 
salinity of the micellar solution is usually varied around the salt concentration of the field brine 
where the process will be applied. Besides the microemulsion type, other factors examined could 
be oil uptake into the microemulsion, ease with which the oil and aqueous phases mix, viscosity of 
the microemulsion, and phase stability of the microemulsion.

Interfacial tension studies are conducted with various concentrations of micellar solution 
components to determine optimal concentration ranges. Measurements are usually made with the 
spinning drop, pendent drop, or the sessile drop techniques.

The oil displacement studies are the final step in the screening procedure. They are usually 
conducted in two or more types of porous media. Often initial screening experiments are conducted 
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in unconsolidated sand packs and then in Berea sandstone. The last step in the sequence is to 
conduct the oil displacement experiments in actual cored samples of reservoir rock. Frequently, 
actual core samples are placed end to end in order to obtain a core of reasonable length, since the 
individual core samples are typically only 5–7 in. long.

If the oil recoveries from the oil displacement tests warrant further study of the process, the 
next step is usually a small field pilot study involving anywhere from 1 to 10 acres.

The micellar-polymer process has been applied in several projects. The results have not been 
very encouraging. The process has demonstrated that it can be a technical success, but the econom-
ics of the process has been either marginal or poor in nearly every application.19,20 As the price of 
oil increases, the micellar-polymer process will become more attractive.

11.3.3.3 Alkaline Processes
When an alkaline solution is mixed with certain crude oils, surfactant molecules are formed. When 
the formation of surfactant molecules occurs in situ, the interfacial tension between the brine and 
oil phases could be reduced. The reduction of interfacial tension causes the microscopic displace-
ment efficiency to increase, thereby increasing oil recovery.

Alkaline substances that have been used include sodium hydroxide, sodium orthosilicate, 
sodium metasilicate, sodium carbonate, ammonia, and ammonium hydroxide. Sodium hydroxide 
has been the most popular. Sodium orthosilicate has some advantages in brines with a high divalent 
ion content.

There are optimum concentrations of alkaline and salt and optimum pH, where the in-
terfacial tension values experience a minimum. Finding these requires a screening procedure 
similar to the one discussed previously for the micellar-polymer process. When the interfacial 
tension is lowered to a point where the capillary number is greater than 10–5, oil can be mobi-
lized and displaced.

Several mechanisms have been identified that aid oil recovery in the alkaline process. These 
include the following: lowering of interfacial tension, emulsification of oil, and wettability changes 
in the rock formation. All three mechanisms can affect the microscopic displacement efficiency, 
and emulsification can also affect the macroscopic displacement efficiency. If a wettability change 
is desired, a high (2.0–5.0 wt%) concentration of alkaline should be used. Otherwise, concentra-
tions of the order of 0.5–2.0 wt% of alkaline are used.

The emulsification mechanism has been suggested to work by either of two methods. The 
first is by forming an emulsion, which becomes mobile and later trapped in downstream pores. 
The emulsion “blocks” the pores, which thereby diverts flow and increases the sweep efficiency. 
The second mechanism is by again forming an emulsion, which becomes mobile and carries oil 
droplets that it has entrained to downstream production sites.

The wettability changes that sometimes occur with the use of alkaline affect relative perme-
ability characteristics, which in turn affect mobility and sweep efficiencies.

Mobility control is an important consideration in the alkaline process, as it is in all tertiary 
processes. Often, it is necessary to include polymer in the alkaline solution in order to reduce the 
tendency of viscous fingering to take place.
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Not all crude oils are amenable to alkaline flooding. The surfactant molecules are formed 
with the heavier, acidic components of the crude oil. Tests have been designed to determine the 
susceptibility of a given crude oil to alkaline flooding. One of these tests involves titrating the oil 
with potassium hydroxide (KOH). An acid number is found by determining the number of milli-
grams of KOH required to neutralize 1 g of oil. The higher the acid number, the more reactive the 
oil will be and the more readily it will form surfactants. An acid number larger than ~0.2 mg KOH 
suggests potential for alkaline flooding.

In general, alkaline projects have been inexpensive to conduct, but recoveries have not been 
large in the past field pilots.19–20

11.3.3.4 Microbial Flooding
Microbial enhanced oil recovery (MEOR) flooding involves the injection of microorganisms that 
react with reservoir fluids to assist in the production of residual oil. The US National Institute for 
Petroleum and Energy Research (NIPER) maintains a database of field projects that have used 
microbial technology. There has been significant research conducted on MEOR, but few pilot proj-
ects have been conducted. The Oil and Gas Journal’s 2012 survey reported no ongoing projects 
in the United States related to this technology.24 However, researchers in China have reported mild 
success with MEOR.25

There are two general types of MEOR processes—those in which microorganisms react 
with reservoir fluids to generate surfactants or those in which microorganisms react with reser-
voir fluids to generate polymers. Both processes are discussed here, along with a few concluding 
comments regarding the problems with applying them. The success of MEOR processes will be 
highly dependent on reservoir characteristics. MEOR systems can be designed for reservoirs 
that have either a high or low degree of channeling. Therefore, MEOR applications require a 
thorough knowledge of the reservoir. Mineral content of the reservoir brine will also affect the 
growth of microorganisms.

Microorganisms can be reacted with reservoir fluids to generate either surfactants or polymers 
in the reservoir. Once either the surfactant or polymer has been produced, the processes of mobilizing 
and recovering residual oil become similar to those discussed with regard to chemical flooding.

Most pilot projects have involved an application of the huff and puff or thermal-cycling 
process discussed with regard to thermal flooding. A solution of microorganisms is injected along 
with a nutrient—usually molasses. When the solution of microorganisms has been designed to 
react with the oil to form polymers, the injected solution will enter high-permeability zones and 
react to form the polymers that will then act as a permeability reducing agent. When oil is produced 
during the huff stage, oil from lower permeability zones will be produced. Conversely, the solution 
of microorganisms can be designed to react with the residual crude oil to form a surfactant. The 
surfactant lowers the interfacial tension of the brine-water system, which thereby mobilizes the 
residual oil. The oil is then produced in the huff part of the process.

The reaction of the microorganisms with the reservoir fluids may also produce gases, such as 
CO

2
, N

2
, H

2
, and CH

4
. The production of these gases will result in an increase in reservoir pressure, 

which will thereby enhance the reservoir energy.
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Since microorganisms can be reacted to form either polymers or surfactants, a knowledge of 
the reservoir characteristics is critical. If the reservoir is fairly heterogeneous, then it is desirable to 
generate polymers in situ, which could be used to divert fluid flow from high- to low-permeability 
channels. If the reservoir has low injectivity, then using microorganisms that produced polymers 
could be very damaging to the flow of fluids near the wellbore. Hence a thorough knowledge of the 
reservoir characteristics, particularly those immediately around the wellbore, is extremely important.

Reservoir brines could inhibit the growth of the microorganisms. Therefore, some simple 
compatibility tests could result in useful information as to the viability of the process. These can 
be simple test-tube experiments in which reservoir fluids and/or rock are placed in microorgan-
ism-nutrient solutions and growth and metabolite production of the microorganisms are monitored.

MEOR processes have been applied in reservoir brines up to less than 100,000 ppm, rock 
permeabilities greater than 75 md, and depths less than 6800 ft. This depth corresponds to a tem-
perature of about 75°C. Most MEOR projects have been performed with light crude oils having 
API gravities between 30 and 40. These should be considered “rule of thumb” criteria. The most 
important consideration in selecting a microorganism-reservoir system is to conduct compatibility 
tests to make sure that microorganism growth can be achieved.

11.3.3.5 Problems in Applying Chemical Processes
The main technical problems associated with chemical processes include the following: (1) screen-
ing of chemicals to optimize the microscopic displacement efficiency, (2) contacting the oil in the 
reservoir, and (3) maintaining good mobility in order to lessen the effects of viscous fingering. 
The requirements for the screening of chemicals vary with the type of process. Obviously, as the 
number of components increases, the more complicated the screening procedure becomes. The 
chemicals must also be able to tolerate the environment in which they are placed. High temperature 
and salinity may limit the chemicals that could be used.

The major problem experienced in the field to date in chemical flooding processes has been 
the inability to contact residual oil. Laboratory screening procedures have developed micellar- 
polymer systems that have displacement efficiencies approaching 100% when sand packs or uni-
form consolidated sandstones are used as the porous medium. When the same micellar-polymer 
system is applied in an actual reservoir rock sample, however, the efficiencies are usually lowered 
significantly. This is due to the heterogeneities in the reservoir samples. When the process is applied 
to the reservoir, the efficiencies become even worse. Research needs to be conducted on methods to 
reduce the effect of the rock heterogeneities and to improve the displacement efficiencies.

Mobility research is also being conducted to improve displacement sweep efficiencies. If good 
mobility is not maintained, the displacing fluid front will not be effective in contacting residual oil.

Operational problems involve treating the water used to make up the chemical systems, mix-
ing the chemicals to maintain proper chemical compositions, plugging the formation with partic-
ular chemicals such as polymers, dealing with the consumption of chemicals due to adsorption 
and mechanical shear and other processing steps, and creating emulsions in the production facili-
ties. Research to address these operational problems is ongoing. Despite these problems, chemical 
flooding can be effective in the right reservoir conditions and in a favorable economic environment.
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11.3.4 Thermal Processes
Primary and secondary production from reservoirs containing heavy, low-gravity crude oils is usu-
ally a very small fraction of the initial oil in place. This is due to the fact that these types of oils 
are very thick and viscous and, as a result, do not migrate readily to producing wells. Figure 
11.10 shows a typical relationship between the viscosity of several heavy, viscous crude oils and 
temperature.

As can be seen, viscosities decrease by orders of magnitude for certain crude oils, with an in-
crease in temperature of 100°F to 200°F. This suggests that, if the temperature of a crude oil in the 
reservoir can be raised by 100°F to 200°F over the normal reservoir temperature, the oil viscosity 
will be reduced significantly and will flow much more easily to a producing well. The tempera-
ture of a reservoir can be raised by injecting a hot fluid or by generating thermal energy in situ by 
combusting the oil. Hot water or steam can be injected as the hot fluid. Three types of processes 
will be discussed in this section: steam cycling, steam drive, and in situ combustion. In addition to 
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the lowering of the crude oil viscosity, there are other mechanisms by which these three processes 
recover oil. These mechanisms will also be discussed.

Most of the oil that has been produced by tertiary methods to date has been a result of ther-
mal processes. There is a practical reason for this, as well as several technical reasons. In order to 
produce more than 1% to 2% of the initial oil in place from a heavy-oil reservoir, thermal methods 
have to be employed. As a result, thermal methods were investigated much earlier than either 
miscible or chemical methods, and the resulting technology was developed much more rapidly.26,27

11.3.4.1 Steam-Cycling or Stimulation Process
The steam-cycling, or stimulation, process was discovered by accident in the Mene Grande Tar 
Sands, Venezuela, in 1959. During a steam-injection trial, it was decided to relieve the pressure 
from the injection well by backflowing the well. When this was done, a very high oil production 
rate was observed. Since this discovery, many fields have been placed on steam cycling.

The steam-cycling process, also known as the steam huff and puff, steam soak, or cyclic steam 
injection, begins with the injection of 5000 bbl to 15,000 bbl of high-quality steam. This could take a 
period of days to weeks to accomplish. The well is then shut in, and the steam is allowed to soak the 
area around the injection well. This soak period is fairly short, usually from 1 to 5 days. The injection 
well is then placed on production. The length of the production period is dictated by the oil production 
rate but could last from several months to a year or more. The cycle is repeated as many times as is 
economically feasible. The oil production will decrease with each new cycle.

Mechanisms of oil recovery due to this process include (1) reduction of flow resistance near 
the wellbore by reducing the crude oil viscosity and (2) enhancement of the solution gas drive 
mechanism by decreasing the gas solubility in an oil as temperature increases.

Often, in heavy-oil reservoirs, the steam stimulation process is applied to develop injectivity 
around an injection well. Once injectivity has been established, the steam stimulation process is 
converted to a continuous steam-drive process.

The oil recoveries obtained from steam stimulation processes are much smaller than the oil 
recoveries that could be obtained from a steam drive. However, it should be apparent that the steam 
stimulation process is much less expensive to operate. The cyclic steam stimulation process is the 
most common thermal recovery technique.19,20,24 Recoveries of additional oil have ranged from  
0.21 bbl to 5.0 bbl of oil per barrel of steam injected.

11.3.4.2 Steam-Drive Process
The steam-drive process is much like a conventional waterflood. Once a pattern arrangement is 
established, steam is injected into several injection wells while the oil is produced from other 
wells. This is different from the steam stimulation process, whereby the oil is produced from the 
same well into which the steam is injected. As the steam is injected into the formation, the thermal 
energy is used to heat the reservoir oil. Unfortunately, some of the energy also heats up the entire 
environment, such as formation rock and water, and is lost. Some energy is also lost to the under-
burden and overburden. Once the oil viscosity is reduced by the increased temperature, the oil can 
flow more readily to the producing wells. The steam moves through the reservoir and comes in 
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contact with cold oil, rock, and water. As the steam contacts the cold environment, it condenses, 
and a hot water bank is formed. This hot water bank acts as a waterflood and pushes additional oil 
to the producing wells.

Several mechanisms have been identified that are responsible for the production of oil from 
a steam drive. These include thermal expansion of the crude oil, viscosity reduction of the crude 
oil, changes in surface forces as the reservoir temperature increases, and steam distillation of the 
lighter portions of the crude oil.

Most steam applications have been limited to shallow reservoirs because, as the steam is in-
jected, it loses heat energy in the wellbore. If the well is very deep, all the steam will be converted 
to liquid water.

Steam drives have been applied in many pilot and field-scale projects with very good suc-
cess. Oil recoveries have ranged from 0.3 bbl to 0.6 bbl of oil per barrel of steam injected. A 

Oil
production

Steam
injection

SAGD process

Steam
chamber

Steam
injection

Oil
production Reservoir

Figure 11.11  Schematic of the steam assisted gravity drainage process (courtesy Canadian Centre 
for Energy Information).
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process that was developed in the 1970s and has become increasingly popular is the steam assisted 
gravity drainage (SAGD) process. This process involves the drilling of two horizontal wells (see  
Fig. 11.11) a few meters apart. Steam is injected in the top well and heavy oil, as it heats up from 
the steam, drains into the bottom well. The process works best in reservoirs with high vertical per-
meability and has received much attention by companies with heavy-oil resources. There have been 
many applications of this process in Canada and Venezuela.19,20,24

11.3.4.3 In Situ Combustion
Early attempts at in situ combustion involved what is referred to as the forward dry combustion 
process. The crude oil was ignited downhole, and then a stream of air or oxygen-enriched air was 
injected in the well where the combustion was originated. The flame front was then propagated 
through the reservoir. Large portions of heat energy were lost to the overburden and underburden 
with this process. To reduce the heat losses, a reverse combustion process was designed. In reverse 
combustion, the oil is ignited as in forward combustion but the air stream is injected in a different 
well. The air is then “pushed” through the flame front as the flame front moves in the opposite di-
rection. The process was found to work in the laboratory, but when it was tried in the field on a pilot 
scale, it was never successful. It was found that the flame would be shut off because there was no 
oxygen supply and that, where the oxygen was being injected, the oil would self-ignite. The whole 
process would then revert to a forward combustion process.

When the reverse combustion process failed, a new technique called the forward wet com-
bustion process was introduced. This process begins as a forward dry combustion does, but 
once the flame front has been established, the oxygen stream is replaced by water. As the water 
comes in contact with the hot zone left by the combustion front, it flashes to steam, using energy 
that otherwise would have been wasted. The steam moves through the reservoir and aids the 
displacement of oil. The wet combustion process has become the primary method of conducting 
combustion projects.

Not all crude oils are amenable to the combustion process. For the combustion process to 
function properly, the crude oil has to have enough heavy components to serve as the source of fuel 
for the combustion. Usually this requires an oil of low API gravity. As the heavy components in the 
oil are combusted, lighter components as well as flue gases are formed. These gases are produced 
with the oil and raise the effective API gravity of the produced oil.

The number of in situ combustion projects has decreased since the 1980s. Environmental 
and other operational problems have proved to be excessively burdensome to some operators.26–27

11.3.4.4 Problems in Applying Thermal Processes
The main technical problems associated with thermal techniques are poor sweep efficiencies, loss 
of heat energy to unproductive zones underground, and poor injectivity of steam or air. Poor sweep 
efficiencies are due to the density differences between the injected fluids and the reservoir crude 
oils. The lighter steam or air tends to rise to the top of the formation and bypass large portions of 
crude oil. Data have been reported from field projects in which coring operations have found sig-
nificant differences in residual oil saturations in the top and bottom parts of the swept formation. 
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Research needs to be conducted on methods of reducing the tendency for the injected fluids to 
override the reservoir oil. Techniques involving foams are being employed.

Large heat losses continue to be associated with thermal processes. The wet combustion pro-
cess has lowered these losses for the higher temperature combustion techniques, but the losses are 
severe enough in many applications to prohibit the combustion process. The losses are not as large 
with the steam processes because they typically involve lower temperatures. The development of 
a feasible downhole generator will significantly reduce the losses associated with steam-injection 
processes.

The poor injectivity found in thermal processes is largely a result of the nature of the res-
ervoir crude oils. Operators have applied fracture technology in connection with the injection of 
fluids in thermal processes. This has helped in many reservoirs.

Operational problems include the following: the formation of emulsions, the corrosion 
of injection and production tubing and facilities, and adverse effects on the environment. When 
emulsions are formed with heavy crude oil, they are very difficult to break. Operators need to be 
prepared for this. In the high-temperature environments created in the combustion processes and 
when water and stack gases mix in the production wells and facilities, corrosion becomes a serious 
problem. Special well liners are often required. Stack gases also pose environmental concerns in 
both steam and combustion applications. Stack gases are formed when steam is generated by either 
coal- or oil-fired generators and, of course, during the combustion process as the crude is burned.

11.3.5 Screening Criteria for Tertiary Processes
A large number of variables are associated with a given oil reservoir—for instance, pressure and 
temperature, crude oil type and viscosity, and the nature of the rock matrix and connate water. 
Because of these variables, not every type of tertiary process can be applied to every reservoir. An 
initial screening procedure would quickly eliminate some tertiary processes from consideration in 
particular reservoir applications. This screening procedure involves the analysis of both crude oil 
and reservoir properties. This section presents screening criteria for each of the general types of 
processes previously discussed in this chapter, except microbial flooding. (A discussion of MEOR 
screening criteria appears in section 11.3.5.3.) It should be recognized that these are only guide-
lines. If a particular reservoir-crude oil application appears to be on a borderline between two dif-
ferent processes, it may be necessary to consider both processes. Once the number of processes has 
been reduced to one or two, a detailed economic analysis should then be conducted.

Some general considerations can be discussed before the individual process screening crite-
ria are presented. First, detailed geological study is usually desirable, since operators have found 
that unexpected reservoir heterogeneities have led to the failure of many tertiary field projects. 
Reservoirs that were found to be highly faulted or fractured typically yield poor recoveries from 
tertiary processes. Second, some general comments pertaining to economics can also be made. 
When an operator is considering tertiary oil recovery in particular applications, candidate reser-
voirs should contain sufficient recoverable oil and be large enough for the project to be potentially 
profitable. Also, deep reservoirs could involve large drilling and completion expenses if new wells 
are to be drilled.



Table 11.2 Screening Criteria for Tertiary Oil Recovery Processes

Process
Oil gravity 

(°API)

Oil  
viscosity 

(cp)

Oil  
saturation 

(%) Formation type

Net  
thickness 

(ft)

Average 
permeability 

(md) Depth (ft)
Temp 
(°F)

Miscible
Hydrocarbon >35 <10 >30 Sandstone or carbonate 15– 25 __a >4500 __a

Carbon dioxide >25 <12 >30 Sandstone or carbonate 15– 25 __a >2000 __a

Nitrogen >35 <10 >30 Sandstone or carbonate 15– 25 __a >4500 __a

Chemical

Polymer >25 5– 125 __b Sandstone preferred __a >20 <9000 <200

Surfactant- polymer >15 20– 30 >30 Sandstone preferred __a >20 <9000 <200

Alkaline 13– 35 <200 __b Sandstone preferred __a >20 <9000 <200

Thermal
Steamflooding >10 >20 >40– 50 Sand or sandstone with 

high porosity
>10 >50 500– 5000 __a

Combustion 10– 40 <1000 >40– 50 Sand or sandstone with 
high porosity

<10 >50 >500 __a

a Not critical but should be compatible
b Ten percent mobile above waterflood residual oil
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11.3.5.1 Screening Criteria
Table 11.2 contains the screening criteria that have been compiled from the literature for the mis-
cible, chemical, and thermal techniques.

The miscible process requirements are characterized by a low-viscosity crude oil and a thin 
reservoir. A low-viscosity oil will usually contain enough of the intermediate-range components 
for the multicontact miscible process to be established. The requirement of a thin reservoir reduces 
the possibility that gravity override will occur and yields a more even sweep efficiency.

In general, the chemical processes require reservoir temperatures of less than 200°F, a sand-
stone reservoir, and enough permeability to allow sufficient injectivity. The chemical processes will 
work on oils that are more viscous than what the miscible processes require, but the oils cannot be 
so viscous that adverse mobility ratios are encountered. Limitations are set on temperature and rock 
type so that chemical consumption can be controlled to reasonable values. High temperatures will 
degrade most of the chemicals that are currently being used in the industry.

In applying the thermal methods, it is critical to have a large oil saturation. This is especially 
pertinent to the steamflooding process, because some of the produced oil will be used on the sur-
face as the source of fuel to fire the steam generators. In the combustion process, crude oil is used 
as fuel to compress the airstream on the surface. The reservoir should be of significant thickness in 
order to minimize heat loss to the surroundings.

11.4 Summary
The recovery of nearly 70% to 75% of all the oil that has been discovered to date is an attractive 
target for EOR processes. The application of EOR technology to existing fields could significantly 
increase the world’s proven reserves. Several technical improvements will have to be made, how-
ever, before tertiary processes are widely implemented. The economic climate will also have to be 
positive because many of the processes are either marginally economical or not economical at all. 
Steamflooding and polymer processes are currently economically viable. In comparison, the CO

2
 

process is more costly but growing more and more popular. The micellar-polymer process is even 
more expensive.

In a recent report, the US Department of Energy stated that nearly 40% of all EOR oil produced 
in the United States was due to thermal processes.28 Most of the rest is from gas injection processes, 
either gasflooding or the miscible flooding processes. Chemical flooding, although highly researched 
in the 1980s, is not contributing much, mostly due to the costs associated with the processes.28

EOR technology should be considered early in the producing life of a reservoir. Many of 
the processes depend on the establishment of an oil bank in order for the process to be successful. 
When oil saturations are high, the oil bank is easier to form. It is crucial for engineers to understand 
the potential of EOR and the way EOR can be applied to a particular reservoir.

As discussed at the end of the previous chapter, an important tool that the engineer should 
use to help identify the potential for an enhanced oil recovery process, either secondary or tertiary, 
is computer modeling or reservoir simulation. The reader is referred to the literature if further in-
formation is needed.29–33
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Problems
11.1 Conduct a brief literature review to identify recent applications of enhanced oil recovery. Of 

the tertiary recovery processes discussed in the chapter, are there processes that are receiv-
ing more attention than others? Why?

11.2 Review the most recent Oil and Gas Journal survey of enhanced oil recovery projects. Are 
there countries that are more active than others in regards to EOR projects? Why?

11.3 How are the world’s oil reserves affected by the price of oil?

11.4 How has the continued development of techniques such as fracking and horizontal drilling 
affected the implementation of EOR projects?
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History Matching

12.1 Introduction
One of the most important job functions of the reservoir engineer is the prediction of future produc-
tion rates from a given reservoir or specific well. Over the years, engineers have developed several 
methods to accomplish this task. The methods range from simple decline-curve analysis techniques 
to sophisticated multidimensional, multiflow reservoir simulators.1–7 Whether a simple or complex 
method is used, the general approach taken to predict production rates is to calculate producing 
rates for a period for which the engineer already has production information. If the calculated rates 
match the actual rates, the calculation is assumed to be correct and can then be used to make future 
predictions. If the calculated rates do not match the existing production data, some of the process 
parameters are modified and the calculation repeated. The process of modifying these parameters 
to match the calculated rates with the actual observed rates is referred to as history matching.

The calculational method, along with the necessary data used to conduct the history match, 
is often referred to as a mathematical model or simulator. When decline-curve analysis is used as 
the calculational method, the engineer is doing little more than curve fitting, and the only data that 
are necessary are the existing production data. However, when the calculational technique involves 
multidimensional mass and energy balance equations and multiflow equations, a large amount of 
data is required, along with a computer to conduct the calculations. With this complex model, the 
reservoir is usually divided into a grid. This allows the engineer to use varying input data, such as 
porosity, permeability, and saturation, in different grid blocks. This often requires estimating much 
of the data, since the engineer usually knows data only at specific coring sites that occur much less 
frequently than the grid blocks used in the calculational procedure.

History matching covers a wide variety of methods, ranging in complexity from a simple 
decline-curve analysis to a complex multidimensional, multiflow simulator. This chapter will begin 
with a discussion of the least complex model—that of simple decline-curve analysis. This will pro-
vide a starting point for a more advanced model that uses the zero-dimensional Schilthuis material 
balance equation, discussed in earlier chapters.

C h a p t e r  1 2
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12.2	 History	Matching	with	Decline-Curve	Analysis
Decline-curve analysis is a fairly straightforward method of predicting the future production 
of a well, using only the production history of that well. This type of analysis has a long tradi-
tion in the oil industry and remains one of the most common tools for forecasting oil and gas 
production.8–13 In general, there are two approaches to decline-curve analysis: (1) curve fitting 
the production data using one of three models developed by Arps8 and (2) type-curve matching 
using techniques developed by Fetkovich.10 This chapter will present a brief introduction to the 
approach developed by Arps.

In Chapter 8, the notions of the transient time and pseudosteady-state time periods were 
discussed. The reader will recall that the transient time during the production life of a well 
refers to the time before the effects of the outer boundary has been felt by the producing fluid. 
The pseudosteady-state time period refers to the time that the effects of the outer boundary 
have been felt and that the reservoir pressure is dropping at a uniform rate throughout the 
drainage volume of the well. Theoretically, the approach by Arps requires that the producing 
well be in the pseudosteady-state time period both for the production period in which the en-
gineer is attempting to model and for the future projected production life that the engineer is 
attempting to predict. Arps predicted that the production decline from a well would model one 
of three curves (exponential, hyperbolic, or harmonic decline) and could be represented by the 
following equation:

 
1

q
dq
dt

bqd=  (12.1)

where

q = flow rate at time t
t = time
b = empirical constant derived from production data
d = Arps’s decline-curve exponent (exponential, d = 0; hyperbolic, 0 < d < 1; harmonic, d = 1)

Example 12.1 illustrates decline-curve analysis by considering the production from a well 
and assuming that the production data fit an exponential curve. The following steps are performed:

1. The production history of a given well is obtained and plotted against time.
2. An exponential line of the form q = qi* exp (–b*t) is fit to the data.
3. The equation is extrapolated to determine future production of the well.
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Example 12.1  Determining the Production Forecast for Well 15-1 Using the Production 
History Shown in Fig. 12.1

Given
See the production history shown in Fig. 12.1.

Solution
Using Microsoft Excel, estimate the production and time from Fig. 12.1. Plot them in Excel and 
fit an exponential trend line to the data. Create a new table, adding values for time in excess of the 
production history, and calculate values for the flow rate based on the equation given by the trend 
line. Plot these values next to the actual data.

The reader can see the simplicity of decline-curve analysis in the solution of this problem. 
However, the engineer, in using this technique to predict future hydrocarbon recoveries, needs 
to be aware of the assumptions built into the approach—the main one being that the drainage 
area of the well will continue to perform as it had during the time that the history is attempting 
to be matched. Engineers, while continuing to use simple decline-curve analysis, are becoming 
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increasingly aware that sophisticated models using mass and energy balance equations and com-
puter modeling techniques are much more reliable when predicting reservoir performance.

12.3	 	History	Matching	with	the	Zero-Dimensional	Schilthuis	
Material Balance Equation

12.3.1 Development of the Model
The material balance equations presented in Chapters 3 to 7 and Chapter 10 do not yield informa-
tion on future production rates because the equations do not have a time dimension associated with 
them. These equations simply relate average reservoir pressure to cumulative production. To obtain 
rate information, a method is needed whereby time can be related to either the average reservoir 
pressure or cumulative production. In Chapter 8, single-phase flow in porous media was discussed 
and equations were developed for several situations that related flow rate to average reservoir pres-
sure. It should be possible, then, to combine the material balance equations of Chapters 3 to 7 and 
10 with the flow equations from Chapter 8 in a model or simulator that would provide a relationship 
for flow rates as a function of time. The model will require accurate fluid and rock property data 
and past production data. Once a model has been tested for a particular well or reservoir system 
and found to reproduce actual past production data, it can be used to predict future production rates. 
The importance of the data used in the model cannot be overemphasized. If the data are correct, the 
prediction of production rates will be fairly accurate.

12.3.1.1 The Material Balance Part of the Model
The problem considered in this chapter involves a volumetric, internal gas-drive reservoir. In Chap-
ter 10, several different methods to calculate the oil recovery as a function of reservoir pressure for 
this type of reservoir were presented. For the example in this chapter, the Schilthuis method is used. 
The reader will remember that the Schilthuis method requires permeability ratio versus saturation 
information and the solution of Eqs. (10.33), (10.40), and (10.41), written with the two-phase for-
mation volume factor:
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12.3.1.2	 Incorporating	a	Flow	Equation	into	the	Model
The procedure mentioned in the previous section yields oil and gas production as a function of the 
average reservoir pressure, but it does not give any indication of the time required to produce the 
oil and gas. To calculate the time and rate at which the oil and gas are produced, a flow equation 
is needed. It was found in Chapter 8 that most wells reach the pseudosteady state after flowing 
for a few hours to a few days. An assumption will be made that the well used in the history match 
described in this chapter has been produced for a time long enough for the pseudosteady-state flow 
to be reached. For this case, Eq. (8.45) can be used to describe the oil flow rate into the wellbore:
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This equation assumes pseudosteady-state, radial geometry for an incompressible fluid. The sub-
script, o, refers to oil, and the average reservoir pressure, p,  is the pressure used to determine the 
production, Np, in the Schilthuis material balance equation. The incremental time required to pro-
duce an increment of oil for a given pressure drop is found by simply dividing the incremental oil 
recovery by the rate computed from Eq. (8.45) at the corresponding average pressure:

 Δ
Δ

t
N
q

p

o
=  (12.2)

The total time that corresponds to a particular average reservoir pressure can be determined by 
summing the incremental times for each of the incremental pressure drops until the average reser-
voir pressure of interest is reached.

Since Eq. (12.2) requires ΔNp and the Schilthuis equation determines ΔNp/N, N, the initial oil 
in place, must be estimated. In Chapter 6, section 6.3, it was shown that the initial oil in place could 
be estimated from the volumetric approach by the use of the following equation:

 N Ah S
B

wi

oi
= −7758 1φ( )

 (12.3)

Combining these equations with the solution of the Schilthuis material balance equation yields the 
necessary production rates of both oil and gas.
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12.3.2 The History Match
The reservoir model developed in the previous two sections will now be applied to history- 
matching production data from a well in a volumetric, internal gas-drive reservoir. Actual oil pro-
duction and instantaneous gas-oil ratios for the first 3 years of the life of the well are plotted in  
Fig. 12.1. The data for the problem were obtained from personnel at the University of Kansas and 
are used here by permission.14

The well is located in a reservoir that is sandstone and produced from two zones, separated 
by a thin shale section, approximately 1 ft to 2 ft in thickness. The reservoir is classified as a strati-
graphic trap. The two producing zones decrease in thickness and permeability in directions where it 
is believed that a pinch-out occurs. Permeability and porosity decrease to unproductive limits both 
above and below the producing formation. The initial reservoir pressure was 620 psia. The average 
porosity and initial water saturation values were 21.5% and 37%, respectively. The area drained 
by the well is 40 ac. Average thicknesses and absolute permeabilities were reported to be 17 ft and 
9.6 md for zone 1 and 14 ft and 7.2 md for zone 2. Laboratory data for fluid viscosities, formation 
volume factors, solution gas-oil ratio, oil relative permeability, and the gas-to-oil permeability ratio 
are plotted in Figs. 12.2 to 12.6.
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Gas saturation, fraction pore space
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Table 12.2  Excel Functions Used to Calculate Oil Relative Permeability Curve in the Schilthuis 
History-Matching Problem

Table 12.1  Excel Functions Used to Calculate Fluid Property Data for the Schilthuis History- 
Matching Problem
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12.3.2.1 Solution Procedure
One of the first steps in attempting to perform the history match is to convert the fluid property 
data provided in Figs. 12.2 to 12.4 to a more usable form. This is done by simply regressing the 
data to create Excel functions in Microsoft Excel’s Visual Basic Editor for each parameter—for 
example, oil and gas viscosity as a function of pressure. The resulting functions can be found in 
the program listing in Table 12.1. The two permeability relationships also need to be regressed 
for use in the example.

Both the relative permeability to oil and the permeability ratio can be expressed as functions 
of gas saturation. These Excel functions are structured in a different manner from the fluid property 
equations. The constants for the regressed equations are placed in an array, shown in Tables 12.2 
and 12.3, and a regression is performed between each set of points. These relationships are handled 
this way to facilitate modifications to the equations used in the program if necessary.

With the data of Figs. 12.2 to 12.6 expressed in equation format, the history match is now 
ready to be executed. An example of the Excel worksheet is shown in Table 12.4.

The Excel sheet is laid out with the reservoir variables such as initial pressure, wellhead 
flowing pressure, reservoir area, and so on shown at the top of the page. Directly below are the 
zone-specific data of height, initial hydrocarbon in place, and permeability. Those values are totaled to 
provide a value for the entire well. Below are the reservoir properties at each average well pressure 
in 10-psi increments. To the right are the actual production values for the wells, and a comparison 

Table 12.3  Excel Functions Used to Calculate Gas to Oil Permeability Ratio Curve in the Schilthu-
is History-Matching Problem



Table 12.4 Excel Worksheet Used in the Schilthuis History-Matching Problem
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between actual and calculated is shown in the graph in the bottom corner. The equations for each 
of the cells are shown in Table 12.5.

The sheet requires a user-specified delNpguess value in order to determine the reservoir 
properties at a given pressure. Once those values are determined, the sheet automatically calculates 
a new delNp and an Np for that pressure. The delNpguess will need to be iterated until it is equal to 
delNp. To aid in this, the check column was created. At the end of the check column is a cell with 
the sum of the check values. Using Excel’s built-in solver tool, that cell can be iteratively solved 
for a minimum value by adjusting the delNpguess for each pressure increment. This allows the 
user to rapidly solve the set of equations in the Schilthuis balance and get the result at that set of 
conditions.

12.3.2.2 Discussion of History-Matching Results
When the program is executed using the original data given in the problem statement as input, 
the oil production rate and R, or instantaneous GOR, values obtained result in the plots shown in  
Fig. 12.7. Notice that the calculated oil production rates, shown in Fig. 12.7(a), begin higher than 
the actual rates and decrease faster with time or with a greater slope. The calculated instantaneous 
GOR values are compared with the actual GOR values in Fig. 12.7(b) and found to be much lower 
than the actual values.

At this point, it is necessary to ask how the calculated instantaneous GOR values could be 
raised in order for them to match the actual values. An examination of Eq. (10.33) suggests that 
R is a function of fluid property data and the ratio of gas-to-oil permeabilities. To calculate higher 
values for R, either the fluid property data or the permeability ratio data must be modified. Be-
cause fluid property data are readily and accurately obtained and the permeabilities could change 
significantly in the reservoir owing to different rock environments, it seems justified to modify 
the permeability ratio data. It is often the case when conducting a history match that an engi-
neer will find differences between laboratory-measured permeability ratios and field-measured 

Table 12.5 Equations Used in the Schilthuis History-Matching Problem
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permeability ratios. Mueller, Warren, and West showed that one of the main reasons for the dis-
crepancy between laboratory kg/ko values and field-measured values can be explained by the un-
equal stages of depletion in the reservoir.15 For the same reason, field instantaneous GOR values 
seldom show the slight decline predicted in the early stages of depletion and, conversely, usually 
show a rise in gas-oil ratio at an earlier stage of depletion than the prediction. Whereas the theo-
retical predictions assume a negligible (actually zero) pressure drawdown, so that the saturations 
are therefore uniform throughout the reservoir, actual well pressure drawdowns will deplete the 
reservoir in the vicinity of the wellbore in advance of areas further removed. In development 
programs, some wells are often completed years before other wells, and depletion is naturally 
further advanced in the area of the older wells, which will have gas-oil ratios considerably higher 
than the newer wells. And even when all wells are completed within a short period, when the 
formation thickness varies and all wells produce at the same rate, the reservoir will be depleted 
faster when the formation is thinner. Finally, when the reservoir comprises two or more strata of 
different specific permeabilities, even if their relative permeability characteristics are the same, 
the strata with higher permeabilities will be depleted before those with lower permeabilities. 
Since all these effects are minimized in high-capacity formations, closer agreement between 
field and laboratory data can be expected for higher capacity formations. On the other hand, 
high-capacity formations tend to favor gravity segregation. When gravity segregation occurs 
and advantage is taken of it by shutting in the high-ratio wells or working over wells to reduce 
their ratios, the field-measured kg/ko values will be lower than the laboratory values. Thus the 
laboratory kg/ko values may apply at every point in a reservoir without gravity segregation, and 
yet the field kg/ko values will be higher owing to the unequal depletion of the various portions of 
the reservoir.

The following procedure is used to generate new permeability ratio values from the actual 
production data:

1. Plot the actual R values versus time and determine a relationship between R and time.
2. Choose a pressure and determine the fluid property data at that pressure. From the chosen 

pressure and the output data in Table 12.4, find the time that corresponds with the chosen 
pressure.

3. From the relationship found in step 1, calculate R for the time found in step 2.
4. With the value of R found in step 3 and the fluid property data found in step 2, rearrange Eq. 

(10.33) and calculate a value of the permeability ratio.
5. From the pressure chosen in step 2 and from the Np values calculated from the chosen pres-

sure, calculate the value of the gas saturation that corresponds with the calculated value of 
the permeability ratio.

6. Repeat steps 2 through 5 for several pressures. The result will be a new permeability ratio–
gas saturation relationship.

In Excel, the solution resembles Table 12.6.
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Table 12.6 Excel Worksheet Illustrating the Calculation of the New Permeability Ratio



12.3 History Matching  455

The reader should realize that in steps 2 and 5 the original permeability ratio was used to gen-
erate the data of Table 12.4. This suggests that the new permeability ratio–gas saturation relationship 
could be in error because it is based on the data of Table 12.4 and that, to have a more correct relation-
ship, it might be necessary to repeat the procedure. The quality of the history match obtained with the 
new permeability ratio values will dictate whether this iterative procedure should be used in generat-
ing the new permeability ratio–gas saturation relationship. The new permeability ratios determined 
from the previous six-step procedure are plotted with the original permeability ratios in Fig. 12.8.

It is now necessary to regress the new permeability ratio–gas saturation relationship and in-
put the new data into the Excel worksheet before the calculation can be executed again to obtain a 
new history match. When this is done, the calculation yields the results plotted in Fig. 12.9.

The new permeability ratio data has significantly improved the match of the instantaneous 
GOR values, as can be seen in Figure 12.9(b). However, the oil production rates are still not a good 
match. In fact, the new permeability ratio data have yielded a steeper slope for the calculated oil 
rates, as shown in Figure 12.9(a), than what is observed in Figure 12.7(a) from the original data. A 
look at the calculation scheme helps explain the effect of the new permeability ratio data.

Because the new values of instantaneous GOR were calculated with the new permeability 
ratio data, which in turn were determined by using Eq. (10.33) and the actual GOR values, it should 
be expected that the calculated GOR values would match the actual GOR values. The flow rate 
calculation, which involves Eq. (8.45), does not use the permeability ratio, so the magnitude of 
the flow rates would not be expected to be affected by the new permeability ratio data. However, 
the time calculation does involve Np, which is a function of the permeability ratio in the Schilthuis 
material balance calculation. Therefore, the rate at which the flow rates decline will be altered with 
the new permeability ratio data.

To obtain a more accurate match of oil production rates, it is necessary to modify additional 
data. This raises the question, what other data can be justifiably changed? It was argued that it was 
not justifiable to modify the fluid property data. However, the fluid property data and/or equations 
should be carefully checked for possible errors. In this case, the equations were checked by cal-
culating values of Bo, Bg, Rso, μo, and μg at several pressures and comparing them with the original 
data. The fluid property equations were found to be correct and accurate. Other assumed reservoir 
properties that could be in error include the zone thicknesses and absolute permeabilities. The 
thicknesses are determined from logging and coring operations from which an isopach map is 
created. Absolute permeabilities are measured from a small sample of a core taken from a limited 
number of locations in the reservoir. The number of coring locations is limited largely because of 
the costs involved in performing the coring operations. Although the actual measurement of both 
the thickness and permeability from coring material is highly accurate, errors are introduced when 
one tries to extrapolate the measured information to the entire drainage area of a particular well. 
For instance, when constructing the isopach map for the zone thickness, you need to make assump-
tions regarding the continuity of the zone in between coring locations. These assumptions may or 
may not be correct. Because of the possible errors introduced in determining average values for 
the thickness and permeability for the well-drainage area, varying these parameters and observing 
the effect of our history match is justified. In the remainder of this section, the effect of changing 
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Figure 12.8 First iteration of permeability ratio for history-matching problem.
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Figure 12.9 History match after modifying permeability ratio values.
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these parameters on the history-matching process is examined. Table 12.7 contains a summary of 
the cases that are discussed.

In case 3, the thicknesses of both zones were adjusted to determine the effect on the history 
match. Since the calculated flow rates are higher than the actual flow rates, the thicknesses were 
reduced. Figure 12.10 shows the effect on oil producing rate and instantaneous GOR when the 
thicknesses are reduced by about 20%.

By reducing the thicknesses, the calculated oil production rates are shifted downward, as 
shown in Figure 12.10(a).

This yields a good match with the early data but not with the later data, because the calculat-
ed values decline at a much more rapid rate than the actual data. The calculated instantaneous GOR 
values still closely match the actual GOR values. These observations can be supported by noting 
that the zone thickness enters into the calculation scheme in two places. One is in the calculation 
for N, the initial oil in place, which is performed by using Eq. (12.3). Then N is multiplied by each 
of the ΔNp/N values determined in the Schilthuis balance. The second place the thickness is used is 
in the flow equation, Eq. (8.45), which is used to calculate qo. The instantaneous GOR values are 
not affected because neither the calculation for N nor the calculation for qo is used in the calculation 
for instantaneous GOR or R. However, the oil flow rate is directly proportional to the thickness, so 
as the thickness is reduced, the flow rate is also reduced. At first glance, it appears that the decline 
rate of the flow rate would be altered. But upon further study, it is found that although the flow 
rate is obviously a function of the thickness, the time is not. To calculate the time, an incremental 
ΔNp is divided by the flow rate corresponding with that incremental production. Since both Np and 
qo are directly proportional to the thickness, the thickness cancels out, thereby making the time 
independent of the thickness. In summary, the net result of reducing the thickness is as follows:  
(1) the magnitude of the oil flow rate is reduced, (2) the slopes of the oil production and instanta-
neous GOR curves are not altered, and (3) the instantaneous GOR values are not altered.

To determine the effect on the history match of varying the absolute permeabilities, the per-
meabilities were reduced by about 20% in case 4. Figure 12.11 shows the oil production rates and 
the instantaneous GOR plots for this new case. The quality of the match of oil production rates has 
improved, but the quality of the match of the instantaneous GOR values has decreased. Again, if 

Table 12.7 Description of Cases
Case number Parameter varied from original data

1 None

2 Permeability ratio

3 Same as case 2 plus zone thickness

4 Same as case 2 plus absolute permeability

5 Same as case 2 plus zone thickness and absolute 
permeability

6 A second iteration on the permeability ratio data plus zone 
thickness and absolute permeability
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Figure 12.10  History match of case 3. Case 3 used the new permeability ratio data and reduced 
zone thicknesses.
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Figure 12.11  History match of case 4. Case 4 used the new permeability ratio data and reduced 
absolute permeabilities.
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the equations involved are examined, an understanding of how changing the absolute permeabili-
ties has affected the history match can be obtained.

Equation (8.45) suggests that the oil flow rate is directly proportional to the effective perme-
ability to oil, ko:

 ko = krok (12.4)

Equation (12.4) shows the relationship between the effective permeability to oil and the absolute 
permeability, k. Combining Eqs. (8.45) and (12.4), it can be seen that the oil flow rate is directly 
proportional to the absolute permeability. Therefore, when the absolute permeability is reduced, 
the oil flow rate is also reduced. Since the time values are a function of qo, the time values are also 
affected. The magnitude of the instantaneous GOR values is not a function of the absolute permea-
bility, since neither the effective nor the absolute permeabilities are used in the Schilthuis material 
balance calculation. However, the time values are modified, so the slope of both the oil production 
rate and the instantaneous GOR curves are altered. This is exactly what should happen in order to 
obtain a better history match of the oil production values. However, although it has improved the 
oil production history match, the instantaneous GOR match has been made worse. By reducing the 
absolute permeabilities, it has been found that (1) the magnitude of the oil flow rates are reduced, 
(2) the magnitude of the instantaneous GOR values are not changed, and (3) the slopes of both the 
oil production and instantaneous GOR curves are altered.

By modifying the zone thicknesses and absolute permeabilities, the magnitude of the oil flow 
rates and the slope of the oil flow rate curve can be modified. Also, while adjusting the oil flow rate, 
slight changes in the slope of the instantaneous GOR curve are obtained. In case 5, both the zone 
thickness and the absolute permeability are changed in addition to using the new permeability ratio 
data. Figure 12.12 contains the history match for case 5. As can be seen in Figure 12.12(a), the 
calculated oil flow rates are an excellent match to the actual field oil production values. The match 
of instantaneous GOR values has worsened from cases 2 to 4 but is still much improved over the 
match in case 1, which was obtained by using the original permeability ratio data.

A second iteration of the permeability ratio values may be necessary, depending on the quality 
of the final history match that is obtained. This is because the procedure used to obtain the new per-
meability ratio data involves using the old permeability ratio data. The calculated instantaneous GOR 
values do not match the actual field GOR values very well, so a second iteration of the permeability 
ratio values is warranted. Following the procedure of obtaining new permeability ratio data in con-
junction with the results of case 5, a second set of new permeability ratios is obtained. This second set 
is plotted in Figure 12.13, along with the original data and the first set used in cases 2 to 5.

By using the permeability ratio data from the second iteration and by adjusting the zone 
thicknesses and absolute permeabilities as needed, the results shown in Figure 12.14 are obtained. 
It can be seen that the quality of the history match for both the oil production rate and the instan-
taneous GOR values is very good. When a history match is obtained that matches both the oil pro-
duction and instantaneous GOR curves this well, the model can be used with confidence to predict 
future production information.
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Figure 12.12  History match of case 5. Case 5 used the new permeability ratio data and modified 
zone thicknesses and absolute permeabilities.
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Figure 12.13 Second iteration of permeability ratios for the history-matching problem.
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Figure 12.14  History match of case 6. Case 6 used permeability ratio data from a second iteration 
and modified zone thicknesses and absolute permeabilities.
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12.3.3 Summary Comments Concerning History-Matching Example
Now that a model has been obtained that matches the available production data and can be used to 
predict future oil and gas production rates, an assessment of the modifications to the data that were 
performed during the history match should be made. Table 12.8 contains information concerning 
the data that were varied in the six cases that have been discussed.

All other input data were held constant at the original values for all six cases. The first and 
second iterations of the gas-to-oil permeability ratio data led to values higher than the original 
data, as can be seen in Figure 12.13. In the last section, several reasons for a discrepancy between 
laboratory-measured permeability ratio values and field-measured values were discussed. These 
reasons included greater drawdown in areas closer to the wellbore than in areas some distance away 
from the wellbore, completion and placing on production of some wells before others, two or more 
strata of varying permeabilities, and gravity drainage effects. All these phenomena lead to unequal 
stages of depletion within the reservoir. The unequal stages of depletion cause varying saturations 
throughout the reservoir and hence varying effective permeabilities. The data plotted in Figure 
12.13 suggest that the discrepancy between the laboratory-measured permeability ratio values and 
the field-determined values is not great and that the use of the modified permeability ratio values 
in the matching process is justified.

For the final match in case 6, the zone thicknesses were increased by about 30% over the 
original data of case 1, and the absolute permeabilities were reduced by about 39%. At first glance, 
these modifications in zone thickness and absolute permeability might seem excessive. However, 
remember that the values of zone thickness and absolute permeability were determined in the 
laboratory on a core sample, approximately 6 in. in diameter. Although the techniques used in the 
laboratory are very accurate in the actual measurement of these parameters, to perform the history 
match, it was necessary to assume that the measured values would be used as average values over 
the entire 40-ac drainage area of the well. This is a very large extrapolation, and there could be sig-
nificant error in this assumption. If the small magnitudes of the original values are considered, the 
adjustments made during the history-matching process are not large in magnitude. The adjustments 
were only 2.8 md to 3.7 md and 4.2 ft to 5.0 ft. These numbers are large relative to the initial values 
but are certainly not large in magnitude.

Table 12.8 Input Data for History- Matching Example
Case Permeability 

ratio data
Absolute permeability (md) Zone thickness (ft)

Zone 1 Zone 2 Zone 1 Zone 2
1 Original data 9.6 7.2 17.0 14.0

2 First iteration 9.6 7.2 17.0 14.0

3 First iteration 9.6 7.2 13.6 11.2

4 First iteration 7.7 5.7 17.0 14.0

5 First iteration 5.9 4.4 22.0 18.2

6 Second iteration 5.9 4.4 22.0 18.2
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It can be concluded that the model developed to perform the history match for the well in 
question is reasonable and defendable. More sophisticated equations could have been developed, 
but for this particular example, the Schilthuis material balance coupled with a flow equation was 
quite adequate. As long as the simple approach meets the objectives, there is great merit in keeping 
things simple. However, the reader should realize that the principles that have been discussed about 
history matching are applicable no matter what degree of model sophistication is used.

Problems
12.1 The following data are taken from a volumetric, undersaturated reservoir. Calculate the rel-

ative permeability ratio kg/ko at each pressure and plot versus total liquid saturation:

 Connate water, Sw = 25%
 Initial oil in place = 150 MM STB
 Boi = 1.552 bbl/STB

p (psia) R  
(SCF/STB)

Np  
(MM STB)

Bo  
(bbl/STB)

Bg  
(bbl/SCF)

Rso  
(SCF/STB)

μo/μg

4000 903 3.75 1.500 0.000796 820 31.1

3500 1410 13.50 1.430 0.000857 660 37.1

3000 2230 20.70 1.385 0.000930 580 42.5

2500 3162 27.00 1.348 0.00115 520 50.8

2000 3620 32.30 1.310 0.00145 450 61.2

1500 3990 37.50 1.272 0.00216 380 77.3

12.2 Discuss the effect of the following on the relative permeability ratios, calculated from pro-
duction data:

(a) Error in the calculated value of initial oil in place
(b) Error in the value of the connate water
(c) Effect of a small but unaccounted for water drive
(d) Effect of gravitational segregation, both where the high gas-oil ratio wells are shut in 

and where they are not
(e) Unequal reservoir depletion
(f) Presence of a gas cap

12.3 For the data that follow and are given in Figs. 12.15 to 12.17 and the fluid property data 
presented in the chapter, perform a history match on the production data in Figs. 12.18 to 
12.21, using the Excel worksheet in Table 12.4. Use the new permeability ratio data plotted 
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in Figs. 12.8 and 12.13 to fine-tune the match. The following table indicates laboratory core 
permeability measurements:

Well Average absolute permeability to air (md)
Zone 1 Zone 2

5- 6 5.1 4.0

8- 16 8.3 6.8

9- 13 11.1 6.0

14- 12 8.1 7.6
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Figure 12.15 Structural map of well locations for Problem 12.3.
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Figure 12.16 Isopach map of zone 1 for Problem 12.3.

Figure 12.17 Isopach map of zone 2 for Problem 12.3.
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Figure 12.18 Actual oil production and instantaneous GOR for well 5-6 for Problem 12.3.

Figure 12.19 Actual oil production and instantaneous GOR for well 8-16 for Problem 12.3.
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Figure 12.20 Actual oil production and instantaneous GOR for well 9-13 for Problem 12.3.

Figure 12.21 Actual oil production and instantaneous GOR for well 14-12 for Problem 12.3.
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12.4 Create an Excel worksheet that uses the Muskat method discussed in Chapter 10 in place 
of the Schilthuis method used in Chapter 12 to perform the history match on the data in 
Chapter 12.

12.5 Create an Excel worksheet that uses the Tarner method discussed in Chapter 10 in place 
of the Schilthuis method used in Chapter 12 to perform the history match on the data in 
Chapter 12.
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Absolute permeability
The permeability of a flow system that is 
completely saturated with a single fluid.

Absolute pressure
Pressure measured relative to a vacuum.

Allowable
A production rate limit set by a regulatory 
agency to maximize the overall recovery 
from a reservoir.

Anticline
A geological structure that forms a hydrocar-
bon trap. It is a fold that is convex down.

API
An abbreviation for the American Petroleum 
Institute.

API gravity
The weight of a hydrocarbon liquid relative 
to an equal volume of water. Pure water has 
an API gravity of 10. A higher API gravity 
indicates a less dense liquid.

Aquifer
A subsurface geologic formation consisting 
of interstitial water stored in porous rock.

Areal	sweep	efficiency
The fraction or percentage of the area of the 
reservoir swept by an injected fluid in the 
total reservoir area during flooding.

Artificial	lift
A system that adds energy to the fluid 
column in the wellbore to improve pro-
duction. Artificial lift systems include rod 
pumping, gas lift, and electric submersible 
pump.

Associated gas
The hydrocarbon gas released from a liquid 
at the surface. Also referred to as solution 
gas or dissolved gas.

Average reservoir pressure
A volumetric average of the pressure exerted 
by fluids inside the reservoir.

Azimuth
The angle that characterizes a direction or 
vector relative to a reference direction.

Bitumen
Hydrocarbon fluid with a gravity of 10 °API 
or lower.

Glossary
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Boundary conditions
The properties or conditions assigned to the 
theoretical boundaries used in solving differ-
ential equations like those in well testing.

Bounded reservoir
Isolated reservoirs with boundaries that pro-
hibit communication.

Bubble point
The pressure and temperature conditions at 
which the first bubble of gas evolves from a 
solution.

Buildup test
See pressure buildup test.

Cap rock
Impermeable rock that forms a barrier above 
and around the reservoir rock, preventing 
migration from and promoting accumulation 
in the reservoir rock.

Carbonate rock
A class of sedimentary rock composed of 
carbonate materials.

Casing
The major structural component of a well-
bore consisting of a steel pipe cemented in 
place. Casing prevents the formation wall 
from caving into the wellbore, isolates dif-
ferent formations, and provides the pathway 
for the production of well fluids.

Condensate
Hydrocarbon liquid that is condensed from 
a gas phase as pressure and/or temperature 
changes; it typically has an API gravity 
greater than 60 °API.

Connate	water
Water trapped in the pores of a rock.

Core
A cylindrical section of rock drilled from a 
reservoir section. A core is used to determine 
reservoir properties like permeability, porosity, 
and so on.

Critical point
The pressure and temperature conditions 
above which the substance becomes a super-
critical fluid— a fluid in which there is no dis-
tinction between the gas and liquid phases.

Darcy
A unit of rock permeability.

Darcy’s	law
A law predicting the fluid flow rate through a 
porous medium due to pressure differential.

Dead oil
Oil that has lost its volatile components and 
contains no dissolved gas.

Displacement	efficiency
The ratio of the volume of oil in rock pores 
displaced by an injected fluid to the original 
volume of oil at the beginning of the en-
hanced recovery process.

Emulsion
A mixture of liquids, where one liquid is dis-
persed as droplets in the continuous phase 
created by the other liquid.

Enhanced oil recovery
A generic term for techniques used to in-
crease the amount of crude oil that can be 
extracted from an oil field.
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EOR
Abbreviation for enhanced oil recovery.

Fault
A fracture or discontinuity in a geologic 
structure.

Formation damage
A reduction in permeability near the well-
bore of a reservoir formation.

Fracturing
Hydraulic fracturing is a method of fractur-
ing rock by means of the injection of pres-
surized fluid into a reservoir through the 
wellbore.

Gas formation volume factor
This factor is the ratio of the gas volume at 
reservoir conditions and the gas volume at 
standard conditions.

Gas- oil contact
A transitional zone containing gas and oil, 
above which the formation contains predom-
inately gas and below which is predominate-
ly oil.

Gas saturation
The fraction of pore space occupied by gas.

Gas-	water	contact
A transitional zone containing gas and water, 
above which the formation contains predom-
inately gas and below which is predominate-
ly water.

History matching
In reservoir simulation, history matching is 
an attempt to build a model that will match 
past production from a well.

Horner plot
The Horner plot is a plot of pressure versus a 
function of time during a pressure buildup test.

Hydrate
A term used to indicate that a substance con-
tains water.

Hydrocarbon
A chemical compound that consists only of 
the elements hydrogen and carbon. Natural 
gas and oil are species of hydrocarbon.

Hydrocarbon trap
A trap is a geologic structure that impedes 
the flow of hydrocarbons, resulting in a lo-
calized accumulation of hydrocarbons.

Injection	well
A well that is used to inject fluid into the 
reservoir rather than produce fluid from the 
reservoir.

Isopach map
A map that illustrates the variations in thick-
ness of a geologic layer.

LNG
Liquefied natural gas. Natural gas, mostly 
methane, converted to a low-temperature fluid.

LPG
Liquefied petroleum gas. A mixture of pri-
marily propane and butane.

Mass density
A ratio of mass to volume.

Mobility
The ratio of the permeability over the viscos-
ity of a reservoir fluid.
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Natural gas
A naturally occurring hydrocarbon gas mix-
ture consisting primarily of methane.

NGL
Natural gas liquids. Components of natural 
gas that are separated from the gas state in 
the form of liquids.

Nonconformity
See unconformity.

Oil formation volume factor
The ratio of the volume of the oil at reservoir 
conditions to the volume of the oil at stock- 
tank conditions.

Oil saturation
The fraction of pore space occupied by oil.

Oil-	water	contact
A transitional zone containing oil and water, 
above which the formation contains predom-
inately oil and below which is predominately 
water.

Oil-	wet	rock
Reservoir rock that maintains contact with a 
layer of oil.

OOIP
Original oil in place. Total initial hydrocar-
bon content of a reservoir.

Overburden
Rock or soil overlying a reservoir.

Paraffin
Paraffin wax is a soft solid derived from hy-
drocarbon molecules.

Permeability
A measure of the ability of a porous material 
to allow fluids to pass through it.

Petroleum
A naturally occurring flammable liquid con-
sisting of a mixture of various hydrocarbons.

Phase
A physically distinctive form, such as solid, 
liquid, and gas states of a substance.

Porosity
Also called void fraction, it is the ratio of the 
volume of the void space in a material to the 
volume of the material.

Pressure buildup test
An analysis of bottom- hole pressure data 
generated when a well is shut in after a pe-
riod of flow. The pressure profile is used to 
assess the extent and characteristics of the 
reservoir and the wellbore area.

Pressure transient test
An analysis of bottom- hole pressure data gen-
erated while a limited amount of fluid is al-
lowed to flow from the reservoir. The pressure 
profile is used to assess the extent and charac-
teristics of the reservoir and the wellbore area.

Primary recovery
The first stage of hydrocarbon production, 
characterized by production of hydrocarbons 
from the reservoir using only the natural res-
ervoir energy.

Producing gas- oil ratio
The ratio of the volume of the produced gas 
to the volume of the produced oil, both at 
standard conditions.
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Production	wells
Wells used to produce hydrocarbon from the 
reservoir.

Reserves
Volume of hydrocarbon that can be econom-
ically recovered from a reservoir using cur-
rent technology.

Reservoir
A subsurface geologic structure with suffi-
cient porosity to store hydrocarbons.

Reservoir rock
The porous rock storing hydrocarbons in the 
reservoir.

Residual oil
Oil that does not move when fluids are flow-
ing through the rock.

Salt dome
A mushroom- shaped intrusion of shale into 
overlying cap rock.

Sandstone
A sedimentary rock consisting of consolidat-
ed sand.

SCF
Standard cubic feet. A common measure for 
a volume of gas, the actual volume is con-
verted in standard conditions, normally 60°F 
and 14.7 psia.

Secondary recovery
The second stage of hydrocarbon produc-
tion, characterized by production of hydro-
carbons from the reservoir via injection of an 
external fluid such as water or gas.

Seep
A slow flow of hydrocarbon gas or liquid to 
the Earth’s surface.

Shale
A sedimentary rock composed of consolidat-
ed clay and silt.

Skin
A zone of reduced or enhanced permeability 
around a wellbore often as a result of perfo-
ration, stimulation, or drilling.

Skin factor
A dimensionless factor used to determine the 
production efficiency of a well. Positive skin 
indicates impairment of well productivity while 
negative skin indicates enhanced productivity.

Solution gas
Dissolved gas in reservoir fluid.

Solution gas- oil ratio
The volumetric ratio of solution gas to the 
oil solvent.

Source rock
Organic- rich rock, which, with heat and 
pressure, will generate oil and gas.

Specific	mass
The mass per unit volume of a substance at 
reference conditions.

Specific	weight
The weight per unit volume of a substance as 
reference conditions.

Standard pressure
A reference pressure used to determine prop-
erties, like specific mass and specific weight, 
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and standard volumes, such as standard cu-
bic feet or stock- tank barrels.

Standard temperature
A reference temperature used to determine 
properties, like specific mass and specific 
weight, and standard volumes, such as stan-
dard cubic feet or stock- tank barrels.

STB
Stock tank barrel. A common measure for a 
volume of oil, the actual volume is converted 
in standard conditions, normally 60°F and 
14.7 psia.

Steady-	state	flow
A concept used in analyzing systems that as-
sumes that all properties of the system are 
unchanging in time.

Stock- tank conditions
Standard conditions, normally defined as 
60°F and 14.7 psia.

Sweep	efficiency
In reservoir waterflood or gasflood, the frac-
tion of reservoir area from which the reser-
voir fluid is displaced by the injected fluid.

Syncline
A trough- shaped rock fold that is convex 
down. Synclines are not hydrocarbon traps.

Tertiary recovery
A stage of hydrocarbon production that is 
characterized by production of hydrocarbons 
from the reservoir via injection of an exter-
nal fluid such as water, steam, or gas.

Traps
An accumulation of hydrocarbon in a forma-
tion that occurs when the upward migration 

of hydrocarbon through a permeable rock is 
halted by a relatively impermeable cap rock.

Unconformity
A surface between successive geologic strata 
representing a gap in the geologic record.

Unitization
The consolidation of the individual private 
mineral rights of a petroleum reservoir. The 
unitization allows the unitized block to be 
developed more efficiently than if the indi-
vidual mineral owners acted independently.

Viscous	fingering
A condition in which an interface between 
two fluids has an uneven or fingered profile, 
typically caused by inconsistent rock perme-
ability. Viscous fingering typically results in 
low sweep efficiencies in waterflooding.

Water saturation
The fraction of pore space occupied by water.

Water-	wet	rock
Reservoir rock that maintains contact with a 
layer of water.

Weight density
Weight per unit volume of a substance.

Wellhead
A system of pipe, valves, and fitting, locat-
ed at the top of the wellbore, that provides 
pressure and flow control of a production 
well.

Well log
The measurement versus depth of one or 
more physical quantities in a well.
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Wettability
The preference of the rock formation to con-
tact one phase over another.

Wildcat	well
An exploratory well drilled in land not known 
to be an oil field.
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AAPG. See American Association of 

Petroleum Geologists
Abou- Kassem. See Dranchuk
AGA. See American Gas Association
Agarwal, Al- Hussainy, and Ramey, 97
Al- Hussainy and Ramey, 261
Al- Hussainy, Ramey, and Crawford, 240– 41
Alkaline flooding, 412, 421, 424– 25
Allard and Chen, 323– 24
Allen, 121
Allen and Roe, 143– 45
Allowable production rate, 473
American Association of Petroleum Geologists 

(AAPG), 2
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American Petroleum Institute (API), 2
American Society for Testing and Materials 

(ASTM), 24
Anschutz Ranch East Unit, 152
Anticline, 473
API. See American Petroleum Institute
Aquifers, 6
Arcaro and Bassiouni, 97– 98
Areal sweep efficiency, 366– 67, 473
Arps, 164– 65, 438
Artificial lift, 219, 250, 473
Ashman. See Jogi
Associated gas, 2, 28, 67, 80, 473
ASTM. See American Society for Testing and 

Materials
“Attic” (updip) oil, 382

Azimuth, 473
Aziz. See Mattar

B
Bacon Lime Zone, 143
Barnes. See Fancher
Bassiouni. See Arcaro
Bedding planes, 163– 64, 229– 30. See also 

Undersaturated oil reservoirs
bottomwater drive, 163– 64
edgewater drive, 163– 64
in measuring permeability, 229– 30

Beggs and Robinson, 55– 56
Bell gas field, 28, 33, 35, 89, 92– 96
Berry. See Jacoby
Bierwang field, 97
Big Sandy reservoir, 45, 47– 49, 68
Bitumen, 473
Black oil, 12, 53
Blackwell. See Richardson
Blasingame, 38– 40
Bobrowski. See Cook
Borshcel. See Sinha
Botset. See Wycoff
Bottom- hole pressure, 4, 67– 68, 265– 66, 289– 

90, 476
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Boundary conditions, 264, 305, 474
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Bourgoyne, Hawkins, Lavaquial, and 

Wickenhauser, 110
Boyd. See McCarthy
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Boyle’s law, 22, 24
Brady. See Lutes
Brar. See Mattar
Bruskotter. See Russel
Bubble point, 474
Bubble- point pressure, 5, 11, 45– 47, 50– 56, 

210– 11, 221– 24
Buckley. See Craze; Tarner
Buckley and Leverett, 6, 369– 75. See also 

Displacement, oil and gas
Buildup testing, 277– 82

Horner plot, 279– 82, 475
pseudosteady- state time region in, 277– 78
shut- in pressure, 279– 80
skin factor in, 274– 77
superposition, use of, 267– 72

Burrows. See Carr

C
Calculation (initial), gas and oil, 124– 31
Callaway. See Steward
Calvin. See Kleinsteiber
Canyon Reef reservoir (Kelly- Snyder field, 

Texas), 171– 76, 384
Capillary number, 412– 14, 421, 424
Capillary pressure, 24, 220, 357– 58
Cap rock, 474, 477– 78
Carbonate rock, 474
Carpenter, Schroeder, and Cook, 210
Carr, Kobayashi, and Burrows, 41– 42
Carter and Tracy, 323, 346
Casing, 474
Caudle. See Slobod
Charles’s law, 24
Chatas, 322
Chemical flooding processes, 421– 26. See also 

Tertiary oil recovery
alkaline processes, 424– 25
micellar- polymer processes, 422– 24
microbial flooding, 425– 26
polymer processes, 421– 22
problems in applying, 426

Chen. See Allen
Chiang. See Lutes
Chin. See Cook
Christensen, 411
Clark and Wessely, 6
Coats, 323
Coleman, Wilde, and Moore, 5
Compressibility factors, 21, 30, 36, 192, 

196, 222– 24. See also Gas deviation 
factor; Isothermal compressibility; 
Supercompressibility factor

Condensate, 474
Connate water, 5, 149, 194– 97, 283– 84, 474
Conroe Field (Texas), 203– 8, 220, 299– 301, 

350– 51
Contingent resources, 3– 4
Cook. See Carpenter
Cook, Spencer, and Bobrowski, 217
Cook, Spencer, Bobrowski, and Chin, 161
Core, 474
Core Laboratories Inc., 160, 211– 15
Crawford. See Al- Hussainy
Craze and Buckley, 163
Cricondentherm, 9– 10, 131
Critical point, 9, 415, 418– 19, 474
Critical saturation, 360– 61, 400– 401, 423
Crude oil properties, 44– 60
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formation volume factor (Bo) 47– 51
isothermal compressibility, 51– 53
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solution gas- oil ratio (Rso), 21, 44– 47, 61– 

62, 477
viscosity, 53– 60
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millidarcy, 228– 29, 249– 50
Darcy flow, 347
Darcy’s law, 227– 32, 236– 39, 245, 247– 48, 

297, 474
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Davis. See Fatt
DDI. See Depletion drive index
Dead oil, 55, 121, 474
Depletion drive index (DDI), 80– 81, 204– 6, 

217, 220
Dew- point pressure, 9, 27– 28, 122– 23, 141– 

42, 152
Differential process, 145– 47, 209– 10, 214
Displacement efficiency, 357– 59, 365– 69, 474
Displacement, oil and gas, 357– 404

Buckley- Leverett displacement mechanism, 
369– 75

enhanced oil recovery processes (EOR)
alkaline flooding, 412, 421, 424– 25
capillary number, 412– 14, 421, 424
chemical flooding processes, 421– 26
dynamic miscible process, 417– 19
forward dry combustion process, 430
forward wet combustion process, 430
in situ combustion, 430
miscible flooding processes, 414– 21
multiple- contact miscible process, 417– 20
in oil- wet systems, 42
polymer flooding, 421
residual oil, mobilization of, 412– 14
single- contact miscible process, 415– 17
steam- cycling or stimulation process, 428
steam- drive process, 428– 30
thermal processes, 427– 31
in water- wet systems, 412

immiscible processes, 369– 99
macroscopic displacement efficiency, 365– 69

anisotropy of hydro- carbon- bearing 
formation, effect on, 365– 66

areal sweep efficiency, 366– 67, 473
heterogeneities of hydro- carbon- bearing 

formation, 365– 66
limestone formations, 366, 369
pressure maintenance, 152– 53, 172, 176, 

222
sandstone formations, 369

viscous fingering, 366, 406– 7, 411, 414, 
421– 26, 478

mechanism
drag zone, 375
flood front, 244, 284, 361, 366, 375, 

401– 2
oil bank, 375, 414, 423, 433

microscopic displacement efficiency, 357– 
59
absolute permeability, 359– 60, 399– 402
capillary pressure, 24, 220, 357– 58
critical saturation, 360– 61, 400– 401, 423
fractional flow curve, 364– 65, 377
hydrocarbon saturation, 150, 361
interfacial tensions between fluids, 358, 

362
relative permeability, 359– 65
residual saturation, 361– 62, 417– 18
transition zone, 362– 264, 371– 74, 381, 

400– 401
wettability, 357– 58, 424, 479

oil recovery by internal gas drive, 382– 99
iteration techniques, 390
secant method, 390

recovery efficiency, 357– 69
relative permeability, 359– 65

waterflooding, 14, 233, 405– 6, 412, 422, 
478
direct- line- drive, 367, 408
pattern flooding, 407
peripheral flooding, 407, 409

Displacement, oil by gas
downdip oil, 377– 78, 382
gravitational segregation in, 376– 82
oil recovery by internal gas drive, 382– 99
oil- wet rock, 475
updip (“attic”) oil, 382
water wet rock, 478

Dissolved gas, 2
Distillate, 121
Dotson, Slobod, McCreery, and Spurlock, 22
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Downdip oil, 377, 78, 382
Downdip water wells, 97
Dranchuk and Abou- Kassem, 31, 38
Drawdown testing, 272– 74
Dry gas, 66, 103, 117, 153– 56, 416– 20. See 
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E
Eakin. See Lee
Earlougher, 262, 267
Earlougher, Matthews, Russell, and Lee, 272
East Texas field, 82
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Economics, in relation to gas, 18
Egbogah, 55
Eilerts, 32. See also Muskat
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Elk City field (Oklahoma), 217
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Emulsion, 474
Enhanced oil recovery (EOR), 14, 405– 35, 474

introduction to, 405– 6
secondary, 406– 12. See also Secondary oil 

recovery
tertiary, 412– 33. See also Tertiary oil 

recovery
EOR. See Enhanced oil recovery
Equations of state, 24. See also Ideal gas law; 

Pressure- volume- temperature
Equilibrium ratios, 138– 40, 144– 47
Estimated ultimate recovery (EUR), 4
EUR. See Estimated ultimate recovery
Excel, 439, 448– 55, 466, 471
Ezekwe, 22, 24, 44

F
Fancher, Lewis, and Barnes, 5
Farshad. See Ramagost
Fatt and Davis, 237
Fault, 475
Fetkovich, 6, 346– 50, 355, 438

Flash process, 145, 209– 10, 214. See also 
Saturated oil reservoirs

Flood front, 244, 284, 361, 366, 375, 401– 2
Fluid flow, single- phase. See Single- phase fluid 

flow
Fluid saturations, 24
Formation damage, 475
Formation volume factor (Bo), 34– 35, 47– 51, 61
Fracking. See Fracturing
Fractional flow curve, 364– 65, 377
Fracturing, 4, 17– 18, 250, 407– 9, 475
Free gas volume, 49, 75, 77, 83

G
Gas and oil (initial) calculation, 124– 31
Gas compressibility factor, 21, 36, 223
Gas- condensate reservoirs, 121– 58

calculating initial gas and oil in, 124– 31
lean gas cycling and water drive in, 147– 51
performance of volumetric reservoirs, 131– 40
predicted vs. actual production histories of 

volumetric reservoirs, 143– 47
use of material balance in, 140– 43
use of nitrogen for pressure maintenance in, 

152– 53
Gas deviation factor, 27– 37, 100– 17, 125– 27, 

141– 42, 153– 55
Gas distillate, 2
Gas formation volume factor, 34, 76, 239, 444, 

475
Gas- oil contact, 475
Gas- oil ratio (GOR), 21, 44– 47, 61– 62, 477

as a crude oil property, 44– 47
history matching and, 453
net cumulative produced in volumetric, 169
solution GOR in saturated oil reservoirs, 

215– 17
Gas properties, 24– 43

formation volume factor and density, 34– 35
gas deviation factor, 27– 37, 100– 17, 125– 

27, 141– 42, 153– 55
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ideal gas law, 24– 25
isothermal compressibility, 35– 41
real gas law, 26– 34
specific gravity, 25– 26
supercompressibility factor, 26– 27
viscosity, 41– 43

Gas reservoirs. See also Gas- condensate 
reservoirs; Single- phase gas reservoirs
abnormally pressured, 110– 12
as storage reservoirs, 107– 9

Gas saturation, 475
Gas volume factors, 35, 65, 89– 93, 112– 14
Gas- water contact, 7, 114, 475
Geertsma, 23– 24
Geffen, Parish, Haynes, and Morse, 95
General material balance equation. See 

Material balance equation
Gladfelter. See Stewart
Glen Rose Formation, 143
Gloyd- Mitchell Zone (Rodessa field), 177– 84

average monthly production data, 179– 80
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pressure curves, 177
gas expansion, 177, 181
liquid expansion, 177, 181
production history vs. cumulative produced 

oil, 181
production history vs. time, 181
solution gas- drive reservoir, 171
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GOR. See Gas- oil ratio
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220, 402, 453
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Gray. See Jogi
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Material balance equation

Hawkins. See Bourgoyne, Harville
Haynes. See Geffen
Hinds. See Reudelhuber
History matching, 437– 71, 475

decline curve analysis, 437– 41
development of model, 441– 42

incorporating flow equation, 442
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discussion of history- matching results, 

451– 65
fluid property data, conversion of, 448– 

49, 451– 53
solution procedure, 449– 51
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gas- oil ratios, 453
gas production rate, 465
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simulators, 437
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zero- dimensional Schilthuis material 

balance equation, 441– 42
Holden Field, 116
Holland. See Sinha
Hollis, 109
Horizontal drilling, 17– 18, 434
Horner plot, 279– 82, 475
Hubbert, 15
Hubbert curve, 15– 16
Hurst, 6, 274, 303– 6, 322– 23, 349– 50
Hydrate, 475
Hydraulic fracturing, 4, 17– 18, 250, 407– 9, 475
Hydraulic gradients, 228, 230
Hydrocarbon saturation, 150, 361
Hydrocarbon trap, 475
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Ideal gas law, 24– 25
IEA. See International Energy Agency
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J
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MER. See Maximum efficient rate
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Microbial enhanced oil recovery (MEOR), 425
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Millidarcy, 228– 29, 249– 50
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Miscible flooding processes, 414– 21. See also 
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Mueller, Warren, and West, 453
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Oil saturation, 476
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476
Oil- wet rock, 476
Oil zone, 2, 11– 13, 74
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Osif, 62
Overburden, 21, 23, 237, 428, 430, 476
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Paraffin, 32, 476
Parish. See Geffen
Peak oil, 14– 18
Peoria field, 350, 352
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absolute, 359– 60, 399– 402
bedding planes and, 229– 30
recovery efficiency and, 359– 65

Perry. See Russell
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Petroleum reservoirs, 1– 4

production from, 13– 14
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Pirson, 80– 81
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absolute, 24, 473
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Pressure (continued)
bubble- point, 5, 11, 45– 47, 50– 56, 210– 11, 

221– 24, 283, 288, 382
capillary, 24, 220, 357– 58
constant terminal pressure case, 304
dew point, 9, 27– 28, 122– 23, 141– 42, 152
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Pressure buildup test, 278– 79, 291, 475, 476
Pressure maintenance program, 152– 53, 172, 

176, 222
Pressure transient testing, 272– 82, 476

buildup testing, 277– 82
Horner plot, 279– 82, 475
pseudosteady- state time region in, 277– 78
shut- in pressure, 279– 80
skin factor in, 274– 77
superposition, use of, 267– 72

drawdown testing, 272– 74
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57, 167– 70, 193– 95, 198, 209– 22, 301
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Properties, 21. See also Crude oil properties; 
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radial flow, 261– 64
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Redlich- Kwong equation of state, 152
Reed. See Wycoff
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Reserves, 3, 92– 93, 477
Reservoir engineering, 6
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terminology, xix- xxv, 7– 8, 473– 79

Reservoir mathematical modeling, 6
Reservoir pressure, 5
Reservoir rock, 477
Reservoirs

bounded, 474
combination drive, 74, 477
flow systems

late transient, 233– 35, 254
pseudosteady. See Pseudosteady- state flow
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steady- state. See Steady- state flow systems
transient. See Transient flow

storage, 107– 9
Reservoir simulation, 6
Reservoir types defined, 9– 13
Reservoir voidage rate, 219
Reservoir water properties, 61– 64

formation volume factor, 61
isothermal compressibility, 62– 63
solution gas- water ratio, 61– 62
viscosity, 63

Residual gas saturation, 95– 96
Residual oil, 477
Residual saturation, 361– 62, 417– 18
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fluid saturation, 24
isothermal compressibility, 22– 24
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R sand reservoir, 193, 198
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Salt dome, 477
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Saturated oil reservoirs, 199– 225

differential vaporization and separator tests, 
215– 17

factors affecting overall recovery, 199– 200
continuous uniform formations, 200
gravitational segregation characteristics, 

200
large gas caps, 200

formation volume factor and, 215– 17
gas liberation techniques, 209– 15
introduction to, 199– 200
material balance as straight line, 206– 9
material balance calculations for, 202– 6
material balance in, 200– 209
maximum efficient rate (MER) in, 218– 20
solution gas- oil ratio, 215– 17
volatile, 217– 18
water drive

bottomwater drive, 323– 46
edgewater drive, 303– 23

Saturation
critical, 360– 61, 400– 401, 423
gas, 475
residual, 361– 62, 417– 18
residual hydrocarbon, 150, 361

Saturation pressure. See Bubble- point pressure
Schatz. See Sinha
Schilthuis, 5– 6, 302– 3, 441– 52
Schroeder. See Carpenter
Schuler. See Matthes
Schuler field, 89
Sclater and Stephenson, 4
Scurry Reef Field, Texas, 161, 213
SDI. See Segregation (gas cap) index
SEC. See Securities and Exchange 

Commissions
Secondary oil recovery

gasflooding, 411– 12
waterflooding, 406– 11

candidates, 407
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Secondary oil recovery (continued)
estimating recovery efficiency, 409– 11
location of injectors and producers, 

407– 9
Secondary recovery process, 14, 477. See also 

Secondary oil recovery
Securities and Exchange Commissions (SEC), 2
Seep, 477
Segregation (gas cap) index (SDI), 80– 81, 

204– 5
Separator systems, 8, 218
Shale, 477
Shreve and Welch, 382
Shrinkage factor, 47
Shrinkage of oil, 5
Simpson’s rule, 241
Single- phase fluid flow, 227– 93

buildup testing, 277– 82
classification of flow systems, 232– 367
Darcy’s law and permeability in, 227– 32
drawdown testing, 272– 74
pressure transient testing, 272– 82
productivity index (PI), 254– 66
productivity ratio (PR), 266– 67
pseudosteady- state flow, 261– 64. See also 

Pseudosteady- state flow
radial diffusivity equation and, 251– 53
skin factor, 274– 77
steady- state, 236– 51. See also Steady- state 

flow
superposition, 267– 72
transient flow, 253– 61. See also Transient 

flow
Single- phase gas reservoirs, 87– 119

abnormally pressured, 110– 12
calculating gas in place

using material balance, 98– 105
in volumetric gas reservoirs, 98– 100
in water- drive gas reservoirs, 100– 105

calculating hydrocarbon in place, 88– 98
unit recovery from gas reservoirs under 

water drive, 93– 98
unit recovery from volumetric gas 

reservoirs, 91– 93
gas equivalent of produced condensate and 

water, 105– 7
limitations of equations and errors, 112– 13
as storage reservoirs, 107– 9

Sinha, Holland, Borshcel, and Schatz, 110
Skin factor, 274– 77, 280, 477
Slaughter field, 82
Slobod and Caudle, 7, 368
Slurries, 4
Smith, R. H., 383
Society of Petroleum Engineers (SPE), 2
Society of Petroleum Evaluation Engineers 

(SPEE), 2
Solution gas- oil ratio (Rso), 21, 44– 47, 61– 62, 

477
Source rock, 477
SPE. See Society of Petroleum Engineers
Specific gravity, 25– 26, 127– 28
Specific mass, 477– 78
Specific weight, 477
SPEE. See Society of Petroleum Evaluation 

Engineers
Spencer. See Cook
Spherical flow, 227, 233
Standard pressure, 477
Standard temperature, 101, 478
Standing. See Muskat
Standing and Katz, 28, 30– 31, 34
STB. See Stock- tank barrel
Steady- state flow, 236– 51

capillaries and fractures, 244– 46
cross flow, 244, 289
definition of, 478
linear flow, 478

of compressible fluids, 238– 41
of incompressible fluids, 236– 37
permeability averaging in, 241– 44
of slightly compressible fluids, 237– 38
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parallel flow, 243– 45
radial flow

of compressible fluids, 247
of incompressible fluid, 246– 47
permeability averages for, 248– 51
of slightly compressible fluids, 247

radii
external, 247
wellbore, 247

viscous flow, 244– 45
water influx models, 297– 302

Stephenson. See Sclater
Stewart, Callaway, and Gladfelter, 297
St. John Oil field, 115
Stock- tank barrel (STB), 8, 478
Stock- tank conditions, 50, 478
Stratigraphic traps, 1– 2
Subsurface contour maps, 88
Summit County, Utah, 152
Supercompressibility factor, 26– 27. See also 

Gas deviation factor
Superposition, 267– 72
Sutton, 28, 29, 70
Sweep efficiency, 14, 147, 154, 165, 357, 366, 

369, 406, 421– 24, 433, 478
Syncline, 478

T
Tarner, 384, 390, 393, 397, 399, 402, 471
Tarner and Buckley, 6
Tek. See Katz
Tertiary oil recovery, 412– 33

alkaline processes, 424– 25
chemical flooding processes, 421– 26
definition of, 478
micellar- polymer processes, 422– 24
microbial flooding, 425– 26
miscible flooding processes, 414– 21

inert gas injection processes, 420– 21
multiple- contact, 417– 20
problems in applying, 421

single- contact, 415– 17
mobilization of residual oil, 412– 14
polymer processes, 421– 22
problems in applying, 426
processes, 14
thermal processes, 427– 31

in situ combustion, 430
problems in applying, 430– 31
screening criteria for, 431– 33
steam- cycling or stimulation process, 

428
steam- drive process, 428– 30

Testing
buildup testing, 277– 82
drawdown testing, 272– 74
pressure transient testing, 272– 82

Thermal processes, 427– 31. See also Tertiary 
oil recovery
in situ combustion, 430
problems in applying, 430– 31
screening criteria for, 431– 33
steam- cycling or stimulation process, 428
steam- drive process, 428– 30

Thompson. See Jogi
Thornton. See Muskat
Timmerman. See van Everdingen
Torchlight Tensleep reservoir, 297
Total flow capacity, 249
Tracy, 390– 91. See also Carter; Kelly
Transient flow, 253– 61

line source solution, 255
radial flow, compressible fluids, 260– 61
radial flow, slightly compressible fluids, 

253– 59
Transition zone, 362– 264, 371– 74, 381, 400– 

401
Traps, 1– 2, 478

hydrocarbon, 475
stratigraphic, 1– 2

Trube, 38
Truby. See Moore
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U
Unconformity, 476– 78
Undersaturated oil reservoirs, 159– 98. See also 

Volumetric reservoirs
calculating oil in place and oil recoveries in, 

162– 67
fluids, 159– 61
formation and water compressibilities in, 

184– 91
Gloyd- Mitchell Zone of the Rodessa Field, 

177– 84
Kelly- Snyder Field, Canyon Reef Reservoir, 

171– 76
material balance in, 167– 71

Unitization, 478
University of Kansas, 443
Unsteady- state flow, 6, 302– 46. See also Water 

influx
bottomwater drive, 323– 46
constant terminal pressure case, 304
constant terminal rate case, 303
edgewater drive model, 303– 23

Updip (“attic”) oil, 382
US Department of Energy, 433

V
Valko and McCain, 46
van der Knaap, 23
van Everdingen and Hurst, 303– 23. See also 

Water influx
van Everdingen, Timmerman, and McMahon, 

83
Vaporization, 9– 10, 107, 159, 209– 10
Velarde, Blasingame, and McCain, 46
Villena- Lanzi, 53
Viscosity, 475

of crude oil, 53– 60
of gas, 41– 43
of reservoir water, 63

Viscous fingering, 366, 406– 7, 411, 414, 421– 
26, 478

Void fraction. See Porosity
Volatile oil reservoirs, 217– 18. See also 

Saturated oil reservoirs
Volumetric method (for calculating gas in 

place), 112, 220
Volumetric reservoirs

artificial gas cap, 169
bedding planes

bottomwater drive, 323– 46
edgewater drive, 303– 23

bubble- point pressure, 5, 11, 45– 47, 50– 56, 
210– 11, 221– 24

calculating gas in place in, 98– 100
calculation of depletion performance, 135– 

40, 148, 150– 54
calculation of initial oil in place

material balance studies, 162
volumetric method, 112, 220

calculation of unit recovery from, 91– 93
effective fluid compressibility, 185– 86
free gas phase, 11, 45, 169, 173, 190, 199
hydraulic control, 163– 64, 200
material balance in, 98– 100, 167– 71
net cumulative produced gas- oil ratio, 169
performance of, 131– 40
predicted vs. actual production histories of, 

143– 47
under water drive, 6, 93, 164

Volumetric withdrawal rate, 298

W
WAG. See Water alternating gas injection 

process
Warren. See Mueller
Water alternating gas injection process (WAG), 

411
Water- drive index (WDI), 80– 81, 204, 205, 

206
Water- drive reservoirs, 95, 100– 105, 376
Waterflooding, 14, 233, 405– 6, 412, 422, 478
Water influx, 295– 356
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constant, 298, 300, 302, 303, 306, 350, 352
introduction to, 295– 97
pseudosteady- state, 346– 50
steady- state, 297– 302

reservoir voidage rate, 300– 301
volumetric withdrawal rate, 298
water influx constant, 300– 301

unsteady- state, 302– 46
bottomwater drive, 323– 46
constant terminal pressure case, 304
constant terminal rate case, 303
edgewater drive model, 303– 23

Water volume, 8
Water- wet rock, 478
Wattenbarger and Ramey, 239
WDI. See Water- drive index
Weight density, 478
Welch. See Shreve
Welge, 376, 378, 381
Wellhead, 4, 12, 95, 112, 114, 138, 213, 449, 

478
Well log, 22, 478
Wendschlag. See Kleinsteiber

Wessely. See Clark
West. See Mueller
Western Overthrust Belt, 152
Wet gas, 12, 27, 144, 147, 152– 57
Wettability, 357– 58, 424, 479
Wichert and Aziz, 34
Wickenhauser. See Bourgoyne
Wieland and Kennedy, 82
Wildcat reservoir, 197
Wildcat well, 479
Wilde. See Coleman
Woody and Moscrip, 74
World Petroleum Council (WPC), 2
WPC. See World Petroleum Council
Wycoff and Bostet, 5
Wycoff, Botset, and Muskat, 367
Wycoff, Botset, Muskat, and Reed, 5

Y
Yarborough. See Vogel

Z
z- factor, 31, 34, 43



This page intentionally left blank 



Register the Addison-Wesley, Exam 
Cram, Prentice Hall, Que, and 
Sams products you own to unlock 
great benefi ts. 

To begin the registration process, 
simply go to informit.com/register 
to sign in or create an account. 
You will then be prompted to enter 
the 10- or 13-digit ISBN that appears 
on the back cover of your product.

informIT.com 
THE TRUSTED TECHNOLOGY LEARNING SOURCE

Addison-Wesley  |  Cisco Press  |  Exam Cram   

IBM Press   |   Que   |   Prentice Hall   |   Sams 

SAFARI BOOKS ONLINE

About InformIT — THE TRUSTED TECHNOLOGY LEARNING SOURCE

INFORMIT IS HOME TO THE LEADING TECHNOLOGY PUBLISHING IMPRINTS 
Addison-Wesley Professional, Cisco Press, Exam Cram, IBM Press, Prentice Hall 
Professional, Que, and Sams. Here you will gain access to quality and trusted content and 
resources from the authors, creators, innovators, and leaders of technology. Whether you’re 
looking for a book on a new technology, a helpful article, timely newsletters, or access to 
the Safari Books Online digital library, InformIT has a solution for you.

Registering your products can unlock 
the following benefi ts:

•  Access to supplemental content, 
including bonus chapters, 
source code, or project fi les. 

•  A coupon to be used on your 
next purchase.

Registration benefi ts vary by product.  
Benefi ts will be listed on your Account 
page under Registered Products.

informit.com/register

THIS PRODUCT



  InformIT is a brand of Pearson and the online presence 
for the world’s leading technology publishers. It’s your source 
for reliable and qualified content and knowledge, providing 
access to the top brands, authors, and contributors from 
the tech community.

informIT.com THE TRUSTED TECHNOLOGY LEARNING SOURCE

LearnIT at InformIT
Looking for a book, eBook, or training video on a new technology? Seek-
ing timely and relevant information and tutorials? Looking for expert opin-
ions, advice, and tips?  InformIT has the solution.

•   Learn about new releases and special promotions by 
subscribing to a wide variety of newsletters. 
Visit informit.com/newsletters.

•   Access FREE podcasts from experts at informit.com/podcasts.

•   Read the latest author articles and sample chapters at 
informit.com/articles.

•  Access thousands of books and videos in the Safari Books 
Online digital library at safari.informit.com.

• Get tips from expert blogs at informit.com/blogs.

Visit informit.com/learn to discover all the ways you can access the 
hottest technology content.

informIT.com THE TRUSTED TECHNOLOGY LEARNING SOURCE

Are You Part of the IT Crowd?
Connect with Pearson authors and editors via RSS feeds, Facebook, 
Twitter, YouTube, and more! Visit informit.com/socialconnect.


	Contents
	Preface
	Preface to the Second Edition
	About the Authors
	Nomenclature
	Chapter 1 Introduction to Petroleum Reservoirs and Reservoir Engineering
	1.1 Introduction to Petroleum Reservoirs
	1.2 History of Reservoir Engineering
	1.3 Introduction to Terminology
	1.4 Reservoir Types Defined with Reference to Phase Diagrams
	1.5 Production from Petroleum Reservoirs
	1.6 Peak Oil
	Problems
	References

	Chapter 2 Review of Rock and Fluid Properties
	2.1 Introduction
	2.2 Review of Rock Properties
	2.2.1 Porosity
	2.2.2 Isothermal Compressibility
	2.2.3 Fluid Saturations

	2.3 Review of Gas Properties
	2.3.1 Ideal Gas Law
	2.3.2 Specific Gravity
	2.3.3 Real Gas Law
	2.3.4 Formation Volume Factor and Density
	2.3.5 Isothermal Compressibility
	2.3.6 Viscosity

	2.4 Review of Crude Oil Properties
	2.4.1 Solution Gas-Oil Ratio, R[sub(so)]
	2.4.2 Formation Volume Factor, B[sub(o)]
	2.4.3 Isothermal Compressibility
	2.4.4 Viscosity

	2.5 Review of Reservoir Water Properties
	2.5.1 Formation Volume Factor
	2.5.2 Solution Gas-Water Ratio
	2.5.3 Isothermal Compressibility
	2.5.4 Viscosity

	2.6 Summary
	Problems
	References

	Chapter 3 The General Material Balance Equation
	3.1 Introduction
	3.2 Derivation of the Material Balance Equation
	3.3 Uses and Limitations of the Material Balance Method
	3.4 The Havlena and Odeh Method of Applying the Material Balance Equation
	References

	Chapter 4 Single-Phase Gas Reservoirs
	4.1 Introduction
	4.2 Calculating Hydrocarbon in Place Using Geological, Geophysical, and Fluid Property Data
	4.2.1 Calculating Unit Recovery from Volumetric Gas Reservoirs
	4.2.2 Calculating Unit Recovery from Gas Reservoirs under Water Drive

	4.3 Calculating Gas in Place Using Material Balance
	4.3.1 Material Balance in Volumetric Gas Reservoirs
	4.3.2 Material Balance in Water-Drive Gas Reservoirs

	4.4 The Gas Equivalent of Produced Condensate and Water
	4.5 Gas Reservoirs as Storage Reservoirs
	4.6 Abnormally Pressured Gas Reservoirs
	4.7 Limitations of Equations and Errors
	Problems
	References

	Chapter 5 Gas-Condensate Reservoirs
	5.1 Introduction
	5.2 Calculating Initial Gas and Oil
	5.3 The Performance of Volumetric Reservoirs
	5.4 Use of Material Balance
	5.5 Comparison between the Predicted and Actual Production Histories of Volumetric Reservoirs
	5.6 Lean Gas Cycling and Water Drive
	5.7 Use of Nitrogen for Pressure Maintenance
	Problems
	References

	Chapter 6 Undersaturated Oil Reservoirs
	6.1 Introduction
	6.1.1 Oil Reservoir Fluids

	6.2 Calculating Oil in Place and Oil Recoveries Using Geological, Geophysical, and Fluid Property Data
	6.3 Material Balance in Undersaturated Reservoirs
	6.4 Kelly-Snyder Field, Canyon Reef Reservoir
	6.5 The Gloyd-Mitchell Zone of the Rodessa Field
	6.6 Calculations, Including Formation and Water Compressibilities
	Problems
	References

	Chapter 7 Saturated Oil Reservoirs
	7.1 Introduction
	7.1.1 Factors Affecting Overall Recovery

	7.2 Material Balance in Saturated Reservoirs
	7.2.1 The Use of Drive Indices in Material Balance Calculations

	7.3 Material Balance as a Straight Line
	7.4 The Effect of Flash and Differential Gas Liberation Techniques and Surface Separator Operating Conditions on Fluid Properties
	7.5 The Calculation of Formation Volume Factor and Solution Gas-Oil Ratio from Differential Vaporization and Separator Tests
	7.6 Volatile Oil Reservoirs
	7.7 Maximum Efficient Rate (MER)
	Problems
	References

	Chapter 8 Single-Phase Fluid Flow in Reservoirs
	8.1 Introduction
	8.2 Darcy’s Law and Permeability
	8.3 The Classification of Reservoir Flow Systems
	8.4 Steady-State Flow
	8.4.1 Linear Flow of Incompressible Fluids, Steady State
	8.4.2 Linear Flow of Slightly Compressible Fluids, Steady State
	8.4.3 Linear Flow of Compressible Fluids, Steady State
	8.4.4 Permeability Averaging in Linear Systems
	8.4.5 Flow through Capillaries and Fractures
	8.4.6 Radial Flow of Incompressible Fluid, Steady State
	8.4.7 Radial Flow of Slightly Compressible Fluids, Steady State
	8.4.8 Radial Flow of Compressible Fluids, Steady State
	8.4.9 Permeability Averages for Radial Flow

	8.5 Development of the Radial Diffusivity Equation
	8.6 Transient Flow
	8.6.1 Radial Flow of Slightly Compressible Fluids, Transient Flow
	8.6.2 Radial Flow of Compressible Fluids, Transient Flow

	8.7 Pseudosteady-State Flow
	8.7.1 Radial Flow of Slightly Compressible Fluids, Pseudosteady-State Flow
	8.7.2 Radial Flow of Compressible Fluids, Pseudosteady-State Flow

	8.8 Productivity Index (PI)
	8.8.1 Productivity Ratio (PR)

	8.9 Superposition
	8.9.1 Superposition in Bounded or Partially Bounded Reservoirs

	8.10 Introduction to Pressure Transient Testing
	8.10.1 Introduction to Drawdown Testing
	8.10.2 Drawdown Testing in Pseudosteady-State Regime
	8.10.3 Skin Factor
	8.10.4 Introduction to Buildup Testing

	Problems
	References

	Chapter 9 Water Influx
	9.1 Introduction
	9.2 Steady-State Models
	9.3 Unsteady-State Models
	9.3.1 The van Everdingen and Hurst Edgewater Drive Model
	9.3.2 Bottomwater Drive

	9.4 Pseudosteady-State Models
	Problems
	References

	Chapter 10 The Displacement of Oil and Gas
	10.1 Introduction
	10.2 Recovery Efficiency
	10.2.1 Microscopic Displacement Efficiency
	10.2.2 Relative Permeability
	10.2.3 Macroscopic Displacement Efficiency

	10.3 Immiscible Displacement Processes
	10.3.1 The Buckley-Leverett Displacement Mechanism
	10.3.2 The Displacement of Oil by Gas, with and without Gravitational Segregation
	10.3.3 Oil Recovery by Internal Gas Drive

	10.4 Summary
	Problems
	References

	Chapter 11 Enhanced Oil Recovery
	11.1 Introduction
	11.2 Secondary Oil Recovery
	11.2.1 Waterflooding
	11.2.2 Gasflooding

	11.3 Tertiary Oil Recovery
	11.3.1 Mobilization of Residual Oil
	11.3.2 Miscible Flooding Processes
	11.3.3 Chemical Flooding Processes
	11.3.4 Thermal Processes
	11.3.5 Screening Criteria for Tertiary Processes

	11.4 Summary
	Problems
	References

	Chapter 12 History Matching
	12.1 Introduction
	12.2 History Matching with Decline-Curve Analysis
	12.3 History Matching with the Zero-Dimensional Schilthuis Material Balance Equation
	12.3.1 Development of the Model
	12.3.2 The History Match
	12.3.3 Summary Comments Concerning History-Matching Example

	Problems
	References

	Glossary
	A
	B
	C
	D
	E
	F
	G
	H
	I
	L
	M
	N
	O
	P
	R
	S
	T
	U
	V
	W

	Index
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K
	L
	M
	N
	O
	P
	Q
	R
	S
	T
	U
	V
	W
	Y
	Z




